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I. MATHEMATICAL QUESTIONS, 
To be Anfwered in Number VI. 


I. QUESTION 121, by Scoticus. 

. ■ • ‘ • i • 

< , 

If a and 0 denote given arches, and 
fee. a fee. 0 -4* tan. % tan. <p m fee. 0 . 

Required the values of fee. <p and tan. <pf 


II. QUESTION 122, by Amicu*. 

If two tangents PE, PF, be drawn to a conic feftion, and the 
line EF joining the points of contaft be produced to meet the 
direftrix in G; then if PI be drawn through the focus, to meet 
EF in I, El will be to IF as EG to FG, required the demon- 
11 ration ? 


III. QUESTION 123, by Mr. James Whalley, Bolton. 


To conftruft a trapezium there is given one of the fides, 
both the diagonals and the angle formed by their inter- 
feftion, and the angle made by either diagonal and fide oppofitc 
to the given one ? ‘ 


Vo L. II. 





IV. 
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IV. QUESTION x2 4 » by Sen ex. 

Let there be two given points in the circumference of a 
circle given in magnitude andpofttion: a circle may be found, 
given alfo in magnitude and pofition, fuch, that if from any 
point in its circumference flraight lines be drawn to the given 
points, and a tangent to the given circle; the fquare of the 
tangent (hall have to the reflangle of the lines drawn to the given 
points a given ratio ? 


V. QUESTION 125, by Mr. Joseph Brewer, Prejlon. 

Two right lines being given by pofition, a circle may be 
found, fuch, that if another circle be defcribed upon any radius 
thereof as a diameter, the chord of the arc of this latter circle in- 
tercepted by the lines given by pofition (hall be of a given 
length ? 

VI. QUESTION 126, by Mr. J. Johnson. 

Given the pofition of the centres of gravity of the three tri- 
angles, formed by lines drawn from the angular points of a triangle 
to the centre of the infcribed circle ; to determine the pofition of 
the triangle? 

• * i 

VII. QUESTION 127, by Hypatia. 

* 1 . « 

a — n -r — n 

Suppofe u — - , what is the value of u when 

— x a? 


VIII. QUESTION 128, by Ursa Minor. 

Let AB, AC, be two ftraight lines given by pofition, and 
let a ftraight line DE meet them in D and E fo that AD + AE 
is equal to a given line, and let DE be divided at V, fo that D V 
may Itave to VE a given ratio. Required the locus of the 
point V ? 

IX. 
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IX. QUESTION 109, by Mr. Cun Lit ft, R. M. College. 

To find two rational numbers, fuch, that if a given number a be 
fubt rafted from either of them or from their fum or difference, the 
four remainders fhall ail be rational fquares ? 


X. QUESTION 130, by Trigonometricus. 

It is required to demonflrate that the tangent of an arch of 9* 
is equal to 1 + — ^(5 + ® V &>• radius being 1 P 


) 

The next Six Queflions are [tied ed from the Cambridge Univerfity 
Calendars for 1804 and 1805. 


XI. QUESTION 131 .from the Came. Un. Cal. 

A given parabolic conoid is put into a fluid, and when it is in 
a poluion ol permanent equilibrium the bafe is wholly extant, 
and inclined to the horizon ; having given its fpecific gravity 
relatively to that of the fluid, it is required to determine the 
dimenfions of the part immerfed ? 


XII. QUESTION 132, from the Came. Un. Cal. 

Find the centre of gravity of a cylindrical portion of the at- 
mofphere meafured from the earth’s furface, the force of gra- 
vity being conllant P 


XIII. QUESTION 132, from the C amb. Un. Cal. 

Required the nature of the curve along which a heavy body, 
defeending by the force of gravity, will prefs upon the curve at 
any point, with a force proportional to the ordinate at that 
point ? 

A 2 XIV. 
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XIV. QUESTION 134 Jrom the Camb. Un. Cal. 

Let the curve AP p be generated by taking the ordinate MP 
always equal to the difference of the chord AC, and the verfed 
fine AM, of the circular arc AC. It is required to determine 
the greateft ordinate of the curve, and alfo its area? 


XV. QUESTION 13 from the Camb. Un. Cal. 

Determine the apparent magnitude of a (freight reftilinear ob- 
jeft, placed at a given depth, parallel to a fuif.ice of water ; the 
eye being fituated at any point in the plane paffing through the 
objefl perpendicular to the furface ? 


' XVI. QUESTION 13 6 , from the Camb. Un. Cal. 

Let the roots of the equation at” — px n 2 — & c. 

— o, he a, h, c, &c. and thole of the equation nx n 1 — (n — 1) 
P x n J -f- { n — a) qx n 3 — &c. = o, be a, / 3 , y, & c. ; then, 
if when a, /2, y, &c. are fuccefftvely fubllituted in the equation 
x ” — px n 1 q- q™ ~ — &c. = o, the refultsare P, Q, R, &c. 
and when a, b , c, &c. ate fubllituted in the equation nx U 1 — 
( n — 1) px n 2 -f- (n — 2' qx n 3 — &c. — o, the refuits 
are p, q, r, &.c. it will be as P X Q X R, &c. : p x q X r, &c. 
:: 1 : u n . Required tlte demon fl ration ? 


XVII. QUESTION 137, by Mr. Henry Lightbown. 

Suppofe a heavy flexible chain of a givm length having its 
ends fattened together to be thrown over the vertex of a given 
fquarc pyramid whofe furtace is perfectly polilhed; what por- 
tion of the furface will be included between the vertex and tha 
chain when it has defeended as low as it can get ? 
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XVIII. QUESTION 138, by Mr. Thos. Bazley, Bolton, 

Suppofe a perfectly flexible chain of a given length to have 
one end fattened to an immoveable tack, and a ring at the other 
end to be put upon a perfectly fmooth inflexible line or rod given 
by polition; it is required to determine that point upon the rod 
at which the ring will reft ? 


XIX. QUESTION 139, by Mr. Lowry. 

~ In a given trapezium to inferibe another, fuch that three of 
its fides may pals through given points, and the remaining fide 
be of a given length ? 


XX. QUESTION 140, by Mr. W. Simpson, Bolton, 


«X j (*-*)-§ (*“ (x-1) 1 - j(x-i) 4 &.c. ad irfinitum^ 



-f- &c. ad infinitum. Required the demonftration l 


XXI. QUESTION 141, by Mr. Cunliffe. 

It is required to find three whole numbers fuch, that the fum 
of every two may be a cube ; and alfo the fum of all the three a 
cube? 


XXII. QUESTION 142, by Mr. Cunliffe. 

Pisa given point in the diameter AB producedof a given cir- 
cle, let anv line PCD be diawn cutting the circle in C and D, 
and let AC, BD, be drawn interfetiing in I: now, if in BD 
produced there is continually taken DR = DI, required the 
equation and quadrature of the curve which is the locus of R ? 

XXIII. 
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XXIII. QUESTION 143, by Mr. Bazley. 

Suppofe a thread of a given length to he faftened at one end 
to a given point on a perfeftly fmooth horizontal plane having 
a ftraight edge; and a weight att.iched to the other end of the 
thread and brought to the edge of the horizontal plane with the 
thread flretched; then if the weight be fullered to defcend by the 
force of gravity from this pofhion; it is required to determine 
the time in which the thread will acquire any other poffible aflign- 
ed pofttion upon the plane, together with the velocity of the 
dcfcending weight in fuch pofitton ; alfo required the nature of 
the curve deferibed by the defeending weight ? 


XXIV. QUESTION 144, by Mr. Cunliffe. 

Having given a triangle, it is required to determine a circle 
and. concentrical ellipfe, together with the polition of a right 
line palling through the faid centre, fuch, that one of the angles 
of the triangle being always placed upon the right line, the other 
two angles lha.ll be one in the circumference of the circle, and the 
other in the periphery of the ellipfe ? 


XXV. QUESTION 145, by Mr. I. I. 

If from a point without an ellipfe or an hyperbola, two tan- 
gents be drawn to the curve, and likewife two ftraight lines be 
drawn to the foci, the angle contained by one tangent and the 
line drawn to one focus will be equal to the angle contained by 
the other tangent and the line drawn to the other focu* ? 


XXVI. QUESTION 146, by Mr. Lowry. 


Let there be any number of ftraight lines AP, BP, CP, DP, 
See. given by polition, and let Z be a given point without them ; 
it is required lodefcribe a circle through the points P and Z, to 
inter fc6l the gi%'en lines in A, B, C, D, &c. fo that the fum of all 
the intercepted parts AP, BP, CP, DP, &c. may be equal to a 

8iv “ ? XXVII. 
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XXVII. QUESTION 147. by Mr. Wm. Wallace, 
R. M. College. 


If x denote an arch of the meridian, and y denote the meri- 
dional parts correfponding to the latitude x, then 

x s . x s , 61 x 7 . 277 x’ . „ 

;z*+-+ — + — 1 7—7. -+- &c. 

b 24 5040 725678 

and by reverting the feries 

y * , y 5 6t y 7 277 y« 

x —y — ~ 4- h — «c. 

7 6 24 5040 725678 

where it is remarkable that the numeral coefficients of the powers 
of x are the fame as thofe of the like powers of y. and the tigns of 
the terms of the one feries are all +, but thofe in the other 
feries + and — alternately. Shew the reafon of thefe peculi- 
arities ? 


XXVIII. QUESTION 148, by Mr. I. R. 

Let two circles, one of which is included within the other, 
be given in a plana, and let there be given a point, fituated 
within both the circles, in the line joining the two centres; it is 
required to deferibe a circle, from the given point as a centre, to 
meet the peripheries of the given circles, fo that the angle con- 
tained by two flraight lines drawn from the given point to the 
two points of concourfe may be the lead poffible? 

/ XXIX. QUESTION 149, ^Mechanicus. 

To place a flraight rod, or beam, loaded with any given 
weights, fo that it may be in equilibrio, refling on an upright 
prop, and one end touching a fmooth vertical wall given by 
pofition P 

XXX. PRIZE QUESTION 150, by Lime.vus. 

Let A and B be two given points without a circle given in 
magnitude and pofition ; a point C may be found within the 
circle fuch that if any flraight line be drawn through it cutting 
the circle in F and G, and AF, BG, be joined, the fquare of 
AF will have to the fquare of BG the ratio which is com- 
pounded of the ratio of FC to CG, and a certain given ratio, and 
which ratio is alfoto be found ? 


Solutions to thefe Queftions mufl come to hand (pofl-paid) by 
the firft of February, 1806. 
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II. MATHEMATICAL QUESTIONS 
To be Answered in Number VII. 

I. QUESTION t, 5 i. by Pappus. 

Given the length of a circular arc, to find the length of the 
chord connecting its extremities, fo that the area of the included 
fegment may be the greateft polhble? 

II. QUESTION 152, by Hermodorus. 

To infcribe seven equal circles in a given circle ? 

III. QUESTION 133, by Centrobaricos. 

The radius of the greater end of the frufium of a paraboloid 
being R, that of its lefs end r, and the height of the frulfum h ; 
it is required to give a neat expreflion for the pofition of its cen- 
tre of gravity ? 

IV. QUESTION 154, by Diophantus. 

Find a trapezium which can be infcribcd in a circle fuch, 
that its fides and area may be exprefled by whole numbers P 

V. QUESTION 155, by Mr. J. Johnson. 

In a given fpherical triangle, it is required to infcribe another, 
fo that its perimeter may be the Ieaft podibie ? 

VI. QUESTION 156, iyLiMENUS. 

If a (Iraight line be drawn to meet the four Tides of a trapezium 
in a, b, c, d, and the two diigonalsin m and n ; then will ab be 
to cd as am X nb to cm x nd. Required the demonllration ? 

VII. QUESTION i 57 , by J. W. Leeds. 

Let A be a given point in the periphery of a given circle, let 
any chord AC be drawn, and divided in the point E, so that the 
rectangle AC X CE (hall be equal to a given fpace; it is required 
to determine the equation and quadrature of the locus of the point 
E? 

VIII. QUESTION 158, by Juvenis. 

/ Given 2xx — 3 yi — toy — 5 xy, to find the equation of the 

fluents ? 

IX. QUESTION 159, by A. M. 

If from the extremities A and B of the diameter AB of a given 
femicircle ABC, two chords, AC, BD, be drawn inter feeling 
each other in P, and BD bifefcling the arc AC in D ; it is re- 
quired to determine the equation and quadrature of the curve 
■which is the locus of the point P ? 

X. QUESTION 160, by Mr . Cunliffe, R. M. College. 

Required the fttm of the infinite ferics 
J "t x (t' + i x(t"Ft) - i X (t + t + t) + tX(t + t + t+ t) & c * 

Vol. 11. B XI. 
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XI. QUESTION 161, by Mr. W. Simpson, Bolton. 

Let ACBbe a given triangle, D, L, Q given points in tho 
fide AB ; through D draw any right line ErEF. cutting AC, BC, 
in E and F refpcclively, and through E and F draw right lines 
LEP, QFP interfering in P. Required the locus of P? 

XII. QUESTION 162, by Amicus. 

If a given weight be fuftained by means of a firing whofe 
I ends are connefted (by loops or rings) to two rods placed in the 
fame vertical plane, and making given angles with the horizon; 
it is required to afeertain the pofition of the laid weight when it 
refls in equilibrio, fuppofing it has liberty to fiide freely along 
the ft ting ? 

XIII. QUESTION 163, by Mr. Cunliffe. 

Find fuch pofitivc values of x , y , and z, in whole numbers, as 
r will make the formula; 

oc * + xy + >*, x % xz -f- z’ and y* -+- yz ~h z\ 
all rational fquares? 

XIV. QUESTION t6 4 , by Ursa Minor. 

A flraiglu line drawn through the focus of any conic feflion, 
to the point in which a diameter meets the directrix, will be per- 
pendicular to a tangent at either extremity of that diameter ? 

XV. QUESTION 165. by Amicus. 

If one end of a given beam reft againft a fmooth vertical plane, 
and the other end be fuftained by a weight fattened to a firing, 
which paffes over a pulley placed at a given point ; it is required 
to determine the pofition of the beam when it rests in equili- 
brio !* 

XVI. QUESTION 166, by X. Y. 

Suppofe two weights conne&ed by a ftting, which pafTcsovcr 
a pulley, and that one of the weights is placed upon an inclined 
plane, while the other hangs in the air by the connecting firing. 
It is required to determine the locus of the centre of gravity of the 
weights, fuppofing the relative pofition ol the pulley and planc^ 
the length of the filing, and the weights to be all given ? 

XVII. QUESTION 167, iy Limenus. 

When any number of circles pafs through the fame two points, 
\ tangents drawn trom any point in cither of the two external cir- 
cumferences to the remaining circles ftiall be to one another ir^ 
a given ratio? 

X VIII QUESTION 168, by Laputiensis. 

Suppofe two bodies whofe weights are known to be connected 
by a flexible line or firing palling tlnough a (mail hole in a per- 
fectly fmooth horizontal plane, and let the body which is above 
the plane be project'd thereon, with a given velocity at a given 
diftancc from the hole, in a direction perpendicular to the firing 

which 
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which is kept tight by the 'other body hanging freely; it is re- 
quired to determine the velocity, time, and angle formed by 
the firing with the firft pofition, when the projefted body has 
attained any other poffibleafligned diftance irom the hole through 
which the firing pafles ? 

XIX. QUESTION 169,^ Hermodorus. 

Given the vanilhing line, its centre and difiance, to find the 
perfpeflive reprefcntation of a circle from the given reprefenta- 
tion ol one radius, or of an infcribcd triangle ? 

XX. QUESTION 170, by Hermodorus. 

Given in pofition a circle and two points ; if from the two 

points be inflefted two ftraight lines to any point of the circle, 
and from the other two points in which these lines meet the circle, 
there be inflefted two other ftraight lines to a point in the circle, 
fo that one of them may be parallel to a ftraight line given by 
pofition, then the other ftraight line will either tend to a given 
point, or make a given angle with a ftraight line tending to a given 
point ? 

XXI. QUESTION 171, by An alyticus. 

Find a leries for the nth power of the logarithm of a number ? 

XXII. QUESTION 172, ^Sf.nex. 

It is required to find the nature or equation of a curve fuch, 
that any right line RPQ being drawn through a given point P, to 
put the curve in two points R and Q, and tangents from thefe 
points produced to interfeft each other in I, the angle QIR may 
always be of the fame conftant magnitude, that is always equal to 
a given angle ? 

XXIII. QUESTION 173, by Mr. John Fletcher. 

If the magnitude of a circle is given ; it is required to find the 
pofition of a right line RS, and that of a point P in another line 
given in pofition, from whence if PAB be drawn to cut the circle 
in A and B, and perpendiculars AR and BS are drawn to RS, 
their retlangle will be always a given magnitude ? 

/ XXIV. QUESTION 174, by Amicus. 

If a given cone, fufpended by its vertex, be made to revolve 
with its axis in a vertical plane; it is required to determine the 
force exerted on the centre of fufpenfion at any given pofition of 
the revolving body ? 

XXV. QUESTION 175, i; Mr. Wallace, R. M. College. 

Suppole a quadrilateral figure to be inferibed in another qua- 
drilateral figure, agreeable to the conditions required in queftion 
s 20 of the New Series of the Repofitory, then the oppofite tides 
of the inferibed figure when produced, will interfeft each other 
in the diagonals produced of the circmnfcribed figure. Required 
the demonllration P 

XXVI, 


Digitized by Google 



f 4 ) 


XXVI. QUESTION 176, by Marloviensis. 
It is well known that the fum of the feries 


3 * 


4 * 


— &c. ad :nfinitum, is ex- 


prefTed by the fluent of ( x xxfl. * or area of a tranf- 

cendent hyperbola. Under what circumllances, can the fame 
fum be exhibited by the multiples or powers of the arc of a circle, 
and how is this to be invelligated ? 

XXVII. QUESTION 177, by Marloviensis. 

It is required to (hew a fimple praflical method (capable of 
demon (1 rat ion), of putting a globe or fphere into perfpettive ; 
having given the magnitude and fituation of the fphere, the height 
of the eye above the ground plane, and its di fiance from the 
plane of projeftion, which is. as ufual, fuppofed to be perpen- 
dicular to the horizon, alfo to fhew what fituation the globe 
tftuft have, that the contour of its perfpc&ive may be any propofed 
conic fefiion ? 


XXVIII. QUESTION 178, by Mechanicus. 

If two given bodies A and B, connetled by a firing, be fup- 
ported on an inclined plane, by means of the Itring s palling 
through a ring at A, and any given force be impreffed on the 
body A, in a horizontal direction ; it is required to determine 
the naiure of the curve deferibed by the body, and the circum- 
ilanccs of the motion ? 

XXIX. QUESTION 179, by Mr. Wallace, R. M. College. 

Suppofe two particles of matter^ and q, to be connefled by a 
firing pAq , and to reft in equilibrio upon two inclined planes AB, 
AC, the filing being fuppofed to pafs over the common feftion 
of the planes at the point A; then, if a circle be deferibed through 
the points p, A, q, and the panicles without changing their po- 
lition are disengaged from the firing pAq, and connected by ano- 
ther paq, which paffes over a peg iaflened at any point a in the 
circumference of the circle, the particles p and q will flill reft in 
equilibrio upon the planes. Required the demonflration ? 

XXX. PRIZE QUESTION 180, by Geometries. 

If the oppofite Tides of a hexagon, inferibed in a circle, be 
produced till they meet, the three points of interfeflion will be 
in the fame llraight line. Required the demonflration t* 


Solutions to these queflions mull come to hand (poft-paid) by 
the Firfl of November, 1806. 


Digitized by Google 


NEW SERIES 

07 THE 

mathematical repository. 

III. MATHEMATICAL QUESTIONS. 

To he anfwercd in Number VIII. 

I. QUESTION 1 8 1 , by Yanto. 

Bacchus caught Silenus atloep by the fide of a full calk, he 
feizcd the opportunity of drinking, which he continued for two- 
thirds of the time that Silenus would have taken to empty the 
whole calk. After that, Silenus awakes, and drinks what Bacchus 
had left. Had they drank both together, it would have been 
emptied two hours fooner, and Bacchus would have drank only 
half of what he left for Silenus. Required the time in which 
they would empty the calk fcparately ? 

II. QUESTION 182, by Amicus. 

Two given beams, or rods, loaded with weights, being placed 
{ on a horizontal plane, fo that their lower extremities may be op- 
pofed to each other, andtheothcr extremities be fupported by two 
parallel vertical planes ; it is required to find their petition when 
theyareinequilibrio.and thepreflure exerted againft each plane ? 

III. QUESTION 183, by Quidam. 

Given all the four tides, and the difference of the parts into 
which one of the angles is divided by a diagonal; to confiruft: 
the trapezium and point out the limits. 

IV. QUESTION 184, by Mr. John son, Birmingham. 

A given quantity of gold is to be made into a cup in the 
form of a fegment of a fphere, and n tenths of an inch in 
thicknefs: what are the dimensions of the cup when it is made 
so as to contain the greatest quantity pofiiblc? 

V. QUESTION 185. by Quidam. 

Let a firing of a given length be fattened at one end to a point 
A in the circumlerencc of a circle, and wound tightly about the 
circumference, and brought with the other end T to meet the 
diameter AB in T : what muff be the diameter of the circle that 
the area BTP included by the right lines TP, TB, and the arc 
BP may be a maximum, TP beingthe tangent from T ? 

VI. QUESTION 186, by Mr. John Whitley. 

If an ellipfe be circumferibed by a triangle, and lines be drawn 
from the angles of the triangle to the points of contact, meeting 
the ellipfe again in three points; tangents drawn to the curve at 
thefe points will interleft each other in the faid lines produced. 
Alfo, if the faid tangents and the Tides ot the triangle be produced 
till they meet, the three points of interfection will be in the fame 
firaight line. Required the demon flration i 
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VII. QUESTION 187, by ' Laputiensis. 

Let two fpherical balls given in magnitude and weight, and 
having their furfaccs perfectly polifhed, be put into a fpherical 
veffel of a given diameter, whofe internal furface is alfo perfectly 
polifhed : required the diflances of the points of contaft from 
the loweft point of the veffel, when the balls reft in equilibrio? 

VIII. QUESTION 188, by Mr. Ivory. 

Two points being given in the fame vertical plane, but not 
in one horizontal line; it is required to determine the pofition 
of two inclined planes fuch, that the time of defeent from the 
higher point to the lower, on thefe two planes, fhall be lefs than 
on any other two inclined planes whatfoever? 

IX. QUESTION 189, by Mr. Cunliffe. 

Required the fum of the infinite feries 
7 _ T * (x)+i x ( T“f“T ) T X (4*f - THhi) - HrX (r+T+r+4) - & c * 
The next four Queflions are feleded from the Cambridge Univerfly 
Calendar for 1806. 

X. QUESTION tyo, from the Camb. Un. Cal. 

A given cylindric veffel is fupplied with water by a cock 
at a given rate. Then fuppofe, when the veffel is full, that an 
aperture of a given area is made in its bottom ; what is the 
loweft point to which the furface of the water in the veffel will 
defeend, and alfo the time of its defeent ; the influx of the water 
by the cock being fuppofed flower than the efflux when the 
veffel is full ? 

XI. QUESTION \<ji,from the Camb, Un. Cal, 

Bradley obferved that every ftar paffed the meridian fartheft 

fouth when it came about fix in the morning, whatever were 
its pofition with refpeft to the cardinal points of the ecliptic. 
Suppofe then the place of a ftar to be given ; on what day will 
it pafs the meridian of London fartheft to the fouth ; and at 
what hour will it pafs it on that day ? 

XII. QUESTION 192, from the Camb. Un. Cal. 

A perfe&ly flexible chain is wound round a cylinder fupported 
with its axis parallel to the horizon. Then, it the weight and 
dimenfions of the cylinder be given, and alfo the length and 
weight of the chain ; it is required to determine the time in 
which the chain, impelled by the force of gravity, will unwind 
itfelf ; a given length being unwound at the commencement of 
the motion ? 


XIII. QUESTION iq$,from the Camb. Un. Cal. 

A cylindrical veffel, whofe height is equal to its diameter,, 
is filled with water ; with what velocity muft it be whirled 
round its axis, that half the water may be thrown out ? 


XIV. QUESTION 194, by Amicus. 

Of all the ellipfesthat can beinfenbed in the fame given quad- 
rilateral, required that which approaches the neareft to a, circlip 
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XV. QUESTION 195. by Mr. I. R, 

A parabola, and a point within it, being given in pofition, it 
it required to defcribe another parabola, that fhall pais through 
the given point, touch the given parabola in a given point, 
and have its axis parallel to the axis of the given parabola. 

XVI. QUESTION 196, by Mr. William Slender. 

Let there be a right line and a point given by pofition in the 
fame vertical plane : and fuppole a flexible firing of a given 
length, confidcred as without weight, to be fattened at one 
end to the given point, and a finall heavy body or bead to 
Aide freely thereon ; required the locus of the bead, whilft the 
other end of the firing is carried flowly along the right line 
given by pofition ? 

XVII. QUESTION 197, by Mr. Ivory. 

Two points being given in a vertical plane, but not in the 
fame horizontal line ; it is required to determine the pofition 
of three inclined planes fucb, that (fuppofing the body tq. 
pafs from one plane to another without any lofs of velocity) the 
time of defcent may be lefs than the time on any other three 
planes, when the line of defcent is of a given length ? 

XVIII. QUESTION 198, by Mechanicus. 

Required the nature of the curve along which a heavy body 
defeending by the force of gravity, with a given initial celerity* 
will prefs upon the curve at any point with a force reciprocally 
proportional to the radius of curvature at that point ? 

XIX. QUESTION 199, by Mr. Cunliffe. 

Find a feries of numbers, every one of which is divifiblc 
into three fuch parts, that if to the fqoare of each part the pro. 
duft of the other two be added, the three funis thence arifing 
fhall all be rational fquares? 

XX. QUESTION 200, by Hypatia. 

Required the nature of the curve that is the locus. oE 
the point in which a perpendicular from the centre of an ellipfo 
meets a tangent to the ellipfe. Required alfo the refUfication. 
of the curve and its quadrature ? 

XXI. QUESTION 201, by Coriosus. 

Find the fhorteft diftance between two given points on the 
furface of a fpheroid ? 

XXII. QUESTION 202, by Mr. Wallace, R. M. College. 

Find the length of a curve, the nature of which is ex- 
prefled by the equation 

x , 

e y — L+J' 

X 

e — 1 

where x and y denote the co-ordinates, and e the number of 
which the hyperbolic logarithm is unity ? 
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XXIII. QUESTION 203, by Mr. Cunliffe. 

To find three numbers fuch, that the fum of every two 
fcall be a biquadratic, and the fum of all the three a fquare 
number ? 

■XXIV. QUESTION 204, by Mr. Ivory, R . Af. College. 

If there be two concentric ellipfes, fimilar to one another, 
and fimilarly pofited, the proportion of the axes being that of 
^2 to 1 ; then if, from any point in the periphery of the 
inner ellipfe, any right line be drawn to terminate in the 
periphery of the outer ellipfe, the re&angle under the fegments 
of that line, is equal to the fquare of that fetni-diameter of the 
inner ellipfe, which is parallel to the right line. Required the 
dcmonflration P 

XXV. QUESTION 205, by Mr. Lowry. 

Of all femi-parabolas having the fame area, required that 
along which a body will defeend, by the force of gravity, in 
the leaf! time poflible P 

XXVI. QUESTION 206, by Ursa Minor. 

Suppofe a cone to be cut by a plane, and the curved furface 
of the part cut off to be extended into a plane furface. Requi- 
red the nature of the plane curve, formed by the common 
feftion of the cone and the cutting plane ? 

XXVII. QUESTION 207, by Mr. P. R. 

Two magnetical poles being given in pofition ; the force oF 
each of which is luppofed to be as the mtk. power of the diflance 
from it reciprocally ; it is required to find a curve, in any point 
of which a needle (indefinitely fhort) being placed, its Jirefiion, 
when at reft, may be a tangent to the curve? 

XXVIII. QUESTION 208, by Mr. Wallace, R. M. College. 

Shew that the rectification of the curve called the line of 
Jlnes depends upon that of an ellipfe, without employing the 
fluxionary calculus, or in any other way comparing the inde- 
finitely little increments of the curves ? 

XXIX. QUESTION 209, by Mr. Ivory. 

If ftraigbt lines be infleCted from the extremities of the tranf- 
yerfe axis of an ellipfe, or hyperbola, to any point in the curve, 
and perpendiculars, drawn to the inflefled (lines from the fame 
point, be produced to cut the fame axis, the pait of the axis 
intercepted by the perpendiculars, will be conftantly of die 
fame magnitude. Required the demonftration ? 

XXX. PRIZE QUESTION 210, by Mr. Lowry. 

In a given ellipfe to inferibe a polygon of a given number 
of fides, fo that each fide may pafs through a given point ? 


Solutions to thefe Qucftions mull come to hand (poll-paid) 
by the fir ft of May 1807. 
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IV. MATHEMATICAL QUESTIONS. 

To be Anfwered in Number IX. 

I. QUESTION 2ii, from the BijaGoneta, or Hindoo 

Algf.br A. 

Find two integer fquare numbers whole fum and difference 
diminiQied by x (hall both be fquarts ? 

“TUe BijaGoneta was written in Sanscrit by Bhasker Acharij, a 
famous Hindoo Mathematician and Astronomer, who lived about the be- 
ginning of the 13th century of the Christian era: and was translated into 
Persian in !fi 34 .” 

II. QUESTION 213, by Investigator. 

What fum fhould A, aged 30, pay on the event of his furvi- 
ving B, aged 65, for an annuity of 1000/. during their joint 
lives, ufing the Northampton table of the probable duration of 
life, and allowing 5 per cent, intereft of money? 

III. QUESTION 213, by Mr. Bazley. 

Find a circle whereof the diameter, and the chord, fine, and 
verfed-fine of an arc of it, are all integers ? 

IV. QUESTION 214, by Amicus. 

The ends A, C of two given beams are moveable about two 
fixed points, and the other ends B, D are conneffed by a firing A 
of a given length which pafies over a fixed pully. It is required 
to determine the pofition of the beams when they are in equili- 
brio ; the pully and beams being in the fame vertical plane ? 

V. QUESTION 2 1,5, by Hypatia. 

From A one end of AB, the diameter ot a circle, draw any 
chord AC, and draw CD perpendicular to AB. Bifeft the aren 
AC in E, and draw BE, meeting CD in G, and CA in F. 
The lines BG, GF (hall be equal. Required the demonfiration? 

VI. QUESTION 216. by Mr. Wallace, R. M. College. 

Let a circle be given by pofition and let A and B be two given 
points ; a point C may be found, fuch, that if any ftraight line 
be drawn through it, meeting the circle in D and E and AD, 
BD, alfo AE, BE be joined, there is a certain given fpace which 
is a mean proportional between AD* -j- BD* and AE* + BE*. 
Required the demonfiration ? 

VII. QUESTION 217, by Mr. Lowry. 

An ellipfe, and a ftraight line, being given by pofition; a 
point may be found fuch, that if any ftraight line be drawn 
through that point to meet the ellipfe in two points, and perpen- 
diculars be drawn from thofe points to the ftraight line given by 
pofition, the reftangle of thofe perpendiculars lhall always be 
equal to a certain given fpace ? 

VIII. QUESTION 218, by Mr. Lowry. 

If the vertical angle and fum of the fides of a plane triangle 
remain conflant, what is the equation of the curve to which 
the bafe is always a tangent ? 

IX. QUESTION 219, by Mr. Wallace. 

Let AB, AC be two ftraight lines given by pofition, and P a 
given point : it is required to draw a line through P to meet the 
given lines in D and E, fo that AD x AE may be to DP X PE 
in a given ratio. 


( * ) 


X. QUESTION 230, by Mr. Lowry. 

If through a given point P on the fur face of fphere two 

great circles be drawn to intCrfeft a finall circle given by pofition 
in the point? A, B and C, D; and the points AC, BD be joined 
by gieat. circles which interfeft in Q. What is the locu* of the 
point Q ? 

XI. QUESTION 221, by Mr . Lowry. 

Find the perfpe£live reprefentation of a given fpheroid placed 

on a horizontal plane; the relative pofttions of the eye, the 
vertical plane of the pifture, and the fpheroid being given ? 

XII. QUESTION 222, by Mr. Bazley. 

It is required to determine the locus of the vertex of a plane 
triangle, w hereof the radius of the inferibed circle, and difference 
of the angles at the bafe are given ; the middle of the bafe being 
a fixed point in a llraight line given by pofition ? 

XIII QUESTION 223, by 

Let a circle be given by pofition, and let A and B be two 
given points, a point C may be found, fuch, that if any ftraight 
line be drawn through C to meet the circle in D and E, and AD, 

BD, AE, BE be joined, AD 1 -f- DB J : AE* -f- EB* :: DC 
: CE. Required the demonflration ? 

XIV. QUESTION 224, by Mr .- 1 v ory • 

Suppofing x to denote any fraflion lefs than unit, it is 
required to aflign the value of the infinite produft (1+ *) 

( 1 + X 1 ) ( 1 *f* * * ) ( 1 ■+■ x 8 ) &c. ? 

XV. QUESTION 225, by Mr . Cunliffe. 

To find integer values for the fides of a trapezium that may 
be inferibed in a circle, fuch, that its diagonals, diameter of the 
cir'tUmfcribing circle, and area, may all beexprefTed by whole 
numbers? 

XVI. QUESTION 226, by Mr . Cunliffe. 

Suppofe a heavy holfow cylinder, of an uniform thicknefs, to 

roll freely along an inclined plane of a given length and inclina- 
tion ; having given the external diameter of the cylinder 
togither with the' time of rolling along the inclined plane, it is 
required from thence to determine'the internal diameter of the 
Cylinder ? 

XVII. QUESTION 227, by Afr. Cunliffe. 

Required the lum of the infinite feries 

* • 3 - 3 • 5 .5 • 7 7-9 9 • 1 ' 

. XVIII. QUESTION 228, by Mr . Wallace. 

Find the nature of a curve, fuch, that any normal fhall have 
a given ratio to the fegment of the axis intercepted between it and 
a given point ? 

XIX. QUESTION 229, by Mr . Lowry. 

Two equal bodies, connected by a flexible firing, are placed 
on a fmooth horizontal table, the firing being ftretched out in a 
direction parallel to the edge of the table. To the middle of this 
firing, there is fall ened another firing, at the extremity of which 
is a given weight that hangs over the edge of the table, in a 
vertical direftion, and, by its defeent, communicates motion to 
the other bodies. Now, fuppoling the weights of the bodies 

and 
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an d the length of the eonne&ing firing to be given ; it is re- 
quired to define the motion of the defending weight, and to 
afcertain its place at the end of any aligned time? 

XX. QUESTION 2 20, by Mr. Lowsr. 

A circle and a fphere being given by pofition, it isTequired to 
determine the perfpeftive reprefentation of the circle on the 
furface of the fphere, and to find the reftification of the curve ; 
fuspofing the eye to' be at the centre of the fphere ? 

XXI. QUESTION' 931, by Mr. Lowry. 

If from two given points on the furface of a fphere, two 
great circles be drawn to any point D in the circumference of.a 
lmall circle given by pofition, meeting it again in Eand F: then 
the great circle joining the points E, F will either pafs through 
a given point P ; or a great circle drawn through E and P will 
cut off from the fmall circle EDF an arch FG of a given length ? 

XXII. QUESTION 23a, by Mr. Wallace. 

Let F be the focus of a conic feftion, and P a given point 
in the axis. Draw FA to any point of the curve ; take PB in 
the axis equal to FA and join AB. Thereis aflraight linp given 
by pofition which divides AB into parts having to each other a 
riven ratio. Required the demon ftration ? 

XXIII. QUESTION 933. 

In the Traiti-s dt Calc u l Diffirtntid et de Ctlcul Integral of 
Boffin, the following theorem is given, (but without demon- 
ftration) from the works of John Bernoulli. 

•* Let A4B (fig. 95, pi. 4.) be the femi-circumference of a 
circle, of which AB, the diameter, is equal to the two femi-axes 
AC, BC of a given ellipfe. Divide the femi-circumference 
A4B into a number, 2, 4, 8, 16, &c. of equal parts, draw 
ftraight lines from the point C to all the points of division : take 
the arithmetical mean ol all the Anight lines drawn to the points 
of divifion denoted by odd numbers, and alfo the arithmetical 
mean of the fum of all the lines drawn to the points of the 
even numbers, and the half of AB ; thefe two arithmetic means 
fhall be the radii of two ciicles, the circumference of one of 
which fhall be lefs than that of the ellipfe, and the circumference 
of the other greater.” Required the demonftration ? 

XXIV. QUESTION 234, by Mr. Ivory. 

A point may be found within the bafe of every oblique cone, 
fuch, that if any plane be drawn through the vertex and the 
point found to cut the cone, then the vertical angle of the 
triangle, which is the common feftion of the plane and the cone, 
will be bifefted by the right line drawn from the point found 
to the vertex of the cone ? 

>XXV. QUESTION 235, by Mr. Ivory. 

It is required to fhew that the furface of a right cone on an 
elliptical bafe may be found by the reftification ot the ellipfe. 

By a right cone on an elliptical bafe is meant fuch a cone as 
has an ellipfe for its bafe, and likewifethe right line, drawn from 
the vertex to the centre of the ellipfe, perpendicular to the 
plane of the bafe ? 

XXVI. QUESTION 236, by Mr. Ivory. 

From a point aflumed without a cope, let two tangents be 
drawn to the fame conic furface, or to the oppofite furface* . 



and let a plane be drawn through the vertex of the cone and the 
two points of contafl of the tangents: then, if a tight line be 
drawn from the alfumed point to cut the plane, and either of the 
conic furfaces in two points, that right line will be harmonically 

divided? . 

N. B. The demonftration of fome properties of all the conic 
fe&ions readily Follows from this propofition 

XXVII. QUESTION 237, by Mr. Ivory. 

It is required to determine the pofition of the axes of the re- 
prefentation of a circle given by pofition in a horizontal plane: 
fuppofing the place of the eye to be given, and the plane of the 
picture perpendicular to the plane of the horizon ? 

XXVIII. QUESTION 238, by Mr. Ivory. 

Let n be any whole pofitive number, and put 
1^.6 .8...... an 


Q = 


3 - 5-7 -9 


then the whole value of the 
SrH- l 


..(211+1) 

' r dx r dx r* 9n +'dx u- U • 

triple fluent which is 

generated while x increafes from o to 1, is equal to 

Q* 


+- 


P = 


T . — : — +&c.J? 

v (an+3) 1 (in-** 5 )* ( an+7» (*»+9>* S 

N.B. Obferve that the cafe n~o is included by taking Q = 1. 

XXIX. QUESTION 239, by Mr. Ivory. 

Let n be a whole pofitive number and put 

1 • 3 - 5-7 ; t hen the whole value of the 


6.8 


. . 2 n 


r dx r dx r x* n d> 

triple fluent 

generated while x increafes from o to 1, is equal to 

P (2» + 4)* (8«+6)* " r (2)1 + 81* 

where r. is the femi-circumference to the radius 1 ? 

N. B. Obferve that the cafe n = o is included by taking 

p 

XXX. PRIZE QUESTION, 240, by Mr. Ivory. 

Let a plane be drawn through the axis of an oblique cone, 
fo as to be perpendicular to the plane of the bafe ; and let a 
right line be drawn to bifeft the vertical angle of the triangle 
which is the common feftion of tho plane and the cone : then, 
if a fecond plane be drawn through this line (viz. the line which 
bifefts the vertical angle of the triangle) to cut the cone, the 
difference of two portions of the conic furface between the two 
planes, and comprehended in oppofite angles, may be determined 
by means of a circular area and a rc&ilineal fpace ? 


dx 


which is 


+&c.^ x ^ 


Solutions to these queflions mull come to hand (poll-paid) by 
the Firlt of May 1808. 
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ARTICLE I. 


Solutions to Quejhons proposed in Number IV, 
I. QUESTION i2i, by Scoticus. 

If a and fi denote given arches, and 

fee. a fee. p -f- tan. a tan. p = fec.jS. 
Required the values of fee. p and tan. p i 


First Solution, by Scoticus, the Propo/er, 
Becaufe 


fee. a + tan. 


i 

fee. a. — tan. « 


fee. p + tan. p — - — 

lee. p — tan. p. 

By taking the produfl of thefe two equations and fubflituting 
fec.0 for fee. a fee. p + tan. a tan. p we have 

fee. /3 -+■ fee. a, tan. <p 4 - tan. a fee. p 

1 

iec./d — (fee. a tan. p •+■ tan. a. fee. p)’ 


But fee. /9 -f- tan. /3 — 

lee. £ — tan. (3 

therefore, by comparing this equation with the preceding one. 
u is tnanifeft that * 

fee. a tan. p -f- tan. e fee. $ — tan. /3. 

Vol.II. Part I. A e B v 
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By taking the fum and difference of this equation, and th© 
equation 

fee. * fee. p + tan. a tan. p = fee. 0, 
and refolving the rcfult into faftors, we find 

(fee. a -+- tan. a) (fee. p + tan. 9 ) = fee. 0 4- tan. $ 

(f ec> a — tan. a) (fee. <p — tan. p) — fee. 0 — tan. 0. 

fee. 0 -4- tan. 0 

Hence, fec.p + tan. <p = • 


fee. p — tan. p z= 


cl tan. x * 
fee. B — tan. 6 


fee. a — tan. a ’ 
and fee. p = fee. a fee. 0 — tan. a tan. 0 ; 
tan. p = fee. a tan. 0 — tan. a fee. 0. 


Second Solution, by Mr. John Dawes. 

Put azzz. tan. a, i me fee, 0, and x rzz. tan. p, radius 1 : then 
^/(t + a*) = fee. a, f(b' — 1 ) = tan. (3, and t/( « + ** > = 
fee. p. Thefe values being written in the propofed cxpreffion, 

it becomes .... , 

/(1 + * ) + ax — b, 

and by tranipofition 

/(i + a 1 ) /(t -+-* 1 ) = b - ax\ (?) 

fquaring both Tides 

(i + a 4 ) (1 4- x s ) == (b — ax)*; 

that is, 1 ■+• a’+ * a 4- « a ** z=b l — a abx ■+- a *** 
whence 4- 2 a£x = ^—(l 4 a) 1 , 

and x = ^( 1 *+ «•)(*■ — ») — 
that is, tan. tp = fee. * tan. (3 — fee. 0 tan. a. 

Again from the equation q 

,-fa 1 ) /( 1 -+- x*) = * — = b 4- ba' — a V { » + *J 

and dividing by /(1 4- 

^( 1 -! -x') = b /(1 +a’)— a y(b' — i)l 
that is, fee. ? = fee. 0 fee. a - tan. 0 tan. a. £ 7 

Cor. The fubfequent equations are cafily obtained from 
the preceding, viz. 

fee. a = fee. /3 fee. p 4; tan. 0 tan. p. 

tan. a = fee. 0 tan. p + fee. p tan. 0. 

tan. 0 = fee. a tan. p 4; fee. p tan. a. 

Ingenious Solutions to this Quejlitn were alfo received from 

Uejfrs. Amicus, Rev. J. Toplis, Johnfon, and J. W. of Leeds. 
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II. QUESTION 122, by Amicus. 

It two tangents PE, PF be drawn to a conic fefiion, and the 
line EF joining the points of contaft be produced to meet the 
direHrix in G ; then if PI be drawn through the focus to 
meet EF in I, El will be to IF as EG to FG, required the 
demonftration P 


Solution, by Mr. John Johnson, Birmingham. 

Fig. 1, pi. i. Let f be the focus; join E/) Yf, and draw 
EH, FK perpendicular to the direftrix. 

It is a property of the conic feftions, now pretty gene- 
rally known, that the angle E/P is equal to the angle F/P, and 
therefore the angle E/I is equal to the angle F/I, j I bifefts the 
angle I/F ; wherefore E/ : /F :: El ; FI. Again by the 
property of the direflrix E/:/F :: EH : FK :: EG : FG, and 
comparing this proportion with the former we have El : IF : : 
EG : FG. Q. E. D . 


III. QUESTION 123, by Mr. James Whalley, Bolton . 

To conftruft a trapezium there is given one of the fides, 
both the diagonals and the angle formed by their interfection, 
and the angle made by either diagonal and side oppofite to the 
given one ? 


‘ Firsjt Solution, by Mr. W. Wallace, R. M. College. 

Suppofe ABCD (fig. 2, pi. 1.) to be the quadrilateral re- 
quired, then by hypothefis AB one of its fides, and AC, BD, 
its two diagonals are given, alfothe triangle DEC, formed by 
the diagonals, and DC the oppofite fide, is given in fpecies. 

Produce AB, CD to meet in G, and draw AH parallel to the 
diagonal BD, then BG : GA :: BD : AH, but the ratio of 
BD to AH is compounded of the ratios of BD to AC and of 
AC to AH, that is of BD to AC and of EC to ED, both of 
which ratios are given fince BD and AC are given lines and 
the triangle EDC is given in fpecies, therefore the ratio of BG to 
GA is given, and AB being given, AG and BG are both given. 
Now in the triangle ACG the bafe AG, the vertical angle ACG 
and AC one of the fides are known, therefore the triangle mad 
be eafily conilrufted, and hence the point C will be known, any 
this point being determined all the reft may be found of courfe. 

A 2 Second 
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Second Solution, by Amicus. 

Fig. «, pi. 1. Take AC equal to one of the given di- 
agonals, and draw AH. CH to make the angles CAH, ACH, 
equal to the angles made by the imerfection of the diagonals 
and the other given angle refpe&ively ; produce AH, if necef- 
fary, till AF be equal to the other given diagonal, and from F to 
the line CH apply FD equal to the given fide; complete the 
parallelogram FDBA and join BC ; then ABCD is the trapezium 
required. 

For ftnee ABDF is a parallelogram, AB is equal to FD the 
given fide, and BD is equal to AF one of the given diagonals, 
alfo AC is equal to the other diagonal ; and the angles ACD. 
DEC (or HAC, becaufe DE and HA are parallel) are equal 
to the given ones. 

Third Solution, by Mr. Cunliffe, R . M . College. 

Tig. 2, pi. t. Let CDB A reprefent the required trapezium, 
AB being the given fide; draw BG' parallel to AC and pro- 
duce DC to meet it in G'; alfo draw AS parallel to DG'. Then 
in the triangle DBG' the angles BDG'and DBG' are both given 
together with the fide or diagonal DB, whence the triangle 
itfelf becomes entirely known. 

The figure CASG' is a parallelogram by the conftruflion, 
therefore G'S = AC a given line, confequently S is a given 
point, and SA a right line given by pofition : whence the follow- 
ing conllruflion is pretty obvious. 

Having drawn SA, from B apply BA thereto equal to the 
given fide, draw AC parallel to BG' meeting DG' in C, join 
CB, DA, and DCBA is the required trapezium, as is evident 
from theanalyfis. 

This Quejlion was hkewife anftvtred by Mejfrs. Bazley, Johnfon, 
and Toplis. 


IV. QUESTION 124, by Sen ex; 

Let there be two given points in the circumference of a 
circle given in magnitude and pofition : a circle may be found, 
given alfo in magnitude and polition, fitch, that if }rom any 
point in its circumference flraight lines be drawn to the given 
points, and a tangent to the given circle ; the fquare of the 
tangent (hall have 10 the re£lang!e of the lines drawn to the given 
points a given ratio. 

Solution, 
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Solution, by Mr. Bazley. 

Let A and B (fig. 3, pi. 1.) be the given points, ABED 
the given circle, C one of the points in the periphery of the 
circle which is to be found; draw the tangent CD and join AC, 
BC, and AB : let E be the point where AC cuts the given 
circle, and join BE. 

Then by nypothefis, the ratio of AC x CB : CD 1 = AC 
X CEis given; that is, the ratio of CB to CE is given; but 
fince the circle ABED and the chord AB are given, therefore 
the angle AEB isgiven, and its fupplement BEC ; confequently 
the triangle BEC is given in fpecies, and therefore the angle 
ACB Handing on the given line AB is given. Wherefore, the 
point C is placed in the circumference of a circle defcribed 
on the given line AB, to contain the given angle ACB. 
iieffrs. Amicus, Cunliffe, Johnfon and I. W. of Leeds favoured 
us with Solutions to this Quejlion. 

V. QUESTION 125, by Mr. Joseph Brewer, Prcjlon. 

Two right lines being given by pofition, a circle may be found, 
fuch, that if another circle be defcribed upon any radius thereof 
as a diameter, the chord of the arc of this latter circle inter- 
cepted by the lines given by pofition fhall be of a given length. 

Solution, by Mr. Bazley. 

Suppofe AB, AC (fig. 4, pi. 1.) to be the two straight 
lines given by pofition, apply DE of the given length perpen- 
dicular to AB and meeting AC in E ; with the centre A and 
di (lance AE deferibe the circle ER, which is that which was 
to be found. For, on AE as a diameter, deferibe a circle, which 
will pafs through D, becaufcthe angle D is a right one. Draw 
any other radius AR of the circle RE, whereon, as a diameter, 
deferibe the circle APQR, meeting AB in Q and AC in P, and 
join PQ. Then in the equal circles ADE, APQR, the chord* 
ED, PQ, fubtending the fame angle BAC, are equal; that is, 
PQ DE = the given length. 

Meffrs. Johnfon and J. W. of I.eeds alfo fent officers to this 

Quejlwn. 

VI. QUESTION 126, by Mr. J. Johnson. 

Given the pofition of the centres of gravity of the three 
triangles, lormed by lines drawn from the angular points of the 
triangle to the centre of the inferibed circle, to determine the 
pofition of the triangle i 

First 
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First Solution, by Mr. Bazley. 

• 

Let ABC (fig. 5, pi. 1.) be the required triangle ; P, Q, R, 
the given points, and O the centre of the infcribed circle. 
Draw OPS meeting AB in S; then it is well known that S is 
the middle of AB andSP = fSO; through P draw DPE paral- 
lel to AB meeting OA, OB in D and E: then AD = jAO, 
and if DF be drawn parallel to AC meeting OC in F, CF is 
= -jfCO, and DF pafles through Q. Again, join FE, whic 
pafles through R, becaufe CF = 7CO and BE -jBO ; 
moreover P, Q, R, are evidently the middle points of DE, DF, 
FE. Hence DPRQ, EPQR and FQPR are parallelograms ; 
and therefore we have this 

Construction. 

Having joined P, Q, R, draw DPE parallel to OR taking 
PD, PE each equal to QR, and draw DQF, ERF ; alfo draw 
DO, EO, bifetling the angles D and E and meeting in O ; pro- 
duce OD to A fo that OA : OD :: 3 : 2, and in the fame ratio 
produce OEto B; lafHy draw AC, BC (meeting in C) parallel 
to DF, EF, and the thing is done : the demon ftrat ion is plain 
from the analyfis. 

Secon d Solution, by the Rev. J. Toplis. 

Let ABC (fig. 6, pi. 1.) be the triangle whofe pofition 
is required, AOB, AOC, and BOC the three triangles formed by 
lines drawn from the angular points to the centre of the in- 
feribed circle, and G, H, F their centres of gravity. Join GH, 
HF, FG, and let the lines AGE, BFD, CUP be drawn through 
the points G, F, H, meeting the lines OB, OC, OA, and (by 
the property of the centre of gravity) bifefling them in E, D, 
and P ; then it is evident that the lines joining the points A, D ; 
B, P; C, E, will pafs through the points H, G, F refpeblively ; 
and by a well known property of the centre of gravity, BP is 
equal to 3GP, PC to 3PH; therefore GH and BC are parallel, 
and BC equal to 3GH. In a fimilar manner it may be proved 
that AC is parallel to GF and AB to FH and that AC is equal 
to 3GF and AB to 3FH ; wherefore the triangle AC B is fimilar 
to, and equal to thrice the given triangle FGH. Let Q be the 
centre of the circle infcribed in the triangle FHG; bilett the 
lines GQ, HQ in K and I, and draw GI, HK, FK, FI ; 
them it is obvious that the triangle GHO is fimilar to the triangle 
BCO ; and fince GQ, CO, aieliifefcled in K and D, and BC 

equal 
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equal to qGH, it is evident that BD (3FD) is equal to 3HK, 
that is, FD is equal to HK; and in afimilar way it is fhewn that 
FE is equal to GI, DH to FK, and EG to FI, wherefore HK, 
GI, FK, FI are given lines; hence if FD, DH, FE, GE be 
taken equal to the given lines, the points D, E, will be determi- 
ned, and if DH, DF, EF be produced till DA is equal to 3DH, 
BD to 3DF, and EC to 3EF, the pofnion of the angular points 
©f the triangle become known. 

An ingenious Solution was received from Mr. Johnfon, 
the Propofer. 


VII. QUESTION 127, by Hypatia. 
a a — n x — n 

Suppofc u = , what is the value of u when 

a -p- x 

*= <2 ? 

Solution, by the Rev. J. Toplis. 

The fluxion of a a ” — • x X n is — log. x x x* H x 

_x- n . _. 

, and the fluxion of a — x is — i ; therefore 

the fluxion of the numerator divided by the fluxion of the deno- 

• . ■ x — n , . x — n x-n — i , , 

Hiinator is x X log. x x — n — (when x 

becomes a) o' ” X (log. a + 1 — 

Tlte values of fractions of the form § are vcv amply treated up- 
on in the firft vol. of the Traite du Calcul Differential et Integral 
par S. F. Lacroix, page 241. 

VIII. QUESTION 128, by Ursa Minor. 

Let AB, AC, be two ftraight lines given by pofition, and 
Jet a ftraight line DE meet them in D and E, fo that AD 4 AE 
js equal to a given line, and let DE be divided at V, fo that DV 
may have to VE a given ratio. Required the locus of the 
point V ? 


First Solution, Amicus. 

Analyfis. In fig. 7, pi. 1, take AH = the given fum and 
paake HI to IA in the given ratio of DV to VE ; draw IV to 

met 
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meet AC in F, and let PV, QV be drawn parallel to the lines 
AC, AB, refpefiively ; then becaufc AD ■+■ AE is = AH, 
DH is = AE, and by fimilar triangles AP : AD :: ( VE : DEJ 
AI : AH, and by permutation and divifion IP . Al :: HD 
AE : AH ; and again by limilar triangles and permutation 
AQ = PV : IH :: AE : AH ; therefore IP : PV :: UA : AF) 
I A : IH which is a given ratio, and (hews that AF is — to III, 
therefore the locus ot the point V is the flraight line IF given by 
pofition. Hence this condruftion. Divide the given lum AH 
into two parts AI, HI, having the given ratio, make AF = Hi 
and the line joining the points 1 , F, is the locus required. 

It is evident from hence that if two bodies whofe weights are 
proportional to the fegments VE, YD, be placed on the incli- 
ned planes AB, AC, and conneFfed by a firing whofe length is 
AH and which paffes over the common feFtion of the planes at 
A, the locus of the centre of gravity of the two bodies will be 
the flraight line IF. 

It the difTeieme, inflead of the fum of AD, AE, had been 
given the locus would alfo be a flraight line given by pofition ; 
lor it AA be taken equal to the given difference, the analyfis and 
conftruFlion will be precifely the lame as above. 

But the problem may be made more general, for if R and S 
be any given lines and the fum or difference of the leFlangles 
AD x R, AE x S be equal 10 a given fpacc, then the locus 
ot the point V will Bill be a flraight line. 

For let AK X R be equal to the given (pace, and divide AK 
al I fo that A I may be to IK in the given ratio of VE to DV ; 
then becaufe AD x R -+- AE X S = AK X II, we have AE 
x S=DK x R. And by fimilar triangles &c. as in the 
preceding Analyfis, 

IP : AI :: KD : AK :: KD x R : AK x R; 

also AQ = PV : KI :: AE : AK AE X S : AK x S ; 

therefore IP : PV:: AI : IF) :: Al x S : KI x R, 

a given ratio, and it is obvious that AF is = to KI therefore 
the locus of the point V is a llraight line IF' as before. 


The fame Algebraically. 


Draw VP parallel to AC and V Q to AB. Put s — the given 
fum of AD, AE ; jr — AP= VCi, y = PV — AO, and m 
; n the given ratio of DV to VE, then by fimilar triangles 


x : — = DP, 


m : n 
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and 

therefore 


m-\r n 
n 

. ny m -4- n 

y H = - — ■ — 

' m m 

m -f- n m -4- n 

— . x -+- 

n m 


. * = AD, 

• y = AE ; 

. y = s, an equation t» 


a flraight line. 

Now when y = o, x is rr: — — — , 

m n 

and when x = o, y is = • — — — . And thefe values of 
' m -f- n 

x and y determine the points where the cus meets the flraight 

lines AB, AC : hence if AI be taken = — — — and AF = 

m •+■ n 

'* ne ^ will be the locus required. 


Second Solution, by Mr. Bazley. 

(Fig. 8. pi. i.) Divide the given Cum of AD and AE in 
the given ratio of DV to VE ; take on AC, AI, equal to the 
firfl part, and on AB take AF, equal to the other part, and join 
IF, which is the required locus. For, take on AC anydiflance 
IE, and on FA take FD equal IE (the one towards the point A, 
the other from it) ; let DE meet IF in V, and draw DG parallel 
to AC, to meet IF in G. Then it is plain that AD •+■ AE = 
AF -+• AI = the given sum by conftruftion ; and fince the 
triangles A FI, DFG; DVG, EVI, are fimilar ; therefore 
EV : VD :: IE=) DF : DG :: AF : AI, that is; 

EV : VD :: AF : AI, which is the given ratio, by con- 
firudion. 

Solutions were a[fo received from Meffrs. Cunliffe, Johnfon, 
Toplis, and J. W. oj Leeds. 


IX. QUESTION tag, by Mr. Cun lif fe, R. M. College. 

To find two rational numbers fuch, that if a given number 
n be fubtrafted from either of them, or from their fum or diffe- 
rence, the four remainders fhall all be rational fquares. 

Vol. II. Part I. B Solution, 
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Solution, ly Mr. Cunliffe, the Propofcr. 


Let a: -+- n and y n denote the two numbers, by which 
notation the two firft conditions of the queftion will evidently 
be latished : it therefore only remains to determine fuch values 
o * an y as fhall make the two remaining conditions squares. 
viz. x -+- y -j- s and x 7 — y 4 — both fquares. 

Affume x + it for the root of the Gift, that is, put x 7 y 4 
+ n = (* + v)' = at* + axv -f v\ which gives * = 

2V * 


by means of which x 4 — y 7 — n — v » 

qt / 1 

— y 4 — 6vY + en\ 7 — Snv 7 + »<+«* 

- 4V t = a fquare; 

therefore y 4 — 6» 4 y 4 my' - 6nv' + t/ 4 -+ » 4 = a fquare; 
Affume s — y 7 for the root of the preceding fquare, that is, 
puty 4 — 6v 7 y' •+• any ' — 6nv ' -f w 4 -f- n 7 = (s —y') 7 — 


s '-*sy'+y < ; from whence / = = a fquare; 

taker = « - n 4 , then y 4 = fir ? . 4 + W ~" a _ „ 

s X U + S- 3 D*) n — e o' 

n 7 v 4 . , 

— i — a fquare ; therefore s 4 — znv' mull be a fquare. 


Put ft 1 


anv 7 — (rv — n) 7 — r 7 v 7 — 2 ms + n\ whence 


v — 


2.rn 


r 2 + as 


— ; andy — 


nv 


tv — n 


zrn 

r 7 — 2s 


and from what 


has been deduced x — ^ ” — — 


20 


where r may be taken at pleafure. 


32r 4 n' + tr 4 — 4s 4 ) 4 
X(r'-t-2njx r 1 — 2«) 4 ’ 


Example 1 . Take r — t, and fuppofe the given number n — 1 . 


, 2 rn 

then y = -= = — 2, and x : 

y t 7 — 2S 

re — ; whence x 1 + 1 = 

12 144 

numbers will anfwer. 


3gr 4 a* (r 4 — 4a 4 )* - 
” \r x j 7 -f- 2s : X (r 4 — 2sJ* 

and y 4 + 1 — 5 , which two 


Example 
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Example 2. Take r — 1, and n — 2, theny — — and x 

3 

= whence x* + 2 = an( j v « q. 2 — 3 i — 

180’ 32400 J 9 

34X3600 _ 122400 

9 X 3600 — 32400 ’ 


X. QUESTION 130, by Triconometricus. 

It is required to demonflrate that the tangent of an arch of 
9 0 is equal to 1 + ^5 — y/(5 + 2 V 5 )* the radius being 1 ? 

First Solution, by Mr . J. Johnson. 

Put s for the fine and c for the cofine of 18 0 ; then (Emcrfon’s 
Trigonometry, page 12,) the tangent of half the arc, or of 9°is 

= 4/ ^ - — -» / — — ^ But it is well known 

shat the fine of 18° is = -, therefore its cofine is 

4 

- v'O — »*) = tV('° + a )/&), and ’ = j i — i 

VO-Wd)! H- = 4 -✓(■o+.'/il = , ^ 

’ 4 v 5 ~ * 

V*5 — zv'b) = tan gent of 9° 25 required. 


Second Solution, by Mr. Cunliffe. 


Let t denote the tangent of anar ch A, radius 1 ; then the 
writers on trigonometry have (hewn that the tangent of 5 A = 

— — - 10 1 1 . ; and this formula will alfo exprefs the tan- 

1 — iot’ ■+■ 51 * r 


gents of the following arches viz. 5A +180 and 5A + e x 1 80. 


Suppofe 5 A =: 45°, then the tangent of 5A — 1 = 


5 <-ior’-4-/‘ 

i-io/’-t-^/*’ 


whence /* — 5I 4 — lo/’-t-iot* + 5/ — 1 = o, the five roots of 
which equation are the tangents of 9 0 , 45°, - 27°, 8 1° and -63®. 
And, fincethe tangent of 45® is a root of the above equation, 
therefore t — 1 muft be a divifor thereof, and the quotient 

B a thence 
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thence arifing will bet* — 4U— tqt’ — 41 + 1 = o, completing 
the fquare by adding 20t* to both fides t 4 — 4 1 3 ■+■ 6 1* — 4/ + 1 
=: 20 1* — qt* x 5 ; taking the roots t 3 — 2 1 -j- 1 = + it y/ 5, 

or t 3 — 2t X (t + \f 5) = — 1 ; again completing the fquare 

C — 2t X (t + + V^. 5 )* —5 + * \f 5 i taking the 

roots, &c. t = 1 + y/g 4- V^(5 i 2 V^5'’ ar, d the two pofitive 

values of t are 1 •+■ — v ^5 + 2 4/5} and 1 4 - 

\/(5 4 - 2 v^S)* the f° rme r of which mull therefore be the 
tangent of 9 0 , and the latter the tangent of 8i°. 

Ingenious Solutions were alfo received, from Mcjfrs. Amicus, 
Dawes, and J. W. oj Leeds. 

The next Six Quejlions are f letted from the Cambridge Univerjjty 
Calendars for 1804 and 1805. 


XI. QUESTION i$t,from the Camb. Un. Cal. 

A given parabolic conoid is put into a fluid, and when it is 
in a pofr ionof permanent equilibrium the bafe is wholly extant, 
and inclined to the horizon ; having given its fpccific gravity, 
relatively to that of the fluid, it is required to determine the di- 
menftons of the part immerfed ? 


First Solution, by Mr . Lowr-y. 

LEMMA. A Problem. Fig. 9. PI. 1. 

To find the centre of gravity of an oblique fegment of a 
parabolic conoid. 

It is demon flrated at prop. 1, feft. 4 , part 3 , of Dr. Hutton's 
Menfuration, that the feftion made by a plane cutting a parabo- 
loidoblique to the axis will be always an ellipfe, and that all 
the parallel feftions will be like and fimilar figures. Hence, if 
AB be the traufverfe axis of the elliptic bafe, and LR a diameter 
to AB, the fefclions parallel to the bafe will be fimilar to the 
feftion ACB and liave their centres in the diameter LR ; and 
therefore the centre oi giavity ot the folid will alfo be in that 
diameter. Put a = t.ie bale ACB, b =r the diameter LR, 
s — the fine of the angle LRB, x — anv variable abfeiffa LD, 
whofc ordinate is ab ; o the centre of gravity of the fegment aLb 

and O that of ALB. Then l : x :: a — the area of the 

feftion at D, and — ^ - will be the fluxion of the folid aLb ; and 

therefore 

/ 
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therefore, by the common formula for finding the centre of gravity 



When * is equal to b, then Lo is equal to $ b. 

Now let ABC (fig. 10. pi. 1.) be a feeiion of the conoil 
made by a plane palling through the axis HC, and through the 
point A in the bafe which is neared to the furface of the fluid. 
Let EF be the line where the plane of the fluid meets the feftion. 
and EFC the part of the body immerfed in the fluid; then, if 
G be the centie of gravity of the whole conoid, and O that of the 
immerfed part EFC, the body will be in a pofition of permanent 
equilibrium when the line joining the points G, O, is perpendi- 
cular to EF the furface of the fluid ; and the content of the 
immerfed part EFC, will be to that of the whole conoid, 
as the fpecific gravity of the body to that of the fluid ; there- 
fore if s be the content of the conoid, and 1 to m the 
relative proportion of the fpecific gravities of the folid and 

fluid, then - will be the content of the immerfed part EFC: 

and, to determine itsdimenflons, draw Eb parallel to AB meeting 
the axis in K, and let PQ, the diameter to the ordinate EF. 
meet Eb in D. and draw tN and GL perpendicular to Eb and 
PD ; then PQ being parallel to KC, FD will be perpendicular 
to Eb, and becaufe EP = PF, ED will be = DN and Nb 
= 2DK. 

Put p the parameter of the axis, and n — the area of a 
circle whofe diameter is unity ; then the content of the imrner- 
fed fegment EFQ is equal to a cylinder on the circular bafe EN 


and altitude half the diameter PQ, that is, = to EN 3 . -Q » 

2 

(pa. 378, cor. 2, of the work referred to in the lemma.) And by 
Emcrfon’s conic fe&ions, prop. 19, EN 3 — ^ED 1 ^ PQ . 4 p t 

EX ^ p y ^ 

or PQ = -L-, therefore the content of the fegment is = -- 

W 4 P 

• \ — ~ and ElNI = y / a given quantity, for which put 
2 a, and then ED will be =: to a. And becaufe PQ . 4^~EN*, 
PQwillbe = to \py/ g£)= y/ (—)■ which denote 

by 3 b. Now, when G is the centre of gravity of the conoid, 

GC 
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C 5 C is rr |CH = c: and when O is the centre of gravity 
erf the fegment, OQ is — -J-PQ v by the lemma), and OP — 

Let GO meet EF in I, then hv Emerfon’s Conics, prop. 4. 
p ; EN :: Nb = sDK : NF — aDP, or 
p ; sED :: DK : DP. But the tight angled triangles EDP, 
OP 1 , OI.G being fimilar, wc have 

KD:OL :: PD : LGzrDK, and ex aequo, p : 2OL :: DK: DK; 
therefore Ol.is given z 4 p • Draw QT parallel to LG meet- 
ing the axis in T ; then becaufe OQ is = ib , GT = LQ is 
given — \ to + 26, and therefore TC is =s GC — GT — c —• 
4 p — nb ; and by the property of the 'curve QT a — (DK a ) ~ 
p X TC — p c — { p — zb , therefore DK — 1/ • pc — \p* 
— > ibp\ a given quantity ; from whence the ordinate EK and 
theabfeiffa KC become known, and the dimenCons of the itn- 
tnrrfed fegment are then ealily determined. 

The pofition of EF may alfo be found by a very' fimple con- 
ffruflion : for having taken GT on the axis CG equal to the 
given length, and drawn QT perpendicular to GC m eting the 
curve in Q, let QS and QR be taken on QT produced, each 
«qual to ED, or half EN; then the lines SE, UF being drawn 
parallel to the axis, will meet the curve in the points E and F 
required. 


Second Solution, by Mr. Cunliffe. 

Let ADB ^fig. 11, pi. 1.) reprefent a feflion of the given 
parabolic conoid through its axis CD; alfo let LDH reprefent 
a feflion of the itnmerled part, lying in the fame plane with the 
feflion ADB. Draw Lm, Hn and pd parallel to the axis CD ; 
the latter, viz. pd bifefting LH in s : alfo draw Hqr and Lt pa- 
rallel to AB. 

Let G, in CD, be the centre of gravity of the whole parabolic- 
conoid ADB ; alfo let g, in pd, be the centre ol gravity of the 
itnmerfcd fegment LDH. 

Then it is well known that when the floating body is in a 
pol l ion of peimanent equilibrium, the right line joining gG 
will be perpendicular to LH, ihe furtace ot the fluid. Draw 
Cv parallel to AB meeting pd in v, ar.d in the lall mentioned 
circumftance the tiianglesGvg andsHq will be ftmilar. 

Put AC = BC = b, CD — a, Cn = rH = y. Cm — Lt 
rr U ; then inn — y + u, qH =z } [y -t- a) and Cp = Gv = 

O' — ; and by the known propcity of the parabola, 

b* : 


Digitized by Google 



( *6 } 


t* : * :: y* : = rDj and in like manner ~~ 3— tV i 


an* 


whence rD — tD = rt = ^ X (y* — «*}, and qs = irt = * 

( y * — «’) ; and by the (imilar triangles Gvg, sffq, we have 
o u . qH x Gv b* 

Again, by the known property of the parabola, CB* ; CD i: 

„ u * . j . j CD x qH* a X [y + u)* , . 

qH* : sd, whence sd = — = ' i 3 - - . and * 

L/O 41 7 


a x \y u '* _ 

1 ib 1 

»* a x 1 h* — y *) 


av‘ 

IF 


b' 


is well known that sg = ^sd = 

Hence, Cr — CD — rD — a — 

«•=«***= - $ x >. 

andpg = ps + sg = ^ x tt *j j x y+«)» 

= 1^* * f 1 + «*) ■+• '> + *)*}• 

But pg = ps - 4 - sg - pv -t- vg = CG + vg, that is, 

x 5 12b 1 — 6 / + «*) + ( y+ u *| = - + - -~ a T 
v > r -t 2 a ba 


a 

12 b 


Whence 1 a£*_6y+ " *H-(y •+- v) 1 = — x (2a* -+-3^*) (»). 
By Hutton’s Merffuration part 3rd. feft. 6th. 4 x BC* x DC 
x i exprefles the content of the parabolic conoid ADB ; and 
mn< xDCx-l? . , , 

^ 1 — l " e content of the oblique fegment LHD, 

where q - ’7854. 

Then by the principles of hvdroftatics, 

D p. n e mn< * DC X 40 

4 X BC X DC x - : — -4 m: n; m and n be- 

ing the fpccific gravities of the fluid and floating body ; whence 

tan* 
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»n 4 = 16 X BO X or mn == 2BC n ; that is, y 4- k 

771 V m y 

- zb y/ or (y 4 - «)* = 4 ^ */ ~ ( 2 ). 

v m v m ‘ 

Now from the equations x and 2 the value of y may be found 
by a quadratic equation. 

Cor. From what is deduced in the folution, it appears that 
the centre ol gravity of the immerfed fegment LDH is always 
at a given perpendicular diftance from the bafe of the parabolic 
conoid, whatever are the relative denlities of the fluid and 
floating body. 

t - a . b l 2 «* -t- fli* 

r ° r PS — *+• ~ ^ = a g* vcn ^ngth. 

XIT. QUESTION 132, from the Camb. Un. Cal. 

Find the centre of gravity of a cylindrical portion of the 
atmofpherc meafured from the earth’s surface, the force of 
gravity being conflant ? 

First Solution, by Mr. Lowry. 

Fig. 12, pi. t. Let ABC be the bafe, and DC the axis 
of a cylindrical portion ABGH of the atmofphere. imagine 
this cylinder to be divided into an indefinite number of thin 
parts, or laminae of equal thickness; then it is evil u: that 
the quantity of matter in each of thefe lamime will c propor- 
tional to the denfitv of the atmofphere at the refpedive altitudes. 
Conceive a folid EAFB. fymetrical to the axis DC, to be dc- 
fetibed on the fame bafe as the cylinder, and compofed of par- 
tides of matier of the fame denfity as the air at the earth's 
furface and divided into laminx of the fame thicknefsas thofe 
into which the cylinder is divided : then if the nature of the 
folid be fuch, that the quantity of matter in each of the laminae 
of tiie folid is equal to the quantity of matter in each of the 
correfponding laminae of the cylinder, it is evident that the 
folid AEFB will have the fame centre of gravity S, as the 
cylinder AGHB. Put a ~ the aiea of the bafe, x — the 
altitude DC, d rzz: the denfity of the air at the earth’s furface, 
and y ■=. the deniity at the height DC. Then the quantity of 
matter in the laminx GHK is = ay, which, by hypothefis, is 

= to d X (area EDF), therefore EDF = ^ X y, and the flux- 
ion 
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ion of the quantity of matter in the folid — ^ X yx ; and by the 

common formula for finding the centre of gravity of ja folid, 
we have 


CS = 


A 


-j x yxx 


fy*x 


A * yi I yi 

Now, the relation between the denfity and altitude being ex« 
x d 

prefled by the equation ^ = log. where n is = 27819 feet, the 
height of a homogenious atmofphere of the fame denfity as the 

y 

air at the earth’s furface, we have x — — n x *•, and 

y 

_ /yJ tx _ f — nxy _ C — nxy - 4 - fnyx C — nxy — n'y 

~ fy* ~ J-oy ~ c ~ n y c—ny ~ 

But when y is — d, x is = o, and ihen C — n J d o, or, 
C zz n 7 d. Alfo c — nd is then = 0, or c — nd\ therefore 




nxy — n y _ 


xy 


- ; which is a general 


C S — -j — /* — j- 

nd — ny a — y 

expreffion for the height of the centre of gravity for any 
finite altitude. 

d 1 d 

If we put d — y — u, then - =r ■, and the log. - — 

r J y u y 

'~d 


log. 


u 

2 


U U V n 

— 2 _f ' .. + *r*r. ■+■ &c - 


U 

2 d 


3 a * 


X 

or 

n 


J. u u in 

+ ^ + ^ + ^ +&C 


) 


and therefore 


j2_= 2! = „x,x(J+ £,+ £ + £+ &c.) 

xy / 1 a a 1 , 0 » 

or * " J=Ty XyX Vd + S7* + ^ + & + &C> )- 

Now when y is := d, or u — o, all the terms of the leries 

Xlf 

except the firft will vanilh, and we have n — -j -*- — 
= « — n = o, as it ought to be. 


Vol. II. Part I. 
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Again, when y is =: o, or the altitude is infinite, a is — J, 
and we have 

n — — n — 0 * n &c.) 

where it is evident that the produflof the feries bv o is — to O, 

and therefore when the altitude is infinite n — — n. 

d—y 

The problem may alfo be eafily refolved bv means of the 
logarithmic curve; for if the line CB (fig. 13, pi. 1.) denote 
the denfi'v of the air at the earth’s furface, and the logarithmic 
curve BDEwhofe fubtangent is n, be deferibed ; then the ordi- 
nates correfponding to the feveral altitudes will denote the 
denfities of the air at thofe altitudes refpettively (fee D.ilbv’s 
Courfeof Mathematics, vol. ad, art. 444): and the centreof gra- 
vity of the cylindrical fpace. whofe altitude is CD, will evidently 
be at the fame diftance from the furface of the earth, that the 
centre of gravity of the logarithmic fpace CDAB is from the 
bafe CB. Put CB tr </, x — DC, and y - DA; then the 
fluxion of the fpace CDAB = yi, and therefore the diftance of 

the centre of gravity of this fpace from the line CB is = 

Jy* 

Alfo the equation of the curve is x = n x log. and there- 
fore the procefs for finding the centre of gravity of the loga- 
rithmic fpace is precifely the fame as before. 

If S be the centre of gravity of the fpace CDAB, and 
SI, AV, be drawn perpendicular to CB, then we have SI = n 
xy CD . DA n . VB — CD . DA _ 

” T-y ~ " VB = Tli ‘ ° r * be ' 

caufe n . VB is = to the area of the fpace CDAB (ibid. art. 443) 

. , area ABV 

SI is = to the yg — . 

Now when CD is infinite, the points C, V, coincide, and 
the area of ihe whole logarithmic fpace, included between the 
afymptotc and the cuive, is — n . CB, therefore in this cafe 

SI is — — = n, the fame as determined above by expand. 


ing the logarithmic quantities. 


SfCONO 
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Second Solution, by Mr. Bazley. 


If x denote the altitude from the furface, andy the denfltyofthe 

1 X 

air at that altitude, then will hyp. log. — = -, where p =29725 

feet, the denfity at the furfare being unity ; this is well known. 
Now ifthe area of the bafe of the cylinder be taken f< >1 brevity’s 
fake =1, we (hall have the fluxion of the quantity of matter 
=. yx — — py by the equation above, and the fluent is py : 
but when y — 1 this fluent lhould vanifh, therefore, by corre&ion, 
the quantity of matter is p — py. 

Again, to obtain the fluent of yxx — — pxv; aflume it = — 

pxy -4- m ; whence — pxy — — pxy — pyx + m : therefore 
nt = pyx — — and m — — / >, y; confequently the fluent 
of yxx is — pxy — p*y, which ought to vanilh when * = o, or 
j — 1 ; therefore, by correction, it is p 1 — p^y — pxy. Hence 
thediftance of the centre of gravity from the furface 


_ fyxx _ p'—p'y —pxy _ 


fy* 


p-py 


= P 


ry 

1 — y 


Mr. Toplis alfo font a Solution to this Quejlion. 


XIII QUESTION 133, /r«« the Camb. Un. Cal. 

Required the nature of the cur"e along which a heavy body, 
defeending by the force of gravity, will prefs upon the curve 
at any point, with a force proportional to the ordinate at that 
point ? 


First Solution, by Mr. Cunliffe. 

The prefTure of a body in motion againft any point of a 
curve is manifelllv com pofed of two parts, namely, the Ample 
flat ical piefTure and the prefTure arifing from the centrilugal 
force, or the force whereby the body endeavours to recede fiotn 
theientreof curvature at any point : and upon t'>e principle 
juft cited it may be ealily ihewn that the quadrant of a circle, 
one of whole femi-diameters is perpendicular to the horizon 
will fatisly the queflion. 

LetABS;fig 14, pi. 1.) be the quadrant of a circle having 
the ferni-diameter SB perpendicular to the horizon; ano fup- 
pofe a heavy body C, defeends from reft at A, alorg the arch 
AC ; draw CD perpendicular to AS, alfo draw the radius CS. 

Ca Fut 
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Put AS = SB r, DC — y, v — the velocity of the dcfcend- 
ing body per fecond at C, and g — j6 t 4 t feet. 

Then by known principles — - will be as the fimple ftatical 
preffure at C ; and — will be as the preffure arifing from the 

centrifugal force ; therefore - 4 - — will be as the whole pref- 

fure at C : and becaufe the body defcends from rell at A, 

, , 2?v . v? agy ^gy 

v - 2 <Sgy, or u’ - 457; whence — +- = r + r 

— *L£ V ; but g and r arc both given ; wherefore the whole 

preffure at C is as the ordinate^ — DC. 

Cor. The whole prefTure againft any point C, ofthe quadrant, 
is thrice as great as the fimple ftatical preliure at that point. 


Second Solution, by Mr. Lowry. 

Let ACB (fig. 14, pi. !•) *f ie curve required, and C the 
pofition of the body when it has defcended through the arc AC. 
Le' inCnbe a tangent to the curve at C,aud CR, (drawn perpen- 
dicular t • mni the radius of curvature at that point. Draw 
the abfeiffa AD parallel to the hoiizon, and the ordinate DC 
perpendicular to AD. Then the preffure of the bod\ upon the 
curve will be in the direction RC, and will be compofed of 
two parts, the one arifing from the force of gravity, and the 
other from the afcfual velocity of the body. Put AD = x ; 
DC =r y, the fpace defeended through, or the ate AC = j; 
the velocity ol the body at C v, and tiie meafure of the acce- 
lerative force ol gravity — g- 

Then the foue of gravity in the direftion DC, is to its 
force in the dtreftion SC, as radius to the cofine ofthe angle 
CSD or mCD, that is, as j : 1 ; and therefore the preffure 

caufedbv gravity is = g X Again fince the velocity of the 

bod\ in the curve at C, is the fame as in the circle whofc radius 
is CR it is evident that the preliure arifing from the velocity 
will be the fame as the centrifugal force in the circle ol cur- 

vature at C, that is = Put fince the body begins to de- 

feend 
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fccnd from A, v* is — agy; therefore the preflure ariftng from 
the velocity is = anc * w ^°* e P re ^ ure u P on the curve 

z=z S X ^ — ■+■ ■qkJ* But, hy the quesiion, the preffure is pro- 

( X | 2 V \ 

-r *T 

— — . y, where »• denotes a conftant ratio. 

— n ' n 

• • 

* • • • Jy 

Now when j is conflant, the radios of curvature is — f .and 

x 

putting this for CR in the equation above, we have 

x ayx m 

~r H — . — = - y; 
s sy n S 

• . sy 

multiply both Tides of this equation by 

then Sy + “* V 7 V = ~ ■ s 'y /y* 

take the fluents and then 

, 2 wi • 1 m 

ax Sy — • s y » or i — . sy. 

d"g 3 n i 

To exterminate s, we have s — S{ 4" /’)» 

therefore x — . Si** 4“ y*) • y> 

6 n S 

fquaring both Tides and reducing we have 

x = -rr-- r— vr, and taking the fluents 

V ,9" & '» » ) 

i- — (fm* >*)• w ^‘ c ^ 8‘ vc * x ~ ~~ w hen/ i s = 0> 

but x, fhould then be alfo = o ; therefore the correft fluent is 
X z=. — a/ — y*') ; and . * — **is= »*; 

which is an equation to a circle whofe radius is 2!5£. 

Solutions were alfo received from Mejfrs. Bazley and Toplis. 
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XIV. QUESTION 1 34, from the Camb. Un. Cal. 

Let the curve APp be generated by taking the ordinate MP 
always equal to the difference of the chord AC, and the verfed 
fine AM, of the circular arc AC. It is required to determine 
the greate ft ordinate of the curve, and alfo its area? 


First Solution, by the Rev. Mr. Toplis. 


Fig. 15, pi. 1. Put AM = at, PM — y, and the diameter 
AB — a ; then.bv the property of the circle, AC - /(AM AB) 
= and therefore y = ^[ax ) — * the equation of the 

curve. 


To find when y is a maximum we have — x = o, 

J ay/ x 

//I* 

or \/ a — x, and confequently * — \a and_y = y — — 

= ia — ia = ia. 

Again, to find the area we have y* = *■ \/[ax) — xx, and 


the fluent = I \/\ ax} ) — 


(when x =: a) to -Ja* — 


— the area required. 

The whole might however have been determined without 
fluxions, for the curve ; s onlvaportion of the common parabola, 
as is evident from the equation obtained ab >ve, for^t ■+■ x is — - 
to y ,;«£}, or ,y +JC;* = <2* = x\/i x a v/w, which is an 
equation to a parabola whofe ordinate is y -f- jr, abfeifla r/a 
and the parameter a y -j. 


Second Solution, by Mr, Bazley. 

Fig. 15, pi. 1. Suppofe O the centre of the circle, AMB 
the diameter, and IR another diameter perpendicular thereto ; 
through R draw ARK, and with the parameter ARar.d vertex A 
defertbe a pat ahold to the diameter AK having us ordinates paral- 
lei to IR ; the portion APpB of this patabola is the locus re- 
quired. 

Let CM produced, meet AR in G, and join RB. Then, 
fince OR _ OA, AM is to MG , and by the property of the 
parabola and conftruftion RA x AG GP’ ; but by the lintilar 
triangles AMG, ARB, RA X AG = BA x AM = AC’; there- 

lor« 
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fore GP* = AC 1 or GP = AC : whence AC — AM — GP 

— GM = MP, which was to be proved. 

Now from O draw Op parallel to AK to meet the curve in p; 
draw pT parallel to AB meeting KA produced in T ; alfo draw 
pmg parallel to PMG meeting AO in m and AK in g. Then 
fince pO is a diameter of the parabola and O the middle of AB, 
therefore AB is an ordinate to pO, and pT, parallel to AB, is a 
tangent at p, and confequently all the ordinates except pm fall 
below pT; therefore pm is the greatest ordinate; moreover, 
by the property of the tangent, gA= AT, therefore Am — -jpT 

— fAO. 

Finally for the area: it is well known that the area GAP is 
= -J-GP x AM = fAC X AM, therefore the area APM 
= |AC x AM — d-AM x MG — }AC x AM — -JAM*, 
which is the general area. Let BK parallel to I R meet AK in K; 
then it is plain that when M comes to B, the whole area APpB is 
JKB x BA — iAB x BK = * AB 1 — *AB* = *AB\ 

Mr. Dawes and J. W. of Leeds , alfo anfwered it. 

XV. QUESTION 13 5, from the Camb. Un. Cal. 

Determine the apparent magnitude of a ftraight reftilinear ob- 
jeEt placed at a given depth, parallel to a furlaceof water: the 
eye being (ituated at any point in the plane palling through the 
objett perpendicular to the furface ? 


First Solution, by Amicus. 

Let AB (fig. 1 6, pi. r.)reprefent the ftraight reflilinear obje£l 
placed parallel to the furface of the water RQ, and P the po tion 
of the eye in the plane ABP perpendicular to RQ, and let CLD 
be the curvilinear image of t lie objett as it appears to the eye at 
P. See Emerfon’s Optics, Prop. 29. B. 3. Then the extremi- 
ties A, B, of the objeft will app ar to be elevate d to the point* 
C, D, in the perpendiculars AE, BF. Diaw CP, DP, meeting 
EF in G and H; Join A, G ; B H ; A, P; B, P; and draw 
GN perpendicular to FE, then CGN is equal to the angle of 
incidence, and AGN is the angle of refrafction; therefore by the 
principles of optics, when the medium in which the objett is 
immerfed is water, fin CGN : fin. AGN :: 4 : 3 :: m ■ „ t 
or, fince the angle CGN GCE and the angle AGN = CAG,' 
we have by trigonometry 

AG : CG :: fin. GCE : fin. CAG :: m : n. 

Put PK = a , EK = b, AE = c, and EG = x, then 

AG 1 
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AG* = AE* 4 - EG* =r c* and by fimilar triangles 

b—x:a ::x: = CE;henceCG*=CE* + EG*=.-££-,+**, 

b-x ( b-xf 

and c* •+• ** : — - 2 -+- at* :: m % : n*. By multiplying means 

and extremes, and reducing, we obtain (to* — n’) r* + 2 'to* — n*) 

| n* a’ + £*) — m , (c 1 + b i ) j x* + <tm % bc*x — nW = o; 

from which equation the value of r may be found, when the 
given quantities are exprelfed in numbers, and then the point G 
and the diftance GK become known. Alfo, from the fame 
equai ion, we may determine the diftance HF, by fubftituting 
the value of KF itiftead of b EK), and then the point K and the 
diftance KH become known. 

We have then only to determine the values of the angles 
Gl’H. APB; and by U igonumetry 

PK : KG :: t (rad.' : KG -f- PK = tang, of the Z.KPG, and 
PK : KH 1 (rad.) : KH-f-PK - tang, of the Z.KPH ; 
then the fum of the angles correfponding to thefe tangents in the 
tables, will be the angle GPU. Arid in a fimilar way may the 
angle APB be calculated, and from the values of thefe angles we 
can determine the comparative magnitudes of the obje£i and 
its image. 


Second Solution, by Mr. George Francis, Optician, 
No. 5, Old Cavendtjh Street, Cavcndijh Square, London. 


Let OB (fig. 17, pi. 1.) be the objeft, VE and VC the 
diftances of the eye and object from tiie furfaceot the water, 
and let EA, Ea, be rays incident at the points A, a, fo as to be 
refrafted to the given points B, O. Draw BP, Op, perpen- 
dicular 10 Aa, and produce EA, Ea, to meet OB produced in D, 
d; then OEB will be the vilual angle when the obje£l OB is 
rot immerfed in the fluid and DEd die vifual angle when it is 
immerfed. Let I ; R :: iy : 1, then by prop. 11, of Dr. Gre- 
gory's Optics, the times of deferibing the rays EA, AB, will 
be exprelfed by II - E A and I - AB, and their fum R • AE 
-f- I'AB aminimum. Put VEr=rf, BC — VPna, VC:=BP~r, 
and PA=jc ; then VA — a — x, EA = t/ (d 2 + a* — sar+x 1 ), 
BA cr y/,c* -t-a*), Eu. 47. I ; and 

REA + LAB = R a 1 — aax + x*) 4- 1 /(e* +•**). 


taking theP.uxion, 


IxE 
y'SC 1 + a 3 j 


R X ( — ax ■+ ■ xx) 
y /' K d x ~\- a* — 


= O, 
and 


1 


I 
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and reducing, we find (T* — R*)*' + (2aR* — sal*) x* 
-f- (IV -+- IV — RV — RV)** — 2 R\jc’* =S R’aV. 

From this equation, the value of x, or the diftance AP may 
be found, and alfo the value of ap, by fubflituting pV inftead 
of PV. Then, in the right angled triangles aVE, AVE, two 
fides will be given in each, to determine the angles VEA, VEa, 
and then the lum of thefe angles will be the vifual angle DEd. 

XVI. QUESTION 136, Jrtm the Camb. Un. Cal. 

Let the roots of the equation a” — px 1 1 + q/ 1 2 — &c. 

= o, be a, b, c, 8cc. andthofe of the equation nx n ~ 1 — (« — l) 

pr n * -4- (n — 2) qi n ^ — & c. — o, be a, P, 7, &c. then, 
if when «, p, 7, &c. are fucccfiively fubilituted in the equation 

x n — P S 1 qt n 2 — &c.=o, the refults are P, Q, R, & c. 

and when a, b, e, &c. are fubilituted in the equation m n 1 
— (n — t) px n 2 -f- (n — a) qx n 3 — &c. =2 o, the re- 
fults are p , q, r, & c. it will be as P X Q x R, & c. : p x q X r 
&c. :: 1 : n n , Required the demonllration ? 


Solution, by Limenus. 

The equation of n dimenfions = (* — a) (x — b) (x — c) . . . 
being denoted by P, and that of n — 1 dimenfions m n 

(1 — a) (x — P) (x — 7) by Q, the former exprelfion 

when the indeterminate x is of the values a, P, 7, . , which 
would make the latter vanilh, is equal to («— a) (* — b) (a— c) 

..... ( p — a) ( p — b) (p — c) &c. refpeflively, and 

and their produtl is therefore equal to the produft of all the 

excelTes of a, P, 7, .... above a, b,c taken two and two, 

in any order. Again, when P vanifltes, or when x is equal to 
a, b, c, .... refpe&ively, the expreflion Q is of the leveral 
values n (a — a) (a — P) . . . ., n (b — a) ( b — P) me — a) 

(e — P ) . . . ., &.c. and the product of thefe is equal to n” mul- 
tiplied by the produft of the excelTes of a,b,c .... above a, p, 
.... taken two and two. As then thefe excelfes are in each 
cafe the fame with contrary figns, and their number z; n{n - 1) 
is even, the above values oi P multiplied together are to thofe 

of Q multiplied together in the ratio of 1 to n n . 
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XVII. QUESTION 137, by Mr. Henry Lichtbown. 

Suppofea heavy flexible chain of a given length, having its 
ends faftened together, to be thrown over the vertex of a given 
fquare pyramid wliofe furface is perfcftly polifhed; what portion 
of the furface will be included between the vertex and the chain, 
tvhen it has defeended as low as it can get ? 


Solution, by Mr. Cunliffe. 


When the chain has defeended as low as it can get, it is 
manifeft that the four parts thereof lying upon the four equal 
fides of the furface of the pyramid will be equal to each other. 
Let the ifofcelcs triangle ACS (fig. 18, pi. j.) reprefent one of 
the equal fides of the furface of the pyramid; DVEthe catenaria, 
or part of the chain lying thereon ; then when the chain has 
defeended as low as it can get, CE and CD will be equal to each 
other, and both perpendicular to the curs e at the points D and E. 
This will be pretty clear, when it is conftdercd that the force of 
tenfton at any point atfs in the dire&ion of the curve at that 
point, and at E and D the tenfton afting perpendicular to CE, 
CD can have no tendency whatever to move the chain either up 
or down the lines CE, CD; it mtsfl therefore be in equilibrio in 
that circum fiance. 

Thefe things being premifed, join DE, and draw CF per- 
pendicular to AB, cutting DE in R and the catenaria in V. 
Draw re indefinitely near and parallel to RE meeting the curve 
in e, alfo draw en parallel to CF. Put VE — l — £th part of 
the given length of the chain, VR= r, RE — y; and let a 
denote a portion of the chain whofe weight is equal to thetenfion 
at V ; then ne = Rr — — x, and nE = y ; alfo let the ratio of 
RE to RC, which is given, be denoted by that of 1 to n. Then 
per ftmilar triangles enE, CRE, nE ; ne RE : RC :: 1 : n, 
whence n X 11E z: ne, that is ny — — £. Now by known pro- 

perties of the curve y — a x h. 1. — and x = 

yVM-a 1 ) — cl, taking the fluxions of thefe expreflions, fttppos- 

/ 4 - ✓(/* + «’) la 


ing a variable, y z=z a x h. 1. 


y/ (/* •+- a% ) 


and * — 


being written in the equation tty — — £ it becomes 


na 


which 


, na 
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• , , /-+-✓</* + a 1 nla 

na x b. 1. ~ - — — r. 

a vA l + a ) 


a a 




dividing by na, &c h.l 


l-\-\/(l''+ a z ) _ 


/+- /(/’ +<*’)-£ 
n « 

✓ + * 


from whence the relation of a and / may be determined by the 
method of trial and error, or by other methods oi approxima- 
tion. 


Now fuppofe the relation of a and l has been found and is 
exprefled by the equation a = ml, then RE = a X h, 1 . 

/+ = ml X h. I. whence 

a m 

RC = n x RE — nml x h. 1 . - * ■ — — — 1 and 

m 

R V ~ v/( l 1* -+- a*) — a — l x 1 1/( 1 + m ' ') — w | • 

Then by means of thefe values of RE, RC, and RV, the 
areas of both the triangles DCE and the catenary DVE may be 
found, and their fum is the fpace CDVE, which will be -jth part 
of the portion of the futface of the pyramid included between 
the vertex and the chain. 


XVIII. QUESTION 138, by Mr.THOMAsBAZLEY, Bolton, 

Suppofe a perfcflly flexible line or chain of a given length 
BNR to have one end B fallened to an immoveable tack, and 
a ring R at the other end put upon a fmooth inflexible rod RO, 
given by pofnion in the fame vertical plane with the point B: it 
is requited to determine that point upon the rod at which the 
ring will relt f 


Solution, by Mr. Senex. 

Draw BO (fig. 19, pi. x.) parallel to the horizon, meeting 
RO inO, and imagine the catenary BNR to be continued till it 
meets BO in A ; a!fo draw the axis MN and the ordinate RS. 
When the chain is in equilibrio the curve of the catenary will 
be perpendicular to RO at R : for in that cafe all the force at R 
is acting at right angles to RO, and can therefore have no 
tendency whatever to motte the chain either up or down the rod 
RO, confequently, the chain muft relt in equilibrio, in that 
circumitancc. The preceding matters having been laid down, 

D 2 draw 
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draw rs indefinitely near and parallel to RS, alfo draw rnq 
parallel to MN meeting RS in n, and RO in q- Then becaule 
rRq is a right angle, the triangles rnR, Rnq will be fimilar, and 
rn : nR :: nR : nq, a given ratio, becattfe the pofition of 
the line RO is given : let this ratio be denoted by that of n to 1 . 
Put the length of the chain BNR = /, NS = sc, SR rzy, NM = z, 
aud let a denote a portion of the chain whole weight is equal to 
the tenlion at N ; then rn = i and nR zxzy j alfo put OB zzz 
and by the property of the curve, the length of the curve RN 
t/(2 at + .r 5 ), and the length of the curve BN = V (eaz z 1 ; ; 
therefore BN RN — - y (2az -+- z*) + y/(2rtx ■+ x 7 ) = l. 
Again, by the property of the curve and what has been deduced 
i \ y :: \/{2ax -+- x 7 ) : a :: n : t, 
whence \/(2ax i 7 ) = na and x 7 -1- 2ar = n 7 a\ 

completing the fquare x 7 + 2 ax -4- a * = a 1 X (1 + b ), 

takingtherootsx+azray^i +«*)» andxzrax \ V { 1 +n 7 )-a | ; 

= w + «•)+»■ 

Again from the equations \/(2az -h z 7 ) -f- >/ (sax ■+• * 7 ) = U 
and ^(zax+ x r )z=zna, we get y/ (2az z 1 ) — l — na-, whence 
*= v '(f x — -ilna-t n 7 a* + a 7 ) — a, z—x = y/ r J'— 2 lna-+- n*a 7 + a 7 ) 

— y'a 7 ( 1 + n ’) 

, a-f-z+t/fsaz-f-z’) — 2lna-\~na‘-\-ci 7 )~i~l no. 

and s= 


Now draw Op, Bb parallel to MN meeting RS in p and b ; 
then we fhall have 

©p =.MS — MN-NS=z-x= v'U*-2/na-4-n 1 a I -f-a 1 )-v' a^i+n’). 
Again, by known properties of the curve, 


M= . X ha,i±i±^±i2 = .x h.i. !✓(.+»■; 


MB = axle !• 


a4-r-(-V / (2az+z 1 ) 

a 


= flX h.l. 


y' (P—'Jl„a+’,\t 7 + a r }+ l—ua 

a 


whence we {hall have 

Rp = RS + Sb — pb = RS + MB — OB 

=a X h . L l V ( I + *’) + »J + axh L V(r-«™+»W)+l z™ . 5. 

Furthermore we have Rp : Op :: n : 1, whence Rp = »xOp, 
that is, by means of what has been deduced 


( ) , , VU 7 — Vlna+n 7 a 7 ±c?)+l—i na 

«xJul. Jv<(l + ^) + nj +aXh.l i — a b- 

= n — 2 / na + n V + a 1 ) — na y^t + n 7 ), ox 


a X 
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• X h.l. J(|I +"*) + ”! 


v '(/»_ 2 /«a + « 5 a I + a 1 )-+-/-na 
+ a X h. 1. 


= «/(/’ — 2 //»a-t-n*a’ + a l ) — na j/fi +»’) -f- £, from which 
expreffion a may be found by the method of trial and error, and 
hence all the reft becomes known. 


XIX. QUESTION 139, h Mr • Lowry. 

In a given trapezium to inferibe another, fuch, that three 
of its fide* mav pafs through given points and the remaining 
fide be of a given length ? 


Solution, by the Propofcr. 

Let ABGD (fig. 20.pl. l.) be the given trapezium, and 
PQRS the inferibed one, having three of its Tides pa fling 
through the given points E, F, G, and the remaining fide PS 
of a given length. Draw El parallel to AB, meeting BG in I, 
and let the line joining the points I, F, meet GD ini; join i, C, 
and draw Ba parallel to Ii meeting GD in a. Let the line AE 
ineetBG in H, and draw HF meeting GD in h and Ba produced 
in K ; then it is evident that the points l, H, i, h, a, are given, 
and therefore the point K will be given, and the line KB will 
he given in magnitude and pofition. 

Now by rcafon of the parallels, 

El : AB :: HI ; HK :: IF ; BK, 

and El : BP :: IQ : BQ IF : BL, 

therefore AB : BP :: BK : BL, 
and convertendo AB : AP :: BK : KL, 

and permutando AB : BK :: AP : KL; 

therefore, becaufe AB and BK are given lines, AP has to KL 

a given ratio. 

Again, draw Ch, and through the point a draw akl parallel 
to iG meeting Ch produced in k and RS inb; then, becaufe 
C, i, h, a. ate given points, it is evident that k will alfo be a 
given point, and the line ka given in magnitude and pofition. 

And by the parallels, Fi : aK :: ih : ah :: iC : ak, 

and Fi : aL :: iR : aR :: iC : a), 

therefore aK : aL :: ak : a), 

and convertendo aK : LK :: ak : kl, 

and permutando aK : ak LK : kl, 

therefore, fince aK and ak ate given lines, LK has to kl a given 

ratio 
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ratio. Let this ratio be compounded with the ratio of AP to KL, 
and wc have 

AB'aK : BK*ak :: AP : kl, a given ratio. 

On Ck take C V to Ck in this ratio, and draw VT parallel to 
kl meeting RS in T ; then V will be a given point, and the line 
VT will be given by pofition. Then by the parallels and 
conftruftion CV : Ck :: VT : kl :: AP : kl ; therefore VT 
will be equal to AP, and the problem is now reduced to the 
following one, viz. 

To draw CTS to meet VT in T and AD in S, fo that taking 
AP equal to VT, the line PS may be of the given magnitude. 
And this problem admits of diilinft cafes, according as the line 
VT is parallel, or not parallel, to the fide AD. 

Case I, When VT is parallel to AD. Fig. si, pi. i. 

Through C draw NO parallel to AP, meeting AD in N, 
and VT in O, and take AI = to VO; then beraufe APrzrVT, 
PI is = TO, and by fimilar tiiangles NS : TO — PI :: NC : 
CO. Draw SY, 1Y, parallel to AI and AN, and let NY be 
drawn to meet Al produced in W ; then SY is cr PI, and 
YI = SP, and by the above proportion NS : SY (AN : AW ) 
:: NC : CO a given ratio, becaufe NC and CO arc given lines; 
hence we have this conlhuflion : 

Take AN to AW in the given ratio of NC to CO, join 
NW, and from I apply IY “the given line SP j draw SY 
parallel to AW and the point S will be determined. 

Case II. When VT is not parallel to AD. Fig. sa, pi. i. 

Let VT be produced to meet AD in L, and draw CN 
parallel to VN and CO parallel to AD. Take AI — to VO, 
and draw IY parallel to PS and SY parallel to AI. Join 
NY and draw NZ parallel to SY. Then becaufe AP = VT, 
TO is =: PI = SY, and bv fimilar triangles NS : NC :: 
OC : TO = SY, therefoie NS'SY CN OC — to a given 

rcftangle, becaufe CN and OC are given lines ; hence the locus 
of the point Y is a hyperbola whofe centre is N and afymptotcs 
AN and ZN ; and it this hyperbola be defenbed, and IY r = 
the given line PS, he applied from I to the curve at Y, then 
YS being drawn parallel to 1A, its interfettion with AD will 
determine the point S. 


XX. QUESTION i 4 o, by Mr. W. Simpson, Bolton, 
n x ^ (* — J t ) 3 — ) 4 ~E Szc.adinfinitum £ 



f*"-' 

i fj' I 

^ ^ . (*■ l 1 

) 3 + ■ r '- 1 


IV 

+ 1 


* 

r 


) 

J 


ad infinitum. Required the demonflration ? 


Solution, 
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Solution, by the Rev. J. Toplis, Arnold , Notts. 

It Is well known that h. !. (1 +0 = x — ^x 3 +\x 3 — 
write x — 1 in the place of x and the expreflion will become 
h.l.(*) = (x— i) — + — O* — it*— i) 4 -+- &c. 

and by the nature oflogarithms h. 1. (*”) = n x h.l. (*) — 

* * j(*- s) — H* - i) a + T(* — 0 4 + &c. 

ei infinitum | . Again it is well known that h. 1. ( 

=: x + \x 3 4- -j* 3 + & c. in which expreflion writing 
n 

in the place of x we fhall have 



I+tI 


i* + . (ib't 


^ X - J 

1 + n n ) 

X 


a iinfinitum. Therefore n X j f r-i )-| (*-i )*•+- ^(x-i ) 3 - $'x~i) * 

J V V V w 


+ itc. ad infinitum. 


Q. E. D. 


XXI. QUESTION 141, by Mr. Cunliffe. 

It is required to find three whole numbers, fuch, that the 
fum of every two may be a cube ; and alfo that the fum of 
all the three may be a cube p 


Solution, by J. W. of Leeds. 

Let *, y, and z, denote the numbers ; and by the quefliott 
we fhall have 

x + y -+- z — a 3 
x -h y = b 3 
x + z — c 3 . 

The difference between twice the firft equation and the fum 
of the other two is y -j- z — 2 a 3 — b 3 — c 3 , which is alfo to 
be a cube by the queftion. 

Tut 
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Put az=zb~i- n, and then 2a 3 — b 3 — c* =: s^+n)* — h — c, 
— b 3 -+- 6 b % n -+- 6 bn* -j- 2 n 3 — c 1 = a cube =(£-{- an)* 

zz b 3 ~t- 6 b'n+ 12 in* + 8n J , which give? b — • ^ 


bn 1 


a = b + n = 


and c — 


6 cn l 


writing p for — c, q For 


6n* ’ " 6 n* 

wand rejeffing the common denominator 6n’ , there will be had, 
a z=p 3 , b — p 3 — 6 q 3 and c — — 6/>y a . From thefe conclir. 
Finns a genera! folution to the quedion might he obtained, but the 
calculation would be rather operofe and the refulting expreflions 
complex; and beftdes I have not difeovered that a general 
folution founded upon what is here deduced has any advantage 
in determining numbers moderately fmall that will anfwer the 
quedion. I fhall therefore proceed with the folution in a man- 
ner fomething lefs general. For this purpofe take p = 3, and 
q — 1, then a = 27, b ~ : 21, and c — — 18; and as each ot 
thefe is divifibleby 3 we may take a — 9, b — 7, and c ~ — 6; 
but c is negative, therefore in order to find pofitive numbers 
that will anfwer, put a = rv 4- g, b — sv -+- 7 and c — to — 6 ; 
then 2 a 1 — b 3 — c 3 — s(ro + g ) 3 — (sv ■+■ 7)* — (tv — 6) ? , 
— o 3 (b r 3 — s } — t 3 l ■+■ 30’ (i8 r* — ys 7 + 6/ a ) + 30(1627- — 
49* _ 3 6 0 + >33 1 = a cube = (gv -h 11) 3 = gW + 335V 

•+■ 36^ + *33 l i P ul 3" ( l6ar ~ 49* ~ 3 6/ ) = 3 6 3£" in 

order that two of the latter terms on each fide of the equation 

may deftroy each other; whence g — — -~2£ — * ap d 

from the equality of , the remaining terms, viz . 

v 3 (2 r 3 — s 3 — t 3 ) + 30* ( 1 8r J — js 3 6P) = g 3 v 3 + 33 ««V, 


334* — • 3 ( «8r — 7 a* + 6/*) , . , 

v — 5 — ; ~r ; , where r, s, and t may be 

sir 3 — a 3 — t‘ — g 3 ' 

taken at plcafure. 

Take r, s, and t, each =1, thenar: -and v = 5 1 ^ 


+ft9‘=( 


5 1 ' 


3 x 40 
343 


Hf)’= 


30094 
343 * 


whence 


rv ■ 


-■%l*l,b = iV + 1 = £ 14 . 95 , c —tv — 6 = i^ 6 - 


343 


343 


343 


and rejefling the ccmmen denominaior, 343, we may take 
a = 33181, b = 3=49 5» and c = 48036. 

Whence 
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Whence ai — 150407501928741 
b' - 144661785187375 . 
c 1 = 110841018670656 
x — b 1 a — a 3 = 105095301929290 

v = a 3 — c ' = 39566483258085 

2 = a’ — bi = 57457*6741366 

which are three numbers that will anfwer. 

/4«r »ear/y //4e que/lion was anfwer ed by Mr. Cunliffe, 
the Propofer. 


XXII. QUESTION 142, by Mr. Cunliffe. 

P is a given point in the diameter AB produced of a given 
circle, let any line PCD be drawn cutting the circle in C 
and D, and let AC, BD be drawn interfering in I: now, if 
in BD produced there is continually taken DR = DI, required 
the equation and quadratuie of the curve which is the locus 
of R ? 


First Solution, by Mr. Lowry. 

Pig. 23, pi. 1. Let PF be a tangent to the circle at F and 
draw FG perpendicular to the diameter AB. Then AB is 
divided into given fegments AE, BE, and the line FG is given 
by polition and is the locus of the interfeftion l of the chords 
AC, BD (fee the folutions to the prize quellion in the 12th 
number of the Old Series of the Repofitory). Hence, we 
have to determine the locus of the point .R when the diflance 
RD is conftantly equal to the diflance DI intercepted between the 
circle and the (Iraight line FG given by pofttion. On AB pro- 
duced take AQ=AE and BL=F,B; draw OLT perpendicular 
t« AL and join AD. Put AB - d, CE-f, BN=*, and RN=^; 
then P.K — t/U’ + v’j, and by fimilar triangles, 

r ^ d 

BR : BN :: AB : BD = jfj ty a g ain > Gmilar triangles, 

AB : BD :: IB : BE, and by permutation and compofition, 
IB : IB-j-BR:: BE: BE-t-BN,or, AB : IB+BR :: BD : BE+BN, 
But lince RD is ^ DI, IB -+- BR is cr 2BI -f- 2DI ~ 2DB ; 

therefore AB : 2DB :: DB : BE | BN— ^ , or £-{-■*— - - ■ • 

/ 2 d — (c -1- x) . 

lor the equa- 
tion of the curve. . - ' 

Vox* II. Part I. E ' NowJ 
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Now, in this equation, whe* ar is either o. or equal to a d-c 

oals T K ? Q * then l " °’ w hichfhews q that the curv^ 
pafTes through the points B, Q. Alfo when * is equal to c, 

then y c — t / {dc — c’) = EF, and the curve 


pafTes through the point F. In like manner, if the ordinate v 
be taken on the other fide of BQ, then the curve will paf! 

SThf curve P0 Tr * G> and B wiH be a pK 

m the curve. Moreover, ,f * be taken from B towards 

P, then y is ~ X \ / 2a ^~ x ) , , 

J V • and when * is — to c (or 

to BL), then y is infinite, which fhews that the line OLT is an 
afymptote to the curve. an 

To find the area, put z = 2 d - (c + ,). that it t0 QK 


then y is = J.rf- fr+«)| and the fluxion of the 

area QRN = yz = z$ 2 d-(c-\- z )l */ .. z - d—z) 
t ) 2.d 2 y'{ 2 dz-z 1 ’j 


czz 


y/( 2dz 


0 =^^-'')- 753? 


Z*y 


On the 


diameter QL (which is equal to aAB — id) deferihe a i 
LMQ, -and let the ordinate NR meet the circle in M ■ 
the fluent of z ✓(.*_,■) is the circular Q^In" 

and the fluent of is the arc QM - - z *) 

x” ‘h ?? 11 "A “ ,h ' r ‘S” em . H Q h - (arc HQh -T h, J 
X (, Hh being drawn perpendicular to AB. ^ ; 

Again the fluxion of the area Bnr 

czz i {id— z) 

vAa dz—z z ) ~ V{2 dz — z*y and the flu ent = ( arc 

$L 2 1 = 

the fegment QhB - (arc Oh _ hB) = C , ihc,cfJ“cTor! 
reft fluent for the area is (arc hm — ah) * , __ arM o 
And the area of the whole fpace contained between the fur ve 
and the afymptote indefinitely produced is — to tare hu 
H h) x c - fegment HLh. ~ t0 Urc HLh — 


is 


SjiCOSD 
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Second Solution, by Mr. Cunliffe, the Propofer. 


Draw the tangents PT, PT' (fig. 94, pi. 1.) and join TT' 
cutting the diameter AB in Q; then the right line TT* is 
the locus of the interfe£lion of AC and BD, this is pretty 
generally known. In AB produced take AV = AQ and V 
will be a point in the curve as appears from its generation. 
Draw RS, DG, perpendicular to BA and join AD; then we 
(hall have QV = 2QA, and QS — 2QG, whence SV = QV — 
QS r= 2QA — 2QG — 2 x (QA — QG) = 2AG, or AG 
= ^SV. Put BA = a, AQ = AV = b, VS = *, and 

SR = y, then AG = BG ~a — BS = a -f- b — x; 

J 2 2 


and per fimilar triangles BSR, BDA ; 

BD’ : DA 1 :: BS’ : SR’ and BD 1 ; DA’ :: BG : GA, therefore 
BG : GA :: BS* : SR’ ; whence BG * SR’=GA x BS 3 ; 


that is 



x , . , . . . , x(a + b-x)* 

— (a + b—x) 1 which givesy’ = , 


which is the equation of the curve. 

The following properties are pretty obvioufly fuggefled by 
the equation. 

When x — b a — VA - 4 - AB = VB, then y ■=. o, which 
Ihews that thecurve cuts the axis again in B, the point B being 
what is commonly called the punftum duplex. 

When* 2 b z=z VQ, then y 1 = a b(a — 5 )* -j- 2(0 — b) 
— b(a —b) = AQ X BQ 2= QT’, which (hews that the 
curve palfes through T and T', and this is alfo manifefl from 
the generation of the curve. 

When x — 2 a, theny is infinite ; therefore the curve has an 
afymptote perpendicular to VB at the dillance eAB from V. 

Again we have yi — * forthefluxionofthe 


area . A ffume A* y^( *ax-x*) + B </ ( 2ax — x* 


) + Cx 


A 


y"(2 ax—x % ) 



(a *4 - b) jx — x’i 
4/(2 at — ** 


S taking the fluxions Ai )/(zxx — **) 


A x(ai-xx) B ( a * - *xl Cr _ (a 4 -i)**-*’x) _ 

’** \S(,2ax-x l ) y/(2ax-x*) ^/(aax-x*) ~ y'fa ax — *’j ' 


I 


Ea 


dividing 
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dividing both Tides of the equation ty and col- 

lefting the terns — 2 Ax’ -+- 3 A ax — B* + Ba -f- C 
— (a -+-i) x — x 7 ; equating the coefficients of the homologous 
term*, A = {, 3A4 — B = (a + b), or B = 3Aa — {a +b) 

- — j — b, and C = — Ba = — a ^ — b') ; therefore fyx 
\x <S[?ax — ■**) + ^ y/(*&x — x 7 ) — a ^ — bj 

* / —* «,*- -?) = -*"> + (;- *) *'<*"■ 

x 1 ) — — b'j Q, where Q is the circular arc, radius 1 and 

verfed fine = — • 

24 

J. W. of Leeds alfo anfwered this Qurjhon. 


XXIII. QUESTION 143, by Mr. Bazley. 

Suppofe a thread of a given length to be faftened at one end 
to a given point on a perletlly fmooth horizontal plane having 
a ftraight edge ; and a weight attached to the other end of the 
thread and brought to the edge of the horizontal plane with 
the thread flretched; then if the weight be fuffered to defeend 
by the force of gravity from this pofition; it is required to 
determine the time in which the thread will have acquired any 
other poflible afligned pofition upon the plane, together with 
the velocity of the defeending weight in fuch pofition ; alfo re- 
quired the nature of the curve deferibed by the defeending 
weight ? 


First Solution, by Mr . Bazley. 

Let AD (fig. 25, pi. 1.) be the edge of the horizontal plane, 
C the given point therein, CD the firft pofition of the thread, 
CB any other pofition of it; and CA perpendicular to AB- 
Put CA =: a, AB = x , and g — i6 r V feet. Then by the re- 
folution of forces, y/(a’ •+- *’) : x :: 2 g\ 2 gx -f- y/ta’ -+-x’) 
=:the force whereby the point B is accelerated along the edge 
of the plane BA : let the velocity in B= v\ and, by the laws 

of variable forces, we have, — 2gx x ~ f(a 7 -J- *’) = vv; 

where 
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where x is written negative, becaufe v increafes as x decreafes; 
and taking the fluents, — s g (a* -+- **) = , or, — qg 

\Z(a 3 -h x 2 ) v 2 : but when x = AD = r, then v — z o ; 

whence, by correblion, + r* ) — y/(a 2 ■+■ x 2 )) — v *, 

or putting y/{ a 3 ■+■ r *) = CD — d, we obtain v— 2g Y 

v'jrf — x 3 J | . Again, for the time, we {hall have, 

t — - •, where * is negative for the 

s g W\d - /(«’+*’)( 

fame reafon as before. Now aflume 


—x x (Ax-t-Bx’+Ca^+Dx'-f-Scc.), 

vV }</ — ✓(«■ -*-*’/} 

and reduce the whole expreffion by involution, &c. to fimple 
terms, and we fhall find 



W — 

32a ? c* 


,VJ 3 -6rrt-f-4r* 

128 a 5 c 3 


,&c. 


Bv 5 

whence, taking the fluents, t = Ax -h 

3 



D* T 

~ 7 ~ 


+ 


kc. wherein taking the values of A, B, C, D, &c. as found 
above, and making the fertes (by correction) to vanilh when 
r = o, we fhall obtain the corrett value of t. 

And the velocity of the defeending weight at any point 
will be readily obtained from what has been deduced ; for 
the velocities in any direction ate direflly as the fluxions 
in the refpefctive directions ; therefore, fluxion of BA ~ — x: 
fluxion of BW — xx~ ^ {a 2 + x 3 ) :: */(a 3 ■+■ x *) : x :: 


o=2g T v / '|^— V'te* 4- 


g V a 2 +x % 

which expreffes the velocity of the defeending weight at W. 

As to the curve defertbed by W, it is the equilateral hyper- 
bola. For ftnee BVV is perpendicular to AB, it will flill be 
fo if we conceive the plane of the curve to be raifed up, till it 
coincides with the given hotizontal plane; then let CA be pro- 
duced tiil AG v CD, draw GF parallel to AD, and produce 
BW to F. Now by the defertpdon of the curve, CB + BW 
=• CD = BF by conftruCtiun; therefore CB = FW, and 
CB J FW* = AC* -+- AB 3 : let the curve meet CG in V ; 
then C A ~ VG, and FW 3 zrr GV 3 -f- GF 3 , which is the pro- 
perty of the equilateral hyperbola whofe centre is G and 
vertex V. 

Secon d 


Digitized by Google 


< 3 « ) 


Second Solution, by Mr. Lowry. 


Let AD (fig. 25, pi. 1.) be the flraight edge of the horizontal 
plane, C the point where the end of the thread is fattened, CD 
the pofition of the thread at the commencement of the motion, 
or when the weight is at D, the edge of the plane. Diaw AC 
perpendicular to AD and put AC = a, AD ~ b, CD = d, 
AB ~ x, and g zz 327 feet the meafure of the accelerative force 
of gravity. Then the force accelerating the thread towards A 
at the point B, being to the force in the dire&ion CB, as AB 
to BC, we have, CB : AB : : g : gx -4- " 4 * **) = - the 

accelerative force in the direction AB ; therefore by the known 
principles of dynamics 


x , x 

T + ✓(«* + **) ~ 0 

multiply by 2 and take the fluents, and we have 
+ *g /(«* -+- *’) = c. 

X r 

To determine c, the velocity or— is = o, when x — v 

t 

therefore c is = 2g (a 1 + b 1 ) — 2 gd, and 
4 - = 2gd — 2 g /(a* + x*). 

or, 4 - = (2 gY \/\d-y/ (a 1 + x*) £ 
t C 5 


and 



The fluent of this expreflion, may, by a very Ample transforma- 
tion, be exhibited by means of elliptic arcs, or it may be found 
by a feries as is done at page boo of Dr. Hutton’s Select Exercifes 
and conic feftions. 


Now ~r ( 2 g)* — /(a* + x J )^ is the velocity in 

the direftion DB, and the velocity in the direftion BW is to the 
velocity in the direction DB as the fluxion of BW to the fluxion 
ofDB; that is, as x to xx-f- \Z(a‘ +x J ), therefore the velocity 
with which the weight defeends is 

-V 

To 
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To find the nature of the curve defcrihed by the defcending 
weight, put BW — y, then CB= \/ (a 5 -f x’l.and fince CB 
+ BW = CD = d, we have BW — d — V(a* — x and 
by reduftion x* — U 1 — idy + y x , an equation to the equila- 
teral hyperbola. 

XXIV. QUESTION 144, by Mr. Cunliffe# 

Having given a triangle, it is required to determine a circle 
and concentrical ellipse, together with the position of a right line 
pasting through the faid centre, sut.h, that one of the angles ot 
the triangle being always placed upon the right line, the other 
two angles shall be one in the circumference of the circle, and 
the other in the periphery of the ellipfe ? 


First Solution, by Mr. Lowry. 

Let RFB (fig. 26, pi. 2.) be the given triangle, and take RH 
and CR each equal to the side FR. With the centre C, and 
radius CR, describe a circle RI ; with the semiaxes CB, HB, 
describe an ellipse DBE, and through the given points C, F, 
draw the straight line CP; then RI is the circle, and DBE 
the ellipse which were to be found, and CP is the ilraight 
line given by position. 

Let MKG be a triangle equal to RFB, having the angle K 
(Fj placed at any point on the line CP, and the angle M 
(B) placed in the periphery of the ellipfe ; then we have only 
to prove that the point G t R) is in the circumference of the 
circle RI. Produce MG till MT = CB and join TK; then 
the triangles MTK, BCF will be equal in all refpects, and 
it is proved, in the fecond folution to the 88th. queftion in 
Vol. I, that the point T is in the axis CD, and that TO is 
= to CH = 2CR But MG is = BR and BC ~ MT, there- 
fore TG is = CR; and, confequently, GO is alfo — to CR, 
and TO is bifetted in G. Therefore, becaufe TCO is a right 
angle, G is the centre, and GC the radius of the circle which 
pafles through the points T, C, O, that is, GC is=to -jTO 
= CR, and, confequently, the point G is in the circumference 
RI defcrihed with the radius CR. 


Second Solution, by Mr. Cunliffe, the Prepo/er. 

Let CA, CB (fig. 27, pi. 2.) be two right lines given by 
position, and EF a right line of a given length having its 
extremes E and F always in the lines CA, CB; then the 

locu 
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locus of any point G in EF will he an elliofe whofe centre is 
C; this is very well known. Draw ED, FD, respectively per. 
pendicnlar to CA, CB meeting each other in D, and draw ! 
CD, which hifeft in O. and join EO, FO, and GO. 

Then CED and CFD being right angles, a circle whofe 
diameter is CD will pafs through E and F ; and CD is given, 

• becanfe EF and the angle ECF are given ; hence CO = OE 
= OF = -JTD is given, therefore the locus of O is a circle: G. 

whofe centre is C. Wherefore the triangle EGO will haver ^ 
the angle E upon the right line CA, the angle O in the circum^, 
ference of the circle whofe centre is C and radius CO := OE:, 
and the angle G in the periphery of an cllipfe whofe central 
is C, and principal semi-axes OC -j- OG and OE — OG ; and, ^ 
the angle formed by the semi-tranfverfe axis and the line 
CA equal to half the angle EOG ; this appears from my foiu- 
tion to question 113. 

And the determination of the circle, concentrical cllipfe, and 
pofition of the right line pading through the common ccn-| 
tre lor a given triangle will easily follow. 

For lei EOG (fig. 28, pi. 2.} be a given triangle; E tliel 
angle to be placed on the right line ; O the angle to be placed i \ 
itl the ciicumierence of the circle; and G the angle to tall in* 
the periphery of the ellipfe. I r 

Produce GO till OC ~ OE and join CE ; with the cemrel 
C and radius CO deferibe a otj-cle : alfo with the centre C,? 
femi-tranfverfe GC and femi-conj\igate equal to OE — OG 
3 OC — OG/defcrilj.e an ellipfe; then the angle E being 
always placed on the right line CK and the angle O in the 
circumference of the circle t) whofe centre is C and radius 1 
CO 3 OE ,the planes of the triangle, circle and ellipfe coinci- 
ding), the angle G will tail in thd’periphery of the ellipfe. 


XXV. QUESTION 145, by Mr. I. I. 

If from a point without an ellipfe or an hyperbola, two 
tangents be drawn to the curve, and likewife two flraight lines 
be drawn to the foci, the angle contained by one tangent and 
the line drawn to one focus will be equal to the angle contained 
by the other tangent and the line drawn 10 the other focus ? 

Solution, by Mr. Lowry. 

Let PG, pG, be two tangents drawn from the point G to 
an ellipfe or hyperbola; F, t, the foci, and let the lines GF, 
Of. be orawu; then ui the, fllicje ffiii* 20, pi. 2.) the angle 

PGf 
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PGf — pGF, and the angle PGF zzz pGf. And in the hyper- 
bola (fig. 30, pi. a.', fG being produced to L, the angle PGL 
z pGF, and the angle PGF = pGL. 

Draw FQ, FH perpendicular to the tangents, meeting fP. fp 
for these lines produced) in Q and H, and join QG, HG. 
Then, becaufe the tangent PG bifects the angle QPF, it is 
evident that the right angled triangles PIF, PIQ, are equal in 
allrefpetts; therefore PFzzPQ ; and the triangles GPQ. QPF, 
having two fides and the included angles refpefitively equal, they 
will be equal in every refpeft ; therefore GQ izz GF, and the 
2ngle PGQ zz PGF. In the fame way it is lltewn that GH — 
GF, and the angle pGH — pGF ; therefore GQ is zz to GH, 
and fQ is zz to 1 H (each being equal tothetranfverfe axis AB), 
therefore the triangles fQG, f HG, are equal in every refpeil, 
and the angle fGQ zz FGH. 

Now, in the ellipfe, the angle f GQ is zzzz PGf -4- PGF, and 
theangle fGH zz pGf -4- pGF; therefore PGf -4- PGF zz pGf 
+ pGF : take the angle fGF from each, and we have aPGf zz 
spGF, or PGf zz PGF. Let the angle IGF be added to each 
•f thefe and then the angle PGF zz pGF. 

Again, in the hyperbola, becaufe the angle fGQ zz fGH, 
theangle QGL is zz to HGL: but the angle QGL is z: PGF 
+ PGL, and the angle HGL is =z pGF -f- pGL; therelore 
PGF + PGL zz pGF 4 - pGL; take the angle FGL from each 
and we have 2PGL zz apGF, or PGL — pGF. Let the angle 
FGLbe added to each of thefe and we havethe angle PGF zpGL. 

A property analogous to that which we havejult demonflrated 
for the ellipfe and hyperbola, belongs alfo to the parabola; for 
if tangents GP, Gp be drawn to a parabola whole focus is F, 
and Gf be a diameter, then the angle PGf will be equal to the 
angle pGF. (fig. 31, pi. 2.) 

Let the lines be drawn as in the other cafes, and join Pp, QH 
meeting Gf in f and S : then it is proved in the fame wav as 
before, that theangle FGI rzz QGI, the angle FGK zz K.GH, 
and QG zz GH. But Pf is ~ pt. v becaufe Pp is an ordinate 
to Gf), therefore QS is — SH ; and the tiiangle QGH being 
ifofceles, GS is perpendicu ; ar to QH, therefore the angle fGQ 
is zz to the angle tGH. The remaining part ol the detnou- 
ilration will now be the fame as lor the ellipfe. 

Mr. Bazley alfo favoured us with an arfwer to this quflicn. 


XXVI. QUESTION 146, by Mr. Lowry. 

Let there be any number of fliaight lines AP, BP, 
CP, DP, &c. given by pofuion, and let Z be a given point 
without them ; it is requited to diaw a circle through the 
Vol. II. Part L f point* 
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point* P and Z, to interfeft the given lines in A, B, C, D, &c, 
fo that the fuxn ot all the intercepted parts AP, BP, CP, DP, 
&c. may be equal to a given line ? 


First Solution, by Mr. Lowry, the Propoftr. 

Draw PQ (fig. 32, pi. 2.) to bife£l the angle APB and meet 
the circle in Q, then PQ is given by pofition. A flume any 
point a, as given, in PA, and draw ab parallel to PB meeting 
PQ in b, then b is a given point. Make be parallel to PC, 
ana equal to Pa ; then c is a given point, and the line Pc drawn 
to meet the circle in R, is given by pofition. Make cd parallel 
to PD, and equal to Pb ; then d is a given point, and the line 
Pd drawn to meet the circle in S, is given by pofition. Proceed 
in this m inner till lines have been drawn parallel to all the lines 
given by position. Join AQ, BQ, CQ, RQ, SQ, RD, & c. 
then, becaufe ab is parallel to PB, and the angle APQ (ABQ) = 
QPB (QAB\ the triangles aPb, QBA, are equiangular, there- 
fore AB : AQ :: Pb : Pa. Again, becaufe be is parallel to PC, 
the angle bcP is =: to the angle RPC or RQC, and the angle 
or QPR is = to QCR, therefore the triangles RCQ, Pbc, 
are equiangular ; 

and RC : QR : : Pb : be = Pa ; and QC : QR :: Pc : Pb. 

It may be proved in the fame way that the triangles RDC, 
Pdc, are equiangular, and, therefore, SD : RS : : Pc dc = 
Bb, and RD : RS s : Pd : cd. 

Now, Playfair's Euclid, Prop. E. B. VI. 

PA 4 - PB : PQ : : AB : AQ : : Pb : aP : : RC : QR, or 
(PA-+-PB)QR=PQ RC = (Prop. D. ibid.)PR*QC-PC QR ; 
therefore (PA ■+■ PB 4- PC) QR = PR * QR, 
or, PA + PB -j- PC : PR :: QC : QR; therefore 

(PA-*-PB4-PC)RS-PR-SD = (prop.D.ibid.;PS-RD-PD-RS, 

and (PA 4- PS 4- PC + PD) RS = PSRD, 

or, PA 4- PB 4- PC + PD : PS : : RD : RS ;; Pd : cd. 

We may proceed in the fame manner for any number of lines 
whatever, and the method of conftruftion is now very obvious. 
Thus, if there be two lines AP, BP, and S be the given fum, 
let PQ be drawn to bifeft the angle APB, and take QP to S irl 
the given ratio of aP : Pb ; then a circle deferibed through the 
points, P, Q. Z, will be that required. If there bethreelines AP, 
BP, CP, let PR be drawn as in the analyfis, and take PR to S in 
the given ratio of Pb : Pc ; deferibe a circle through the points 
P, R, Z, and the problem will be done. If there be four lines 

AP. 
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AP, BP, CP, DP, let PS be drawn, and make PS to S in the 
given ratio of cd : Pd ; then the circle palling through the 
points P, S, Z, will be the one required. 

The circle, inftead of palling through a given point Z, may 
either touch a ftraight line or a circle given by pofition, 
or have its centre in a line of any kind given by pofition. 

The analyfis of the problem will be nearly the fame when 
the fum of the reftangles contained by the line* PA, PB, PC, PD, 
&c. and given lines a, b, c, d, &c. is equal to a given fpace. 

The following porifm may alfo be immediately deduced from 
what has been done above. 

Let there be any number of ftraight lines PA, PB, PC, PD, 
&c. given by pofition and interfering in the fame point P ; 
a point may be found, fuch, that if any circle whatever be 
defcribed through the point P and the point found, and meet- 
ing the ftraight lines given by pofition in the points A, B, C, D, 
&c. ; the fum of the intercepted parts AP, BP, CP , DP, &c. 
lhallbe equal to a given line : or the fum of the reftangles a • AP, 
b • BP, c • CP, d • DP, &c. lhall be equal to a given fpace. 


Second Solution, by Mr. J. W. of Leeds. 

From the given point Z (fig. g3, pi. 2.) draw Z a, Z 0, 7sif, 
ZS, See. perpendicular to PA, PB, PC, PD, &c. and join PZ ; 
then having bifected PZ in X with the indefinite perpendicular 
Xx, and taken L equal to the line, let OX be taken in Xx fo 
that Z* -+- Z/3 -+- Zy + Z>, &c. : L — Pat — Pj3 — Py PS. 
&c. :: PX : OX; join OP, OZ, and a circle defcribed about 
the centre O with the radius OP or OZ will be that which 
was required to be defcribed. . 

Let the circles meet the ftraight lines given by poGtion in 
A, B, C, D, &c. and join ZA, ZB. ZC, ZD, &c. It is evi- 
dent that the triangles. Z? A, Z/3B, Z7C, &c. are each of them 
fimilar to the triangle PXO : hence 

PX ; OX :: Z a : Aa :: Zj3:B|3 Zy : Cy :: ZS : DS.&c. wherefore 
Z*-f Z/3-4-Zy-+-ZS &c. : A*+BjS-+- Cy+DS &c. :: PX : OX; 
but by the conftruftion 

Z*+Z£-»-Zy-4-ZJ &c. : L— P«— P/3— Py— PS & c. PX : OX ; 
therefore A*+B 0-i-Cy-h-DS&c. = L — Pa — Pp — P/ PS &c. 
wherefore Aa-t-B/3-f-Cy + D5&c.-f-P*-t-Pi3-j-Py4"P8 Scc. = L; 
that is, the fum the lines PA, PB, PC, PD, &c, is equal to L 
the given line by conftruftion. 

F 2 ' XXVII. 
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XXVII. QUESTION 14 7 ,byMr. Wallace, R.M. College. 


If x denote an arch of the meridian, and^ denote the meri- 
dional parts correfponding to the latitude x, then 



and by reverting the feries 


+ * c . 

5040 7 2 5 6 7 8 



- ^ + ~ 7 -?5 - & c . 

5040 725678 


■where it is remarkable that the numeral coefficients of the 
powers of x are the fame as thofe of the like powers of y, and 
the figns of the terms of the one feries are all -4-, but thofe in 
the other feries and — alternately. Shew the reafon of thefc 
peculiarities ? 


Solution, by Mr. Wallace, the Propo/er. 

It is well known that the relation between x and y is ex- 
preffed by the equation 

C x . , , 1 d- fn. Jf 

r=y^ = ih >’P' '°g- 

therefore, putting e for the number whole hyp. log. = 1, 

2 » 1 + fin. x 

• 1 — lin. x 


and hence fin. x — 


fa + l ' 


and cof. x = 


"3 , 

e - 4 -i 


x 

and as from the fluxional equation y = — j.— we have 


cof. x = i, therefore 

y 


> + r>) 


, and x — 




But 
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But cof. x r; l 4 . . 

1.2 1.2. 3. 4 1.2. 3. 4. 5. 6 & C. 

and c y = i+y + 1 — 4 — 21 — 4 1 j_gr C . 

y ^1.2 T 1.2.3 »- 2 -3-4 »-*-3-4-5 

and t—y =1— y + 1 2! 1 2l ll — 4-&c, 

1.2 1.2.3 . »- 2 -3-4 »-2-3-4>5 

and therefore Ue y +e~ y )=i +^ — l — p. — 2 -+-&c. 

1.2 12.3.4 »- 2 -3-4-5-6 

Put — — a, 2 — b 

1.2 1 . 2 . 3 . 4 


1 .2 .3.4 .5 .6 


= c, &c. 


then fubftituting thefe values of cof. x and 4-e - -^) ia 
the iluxional equations 


. * y 

y - - -7—.. * — ■— 


cof. x' 


they become 




1 — ax 2 4- bx* — cx b 4- See.’ 

• y 

1 ay 2 -y- by* ■+■ cy* 4- 8cc." 

Now if v denote any quantity, by known methods wc find 

; r— r\ m — = » + Ao 4- Bit* 4- C» 3 4* &c. 

1 — av + bv 2 — cv 2 4- & c. 

where A, B, C, &c. denote certain conftant numbers that are 
independent of the value of v, therefore the fame equation 
mud bold true whatever quantity be fubilituted inilead of v. 
If we fubflitute x 2 then we get 

. ■ ■- ■ ■■ 1 r . . - = i4-Aar*4-Bjr<4-Car 6 4-&c. 

l — ax 2 4- bx* — ex" 4- & c. i * 

and if wc put — y 2 inflead of v we get 

r+ay 2 + by< + cy 6 + &c. = 1 “ A > 1 + B > 4 “ Cy s 4&c. 
therefore the two equations 

} — * 

1 — ax 2 4 — cx 6 4- &c. 


4 ay 2 4- by* 4- cy* 4- &c. 


fire 
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are equivalent to thefe other equations 

y = * - 4 - Ax*x -j- B*»x + Cx 6 x 4 - &c. 

x rr: y — A y'y 4- B y*y — C y*y -+• & c. 

from which, by taking the fluents, and putting a. for JA, jS for 
-J-B, y for jC, &c. we get 

y = * -f- <*x 3 + @x s yx 1 4 - &e. 

x — y — a y 1 / 3 j# — yy 7 -f- &c. # 

And hence it appears that the two feries exprefling the values 
of x andy in terms of each other mull necelTarily have the pro- 
perties defcribed in the queilion. 


XXVIII. QUESTION 148, by Mr. I. R. 

Let two circles, one of which is included within the other, be 
given in a plane, and let there be given a point, fituated within 
boih the circles, in the line joiningthe two centres ; it is required 
to defcribe a circle, from the given point as a centre, to meet 
the peripheries oi the given circles, fo that the angle contained 
by two ilraight linesdrawn from the given point to thetwo points 
of concourfe may be the leaft poflible. 


Solution, by Mr. W. Wallace, R. M. Collide. 

It may be prefumedthat, in framing this qtieftion, the ingenious 
propofcr had in view this well known aflronomical problem, ‘-To 
determine the time of the year, when the twilight is the fborteft 
poflible, in a given latitude for if we confider thegreaterof the 
two given circles, as the ftereographic projectionol the horizon ot 
a given place upon the plane of the equator, and the leffer circle, 
that of a circle parallel to the horizon and 18 0 below it, and 
the given point as the projection of the pole of the world, then 
the circle to be found will evidently be the parallel which the 
fun defcribes' on the day of the year, when the twilight is the 
fhortcft poflible at that place. The following anfwer to the 
queftion, may therefore b,e confidtrcd as a geometrical folution 
of the above mentioned aflronomical, problem. 

Fig. 34, pi. 2. Let A be the centre of the greater, and B 

that 


* For the law according to which thefe coefficients », &, y, &c. are fermed, 
fee page 54, vol. j, of the P.cpcfitory, New Series. * 
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th.it of the leffer of the two given circles, and P the giv en point 
in the line joining their centres. Conceive the thing to be done, 
that is, fuppofe a circle deferibed on P as a centre to meet the 
lefTer of the given circles in D, and the greater in S, fo that DP, 
IP being drawn, the angle DPS is the leaft pofTthle. Let PB 
produced meet the greater circle in E and the leffer in F ; on P 
as a centre with the diflance PB deferibe a circle; draw P/3 a 
radius of this -circle, fo that the angle BP/3 may be equal to DPS, 
and join fci, then the angle DP 5 being equal to BP/3, 
by taking the common angle DP/3 from both, the remain- 
ing angles DPB, SP/3 will be equal, and as DP = oP 
and BP = I? P, the triangles DPB, SP/3 having two fidcs and the 
included angle of the one refpectively equal to two fides and the 
included angle of the other, their bafes BD, jSS arc equal, hut 
BD is given, and, being equal to BF, must be lefs than BE, 
therefore /3S is lefs than BE. Hence we fee the poffibility of 
DPS, or its equal the angle BP/3, or the arch B/3 (which is 
proportional to this last angle) having a minimum value, and it 
is alfo pretty evident that when the arch B/3 is the leaft poflible 
a circle deferibed on # as a centre with adiftance equal to £S = 
BD muft touch the exterior of the two given circles in 3 , there- 
fore 3 B when produced muft pafs through its centre A, and as 
A 3 and S/3 are each given in magnitude their difference A(3 is 
given in magnitude, thus the point |3 is given, and the line ASs is 
given by polition, therefore the point 3 is given. This analyli* 
immediately fuggefts the following conftrufiion. 

Having deferibed a circle on P as a centre with PB as a radius, 
from A place a line Afl equal to AE — BF (the difference of 
the radii of the given circles) to terminate at /3, a point in its 
circumference, produce A/3 to meet the exterior of the two given 
circles in j, then a circle deferibed on P as a centre fo as to 
pafs through J will meet the other given circle in D, fo that 
S P, DP, being drawn, the angle DP 3 will be a minimum as re- 


Second Solution, by Mr. Lowry. 

Fig. 35, pi. 2. Let HR, AB be the diameters, and C. O, 
the centres of the given circles, p the given point, and IK an 
arc of the circle requiied. Draw Ip, Kp, and. inftead of fuppo- 
fing the angle IpK to be the lead poffible, let it be a given angle. 
Draw pG to make the angle OpG equal to that angle, and take 
pG equal to pO; then G will be a given point. Join GK and 
OI ; then, it the angle Gpl be added to each of the equal 
angles IpK, OpG, die angle OpI will be equal to the angle 
GpK, and the fide pi being equal to the fide pK, and the fide 
Op to the fide pG, the triangles pIO, pKG, will be equal in 

all 
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all refpefts ; therefore GK is equal to OI, a given line; and G 
being a given point, the locus of the point K will be a circle 
j mKn, given by pofition. 

Now, when the circles raKn, HKR, interfeft each other, 
there will be two points K, where the angle JpK will be equal 
to the given one : but when they only touch each other, there 
Can be one point K only, and the angle IpK will then be the 
Ieaft poflible. For if it was lefs, the circle inKn could not meet 
the circle HKR, and the problem would be itnpoflibie. 

When the circles touch at K, the line KG pafles ihrough 
the centre C, and CG being equal to OI or OA, and CK equal 
to CH, CG will be equal to the difference of the radii CH, 
OA (equal to CO -+- AH), and Gp being equal to pO we have 
the following fimple conltruftion : 

With the diftances pG (pO), and GC (CO + AH), and 
centres p, C, deferibe two arcs to interfeft at G, produce CG 
to meet the exterior circle in K, and pK is the iadias of the 
circle required. 

The preceding analyfis and confiruftion may be applied to the 
folution of an aftronomical problem which has often engaged 
the attention of mathematicians; viz. To find on what day of 
the year the duration of twilight is the fhorteil in a given 
latitude. 

For, conceive a plane, perpendicular to the horizon Il'R' (fig. 
36, pi. 2.), to pafs through the poles P, P', and meet the plane 
of the equator in E, Q, and the plane of a final! circle 18 0 below 
the horizon, and parallel to it, in a, b. Draw PIT, Pa, PP , Pb, 
PR', meeting the plane ot the equator in H, A, p, B, R; then 
thefe points will evidently be the projeftions of the points H , a, 
P',b, R' on that plane refpeflively. Alfo the angle H'PP' being 
meaf tired by half the arc H'P', the tangent Hp of the ang e 
H'PP' (to he radius pP) will be the. tangent of half the arc H'P* 
or PR', the latitude of the place. For a likcreafon pR will be 
the tangent of half the arc P'R' — tang. \ (90° — -y lat:) ; pA 
the tangent of half the arc aP' ~ tang, (lat. — rS°) n tang. 
(.•. l at . — £») ; and pB = the tangent ol half the arc Yb e= tang. 

^90° - yflat. -f- i8 3 j| = tang. (8i° —flat.). 

Bifefl HR in C, and join PC; then bccaufc I! PR is a right 
ancle, PC is = to CH or CR, and the angle HCP = to 
twice the angle PRC = to twice tlie angle HPp — 10 the angle 
P'pIP =: to the angle NpQ ; therefore pC, the tangent of the 
angle PTC, is the tangent of the arc P'N, the co-latttude ; and 
PC is the fccant of the co-latitude. 

Now, let the diftances from p (in fig. 36,) be tranferred to 
*>y taking PQ — P P l° r the »adius of the pirmiiive 

circle. 
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circle, pC the co-tangent, and CH — thr eo-fecant of thegi- 
ven latitude : with the centre C and didance CH, defcribe a circle 
HKB, which will reprefent the horizon, when projefded on the 
plane ol tlrd'bquaior. Again, take Ap rr the tai'g. (-j lat — 9 0 ), 
and Bp r= '8i° — -y lat.) and on the diameter AB defcribe a 
circle A 1 B which will be the projeflion of the fmall circle 
at 18’ from the horizon, where the twilight begins or ends. 
Bifeet ABat O, and draw C,K as in the foregoing condruddion ; 
then the didance pK will be the tang nt of half the co-decli- 
nation. For the arc KI, deferibed about the pole p, will be the 
projection of the parallel of declination, pK and pi the projeddions 
of the azimuth circles at the beginning and end of twilight, 
and Lhe angle Kpl w 11 be equal to the angle included between 
thofe circles, and which angle is proportional to the duration of 
twilight, and therefore, when the angle Kpl is the lead pofTible, 
the duration of twilight will be thelhorted. 

When the latitude is 18 0 , the points A and p coincide, and 
when the latitude is lefsthan 18°, the point A will fall between 
pand B, but the condruftion will dill be lhe fame as the above. 
When Hp is n to pB, the points K, I, will coincide with H, 
B, and tang, -j- lat. = tang. (81 0 — lat.) or the latitude = 
81 9 , and the twilight will continue twelve hours. 

The calculation may be cafily made out from the conftruddion, 
for in thp triangle pGC, the three Tides are given to find the 
angle at G, and then in the triangle pGK, two fides and the 
included angle are given to find the fide pK. 


XXIX. QUESTION 149, by Mechanicus. 

To place a draight rod, or beam, loaded with any given 
weights, fothat it may be in equilibrio, reding upon an upright 
prop, and one end touching a fmooth vertical wall given by 
politico) ? 


First Solution, by Mr. Lowry. 

Let AB £fig. 37, pi. 2.) reprefent the vertical plane or wall, 
IQ the upright prop, KB the pofition of the rod when it reds 
in equilibrto, and G the centre ol giavity of tic rod and weights. 
Draw GE parallel, and BE perpendicular to AB, and join El. 
Then, the forces that add on the rod are thefe ihree ; tne force 
ol gravity, equal to the whole weight, aiding at G in the 
vertical diredlion GE; the lorcearifing Ironi the prefiure ot the 
prop againd the rod at I, adding in a direction perpendicular to 
Vol. II. PartI. G KB; 
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KB ; and, thirdly, the force arifing from the preffure of the 
wall againft the end of the rod at B, which aids in the d.reftion 
BE. And that the rod may reft in equilibrio, it is neceffary that 
the direflionsof thefe forces tend to the fame poin* ; there tore 
El will be the direftton of the farce aiding at 1, or El will be 
perpendicular to the rod KB. Becaufe ID is parallel to GE, 
the forces at G, I, and B, are proportional to the lines ID, IE, 
and ED ; or, if IE reprefent the ablolute force at l, and be 
refolved into the two forces ED, ID ; then the force ED is 
that part of the force IE which is equal and oppofne to the 
preffure at B, and prevents the rod from moving horizontally ; 
and the force ID is that part of the force IE which its equal and 
oppofite to the force of gravity at G, and hinders the rod from 
defeending in a vertical direction. 

To find the pofition of the rod, let IC be drawn perpendicular 
to AB, and produce El to meet the plane at A ; then bv ftmilar 
triangles GB : BI :: EB : BD —1C:: AB :AC :: AB BC : AC BC : 
but AB-BC — RI J , and AC-BC — IC’ ; 
therefore GB : PI :: BI J : IC*. or BI 1 = GB IC*. 

Put 1= to the length of the rod; b to IC, the diftame 
of the prop from the wall ; m =thc weight of the rod ; tv, w', 
&c. the weights placed at the diflances <1, d', &c. from the end 
B of the rod; a — GB, the diftance of the common centre of 
giavity of the rod and weights from the fame end B ; and x zr=z 
IB. Then, ''y the ordinary rule for finding the centre ol gia.- 
vity ol weights placed in a ftraight line, we hive 

\hn + dm d'tu 4- &c. \lm~ -f W' 

U 15 — a 1 1 1 .1 . 1 - i .. y 

m w w -f See. m -+■ W 


where W' zz dzv -f d'w 1 -+- 8c c. and W zz w + a/ + See, 


Thcrefoic x 3 — b 1 x 


dw 4- d'w'+ &c. ., \hn +W' 

- — - ~ p yc — - - . . m 

m- 1 - tv + w ■+■ ike. m ■+■ W " 


If m - o, or the rod has no weight, and a fiugle wt ight w 
only be piaced at the extiemity of the rod; then x 3 — b* 

X — — b % x /, which Ihcws that the pofition of the rod will 
w 1 

be the fame, whatever the weight tv may be, which Is affixed 
to ite end of it. 

To compare the preffure at I and B with the fum of the 
, weights m -f tr tv + &c. or the force at G, let P, P' be 
put to denote tficfc prt Hurts refpetlivcly ; then the triangles IBC, 

IED, being ftmilar, IC : IB :: ID : IE :: m + W : P = }-^ * 

(m . 
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(m-b W) = \ /a h X [m + WJ ; and IC : BC : : ID : IE :: 
« + W : P. = X (m + W) = /( {/a'b-h)x . 

This dilution is oil the fuppofiiion that the plane or wall is 
perfectly fmooth, or void of friction : but if the friftion be 
taken into account, and be fuppofed proportional to the preflure, 
thefolu'ion may then beas follows. Draw BF {fig. 38, pi. 2.) 
perpendicular to BA, and take BLto BF, in the given proportion 
of the liifction to the prcfTure (n : 1) ; complete the parallelogram 
BFRL, and draw BI{ meeting CE, a parallel to AB at E; then 
Cnee the friHion oppofes the afeent of the rod at B, it may be 
coafidrred as a force aCting in the direftion BL; therefore BR 
will be the direction of a iorce, equivalent to the^two forces ol 
friction and preflure afcling in the directions BL, BF. Let EN 
be drawn parallel to BF meeting ID produced in N ; then, the 
rod is kept in equilibrio, in the fame manner as before, by three 
forces aiding in the directions GE, IE, BE ; and proportional 
to the lines ID, IE, ED ; or, il IE reprefent the abfolute force 
at I, and be rcfolved into two forces EN, DN : then EN will be 
equal and oppoftte to the force ol preflure at B, and will hinder 
the rod lrom moving in a horizontal direction ; alfo DN will 
be equal to the force ariflng from the triftion of the plane 
and will aflill the force of gravity D I in oppoflitg the vertical 
force IN, fo as to prevent the rod from afeending or defceiiding 
in a vertical direffion, 

To find the polition of KB, draw IP parallel to EB ; then by 
fimilar triangles, &c. as in the lornter cafe, we have BI 1 = 
GB-BC-AP. But AP zz AC — PC, and BC-AP = BC 
(AC — PC) = IC 1 — BC-PC, therefore BI J = GB (IC* — 
BCPC). 

Becaufe the triangles ICP, RI.B, are fimilar, PC : IC :: BL 
: LR or BF :: n : 1, therefore PC rrlC 1= nb , and be = 
/(c a — b\. 

Therefore x* ~ a X j b 3 — nb \Z(x* — b x ) j * 
or x 6 — 2 a 5 V — a , a , b , .i x -+- (n 2 + .1) a 3 b' — o. 


Subflitute 


\lm dw 4- d'w' 4. Sec. 
711 b~ w + eu' & c.’ 


or its equal 


jlm + W' 
m 4. W 


for a in this equation, and we have 

x^-tb* x rj r r X x 3 - ^a t b t x , -(n*+i)b‘ l 
/n + W ( 


(\lm4- W'\* 


G 2 


II 
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If a fingle weight w only be-fixed at ilic end of the rod, the 
expreflion becomes 

*_sWi!!L±!:W 

V m •+» wi \ in -hwJ ' 7 ' m-\~w ) 

where if m — o, then r r ’ — a/A’r 3 — n’/’i* j* + fn 1 — i) M 4 — o, 
which fhews that in this cafe tiic equilibrium of the rod is not 
at all affeQcd by the weight w. 

It n = o, or the fridion ceafes, then 

ilm -+-W' , , , , . . /*/*■+ W\* 

x *~+w XI + ( * + l)b '*(--^rw) 

1 Li + W' • J I r 

or *’ = e x - — ttt , as determined before. 

m -+- \V 

To find the prefTures at I and B, put f to denote the force 
of friftion ; then 1 C : BC :: ID 4 - DN : EN ::m+W + / 
: P' ; but / is = wP', by hypothefis ; therefore IC : BC 

w +W+n-P' : P'; or, P = (»+W) x r ^^’] r .,and 

b — n y[x —b) 

/= (m + W) x . l '\- . Again BC : IB :: EN : 

^ Q fj * / I v* ___ h* \ ° 


El :: P' : P = P' * - (m 


W) x 


— n y'v* 1 — i 1 )* 

From hence we may eafily determine what force is necelTarv 
to be applied at B, in the diiettion BL, fo as to retain the rod in 
any afligned petition. For, from the equation above (*J, we find 


ny'{x 2 —b t ) - 


oh 2 


an 


and fubftituting this in the value 


of/, we have f ~ -t- u> + w' + &c.) x 


ah 1 — x 3 


Some account ol this problem is given in the 6 tk vol. of the 
Edinburgh Review. It appears to have been firll tefolved by 
Euler, in die Memoirs of the Academy ot Berlin, Tome vi. and 
afterwards by Signor Fontana, inMemoire di Matcinatica e Fifica 
della Socieia Italianadi Scienze, 1802. 

Euler confidered the cafe only when the rod was without 
weight, the plane void of frifclion, and the weight attached to 
the extremity of the rod. His folution is founded on a principle 
or law of nature introduced by Mauperiuis, which was, that, 
“ in preferving the repofe ol the univerfe, and in performing its 
various motions, nature uniformly employs thofe means which 
require the lead expence of force.” 

Fontana, not fatisfied with this principle of Maupertuis, re- 
folved the problem by the ordinary principles of ifatics and the 

arithmetic 
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arithmetic of fines, and rendered it more general by fuppofing 
the rod to have weight, and the friftion of the plane to be 
equal to n times the prefTure. The refult which he obtains is 
the fame as determined above v hen the weight is placed at the 
extremity of the rod, and agrees with Euler’s, when the rod is 
without weight and the plane does not exert any friftion. 

If tht p'ane, inilead of being vertical, be inclined to the 
horizon in a given angle, the problem will be rather more gene- 
ral. Draw BE (fig. 39, pi. 2.) perpendicular to the plane 
BA, to meet the vertical line GE in E, and join El: then it 
appears as before, that El is perpendicular to GB, and that 
the forces at G, I, and B, aft iri the direflions GE, El, and EB, 
and ate proportional to the lines ID, El, and ED. 

To find the pofuion of the rod, draw BV parallel to EG, or 
DI, meeting IC (a perpendicular to BA) in Q and El pro- 
duced in V ; draw alfo IN perpendicular to BV, meeting the 
plane in A. Then, bv fimilar triangles, &c. as in the firfl cafe, 
we obtain IB 3 — GBBNVQ ;ibut BN- VQ = (B V— BQ)-BN 
= BI’ — BN-BQ, and becaufe the angles at C and N are right 
angles, the points C, Q, N, A, are in a circle; therefore BN BQ 
= BA-BC = BC* + BCAC = BNVQ = 1 C 1 — AC-BC; 
therefore BI»= GB (IC* — AC-BC). 

Let A be the angle which the plane makes with the horizon; 
then becaufe I A is perpendicular to BV, or parallel to the 
horizon, the angle I AC isczzi, and CA — b x cot. k, there- 
fore AC-BC = b cot./f y/(x*-b*) and x’ — a ^b 3 -b couA^^-b 3 ) 
or x 6 — zab'x* — b'a? cot. Ax 3 -h a 2 b* — a 7 b 4 cot. k ~ o. 

When k is — 90°, or the plane is vertical, cot. k — o, and 
the equation becomes x 6 — 2ab* x 3 ~h a 3 b* ~ o, or x 3 = ab l 
as before. 

When the plane exerts friftion, let BF (fig. 40, pi. 2.) be 
drawn perpendicular to the plane, and take BF : BL :: 1 : n \ 
complete the parallelogram BFRL, and draw HR meeting the 
vertical lint- GE in E, a"d join El; then El will be perpcwli- 
cu!artoG 3 , and the lines ID, El, and ED, will be propor- 
tional to the forces afling on the rod at G, I, and B, in the 
directions GE, IE, and BE. Draw II’ parallel to BE meet- 
ing BA in P, and BV in S, and draw ST perpendicular to BP; 
then by fimilar triangles, & c. as before, B P GB-BN-VS; 
but the points N, S, T, A, being in a circle, BN-BS BA-BT, 
and BN- VS = BN (BV — BS — BI* — BA-BT; therefore 
BI J ^GB(BI* — BA-BT). Becaufe the angle BST — BAN 
= A, BT = ST X tan. A, and TP =TS-«, therefore BP — ST 

(tan. k -(- n), and BT :BP x - tan .' ^ — ; and BA BT = 

tan. A T- n 

BABP 
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BA BP- — *”• ■ - = (BC -t CA) (BC + CP) x 

= ^BC’ + BC (CA-+- CP) 4- CA CP? x — n ~— . But 

( S tan. k -h ri 

CA — b • cot.k, and CP rr n'b; therefore, ify be put — BC, 
we have 

a 1 = i*— [ y'+y(b cot.^+/r5)-f cot .k'nb*! y — 

t L/ J tan. k ■+■ n> 

Exterminating y by means of the equa'ion x J — b* •+- y 1 we 
have an equation of the 6th power, containing only x and known 
quantities, and which, when n zi o, becomes the fame as was 
determined in the lalt cafe. 

When the centre of gravity G is place.! between the prop 
and the plqr.c, it is evident that the rod cannot red in equilibrio, 
except fome other force be oppofed to the end of the rod fo as 
to prevent it from Aiding along the plane. To find what this 
force niuft be, fo t'.iat the rod n. ;y rcil in any affigned pofiiion, we 
fhall fiifl fuppofe the plane to hie horizontal, as in fig. qi, pi. 2 , 
and that KB is the rod, making a given angle k will the horizon- 
tal plane BD; draw BL and KG perpendicular to BD ; and 
IE, BS perpendicular to B1 meeting GK and ID produced in 
E, P, and S. Then, fince the directions ol the forces aiding 
on the rod at I and G meet in E, it is evident that EB mull be 
the direction of a force equivalent to the two forces acting at B 
in the dire£lions BL and PR; or, if EP reprefent the abfolute 
force of gravity atting at G then BP will repieient the preffure 
at I; ER the prelfuie at B; and BR the force J required. 

Becaufe BR = GB • cof. k, and EP = IS = -LL = JiL . 

fin. * lm. ^ ’ 

1 

therefore BR : EP :: GB-cof. k : or BR— EP x X 

•uu.A ID 


GB 

cof. k- fin. 5 k; that is/ — (m -f W) X jjj X cof. k. 
fin. 1 k = — x cof. k‘ f n.‘ k. 


a • r on B R n • 4 Im ~h W' 

Again, Alice BP = r , P is = - — — cof. k. fin. k, 

iin. ft ID 

the prefTure at I ; and ER — PE — PR =: PE — BR x C > ^‘ ^ 

tin. A' 

1 / I \V T / 

therefore P' = m + W — - — X cof.’ k. fin. k. 

the prefTure at B. 


When 
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When the weight of the rod only is taken into the account 
(hippo ling it to be of an uniform thicknefs). theoroblem is then ttie 
fameasthefird part ofthe prize quefliori, in the Gentleman’s Diary 

J l/Jl 

for 1802 ; and in this cafe f ~ X cof. !■ fin. 1 k = m 

l X cof. k‘ fin. k ; and P' = 


l F.D DI n 
x- x to1 ! R — m * 


2 ■ IB 3 
w X (ID — -j/ cof. 1 !• fin. !). 

If the friftion of the plan? be equal to n times the prefTure 
as in the other cafes, take BT : BF :: 1 : n; complete the paral- 
lelogram BFTH, and dra-v EQ parallel to the diagonal HB : then 
RQ will reprefent the fore: of friftion, and QB the force re- 
quired. The triangles ERQ< BHF, ( >r BH l ) are evidently 
fimilar, and FB tt BT; therefore RQ — trRE and 

BQ c: BR — RQ ~ f — n P' the force required. 

When BH coincides with BE, Q will coincide with B, and 
the fiitdion will then be fuflicient to pievent the rod from flip- 
ping along the plane without the afliflance ot any other force. 

Again when the plane BD (fig. 42, pi. 2.1 makes a given 
angle with the horizontal plane BV, draw ID and GR perpen- 
dicular to the horizon, and draw alfo IE, BS, perpend cular to 
IB meeting GR and ID produced in E, P, and S. Alfo draw 
BLand EQ perpendicular to the plane BD and join BE: Then, 
it EP (or IS) reprefent the force at G, BP will reprefent the 
lorce of preflure at I, EQ the force of prefTure at B, and BQ 
the force requited, acting in the direction BQ. 

Put A = the angle DIB, ? ~ the angle IDB, k er the angle 
DB 1 , and p — the angle DPV, which the plane makes with the 


horizon. Then BR = GB 


RB : IS or EP 

fin. h. cof. h 

* im ~7 



and IS 


IB 

cof. h’ 


therefore 


"n -g 


jot- “ BR = EP * m 


; bntthe angle RBP is the complement of the an- 


gle!, and the angle B PR is the compliment of the angle h ; there- 
BR x cof. k 


fore PR = 
„ cof. k 

-BR x 


c„l. h. 


and ER = EP — PR e= EP — BR 


but QR = ERTin. p ; therefore QR — EP - fin.^?; 

cof. ! • fin, p 
col. h 


Hence 
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Hcncc BQ=BR + QR=BR + (eP— BR . fin. p 

„_C f cof .A.fin./A fin.A.cof.A GR> 

or/=(m + W). j fin .p-\- 
the force required. 

C B 

Again BP = BR X and P = (»i+W)X fin. h. 


/fin. A. cof. h cof.f .fin.A.fin.^ GB^ 
V finT^r fin. g ' iB \ 


4 - W' 
“ BI 


fin. h, the preffure at I. 


Alfo EQ z: ER- cof. p - (EP - PR - £^) X cof .p, and P. 

cof. i- 

fin. S 


„ , \lm - f W’ fin. h- cof. k- cof. p 

= (j| + W; x cof. p — - “ 


Bl 


X 


the preffure at P. 


When p ~ o,g — 90°, and ID is put for its equal IB x 


fin. k 

fin ■&' 


the expreffions for the forces and preflures, are precifely the 
fame as determined for the horizontal plane. 

When the frt&ion of the plane is taken into the account, 
we have only to calculate the values of the forces f and F, as 
before, and then f — ni 1 ' will be the force required. 


\ 


Second Solution, Ay Mr. Cunliffe. 


Let the ftraight line HE (fig. 43, pi. 2.) reprefent the rod, 
or beam, loaded with the weights; G its centre of gravity; 
the point P the prop, and EB, the vertical plane. 

Through P and G draw PB, GT, perpendicular to the vertical 
plane. When the rod is in equilihiio in the circumilances 
mentioned in the queftion, the centre of gravity G will be at 
thchighelf point to which it can afeend : that is, BT will be a 
maximum in that circumflancc, this is a well known llatical 
principle. 

Put EG — a, PB = A, and PE — x ; then GP — a — x, 
and EB’ =zr *' — A 1 , and becaufe PB and GT are parallel. 


PE* : EB’ :: GB’ : BP* 


EB 1 x GP 1 _ (x*— A’) (a — xj* 
PE’ ~ ^ 
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P (a — 




which is to be a maximum. Putting 


its fluxion = o, and reducing the equation, we find x =\/(aP). 

The problem will be fomething more general, if enunciated 
as follows : “ To place a ftraight rod, or beam, loaded with 

any given weights, fo that it may be in equilibrio, reft mg on 
an upright prop, and one end touching a fmooth inclined 
plane.” 

Let HE (fig. 4 4, pi. 2 .) reprefent the rod, or beam, loaded with 
the given weights, and G its centre of gravity ; the point P the 
prop, and EB the fmooth inclined plane. Through P and G, 
draw PB, GT, parallel to the horizon, meeting the inclined 
plane inBandT : and through E draw the vertical line Et meet- 
ing PB, GT, produced in b artd t ; alfo draw PQ perpendicular 
to EB. When the beam is in equilibrio, in the circumftances 
mentioned in the problem, the centre of gravity G will be 
at the higheft point to which it can poffibly arrive ; that is, bt, 
or BT, which has a given ratio to bt, will be a maximum. 

Put HE — <2, PQ = b, QB — d, and PE = x ; then PG 
= « — x, EQ = /(** — **), and EB = ^(x‘—P) — d t 
and by reafon of the parallels PB, GT ; PE : EB : PG : BT 

= = ^ =!££=£! 

— V^( a * — i 1 ) 4- d, which is to be a maximum : putting 

its fluxion =: o, and reducing the refulting equation, gives r* 
— ad v/(x 2 — b *) = aP, from which equation x may be 
found. 

When d — o, that is, when the inclined plane become* 
vertical, then x 3 ■= aP, the fame as before. 

Or, the problem may be rcfdved without fluxions. 

Let HE (fig. 44, pi. 2.) reprefent the loaded rod; G it* 
centre of gravis y ; EB the inclined plane, and the point P the 
prop : draw EF at right angles to EB, meeting GF perpendicular 
to the horizon in F, and join IT ; when the rod is in equilibrio. 
PF will be perpendicular to GE. For the rod is then fuftained 
by three forces, namely, the force of gravity in the direHion 
GF ; the rcaHion of the inclined plane EB in the dire&ion 
EF perpendicular thereto ; and the preflure againfl the prop P, 
which afts in a direttion perpendicular to EG at P : and when 
the rod is in equilibrio, right lines in the faid direfctions meat i.i 
the fame point F. 

Draw PQ perpendicular to EB, and draw PB par dlel to the 
horizon, meeting Eb parallel to FG in b. Put GE — a, PQ 

Vox.. II. PartI. H — b. 
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sib , QB = d , an ^ EP — *'• ^ icn GP = — r . EQ = 1/(1* — b*), 
tand EB = </{>* — b 1 ) — d. The angles PQE, PbE, being 
right angles, a circle, whofe diameter is EP, will pafv through Q 
and b, and therefore BP - Bb = QB-EB; adding PB 1 to each, 
PB* ■+■ BP-Bb — PB Pb = PB* + QB-EB; whence Pb 

•— r QB EB^+ PB _; am j jjy (he fimilar triangles PBO, EBb;. 

PO EB 

PB : PQ :: EB : Eb = ■ • g — : alfo, by the fimilar trian- 


gles GPF, EbP, GP : EF :: Eb 


PQEB. nu _BQ-EB + PB’ 
PB PB 


whence PQ-PFEB = GP X (QB EB 4 - PB*I. Again, by 
the fmrilar triangles PQE, EPF; PQ : EQ :: EP : PF ; whence 
PQ-PF =r EP EQ, by means of which the preceding ex preflkn 
becomes EP-EQ-EB err GP x (QB-EB + PB*); that is, 

x^[x*-h X j v/(» a — b'-) — = (a— X) X | d v/(x»- **) 

j^-b 1 1 , which equation, when properly reduced, becomes x 3 — ad 

— P) —ab*, which is the very fame conclufionas derived 
by the other method of folution. 

It may be here obferved, once for all, that the locus of the 
centre of gravity G is a nodated conchoid, having its axis in the 
line PQ ; this is fufliciently manifeft from the generation of that 
curve. 


XXX. PRIZE QUESTION 147, by Limenus. 

Let A and B be two given points without a circle, given in 
magnitude and pofuion ; a point C may be found within the 
circle, fuch, that if any ftraight line be drawn through it, cutting 
the circle in F and G, and AF, BG, he joined, the fquare of 
AF will have to the fquare ot BG, the ratio which is com- 
pounded of the ratio of FC to CG, and a certain given ratio, and 
■which ratio is alfo to be found i 


First Solution, by Limenus, the Propofcr. 

Conceive the point C (fig. 4,5, pi. 2.) to be determined, and 
let the circle which may pafs through the points F, A, G, meet AC 
joined in E, then the rectangle AC CE will be equal to FC CG, 
which is of a given magnitude, and thus E is a given point. 

Alfa 
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Alfo, the included triangles ECG, FC A, will'be fimilar, and EG 
will be to FA as EC to CF ; and, likewise, as CG to CA ; and 
therefore EG 3 will be to FA* in the ratio compounded of EC to 
CA, and GCto CF. But, bv hypothecs, AF* is to PG*in the 
ratio compounded of FC to CG and a certain given ratio, which 
let be denoted by that of M to N. And, by compounding these 
two proportions, EG* will have to BG* the tatio compounded of 
EC to CAand M to N, which are given ratios But E and B 
are given points, ahd EG and BG are lines drawn fr m thence 
to any point in the circumference of a given circle. Therefore 
thofe lines, or their tquanes, can only have a given ratio to one 
another in two circumflances, namely, when the points E, B, 
coincide, in which cafe, the ratio of EG* to BG* is that of 
equality; and w!>cn the other of thefe points E is fo alfumed 
that the given circle may fatisfv, with refpeil to them, the well 
known problem of Apollonius on this occafion. For that purpofc, 
the line joining B, E, muft pafs through the centre O of the 
given circle, and its radius mull be a mean proportional to OB, 
OE; for then EG* will always have to BG* the duplicate of 
the ratio in which EB is divided by the circumference, or that 
of OE to OB. From this we conclude that the point C muft 
be ftiuated in the line AB or in the line AE, and that it muft be 
fo taken in each cafe, that the points of interfefcfion of any ihaight 
line drawn through it, with the given circle, fliall be in the fame 
circle, with the points A, E, or A, B, refpettively, which are 
determinate problems. 

Take OD in O A, a third proportional to it, and the radius OF; 
draw BD to meet A>E in C ; join OC and produce it to K, fo 
that the radius OF be a mean proportional to OC, OK, and join 
KD and KE. As the rectangle BO’OE is equal to AO - OD 
and to CO'OK, circles may pafs through the points B, E, D, 
A, and B, E, C, K, and therefore the angle DAE is equal to 
DBE, ami the latter of thefe is equal to CKE; from winch it 
follows that a circle is capable of palling through the points O, 
A, K, E, and that the reflanglc EC CA is confequently equal 
to OC-CK. But it may beeafily (hewn that the reAangle FC* 
CG is equal to OC-CK ; it is therefore alfo equal to AC'CE, 
and a circle is capable of paffing through the points A, F, E, G, 
and, which, combined with what has been inveftigated above, de- 
mon ft rates that the point C poirdles the requireaproperty. And 
with refpeft to the conftant ratio ot M to N, it has been deter- 
mined that thftt compounded with the ratio of EC to CA, muft be 
the fame with that of OE to OB : it is therefore in the ratio 
^compounded of AC to OB and of OE to EC, that is of A-K to 
OK and OK to KB, which is the fame with the ratio of AK to 
KB. But KO bifedls the angle AKB, and therefore if AB be 

H a drawn 
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drawn to meet OC in H, the ratio of M to N will be Amply 
as AH to HB. .... 

For the fecond cafe, draw DE to meet AB in C', join OC' f 
and take OK' a third proportional to OC’and the radius OF, then 
by reafoning in the fame manner, as in the former cafe, we fhall 
perceive that the angle DAK'is equal toDC'K', or EC'K', which 
is equal to EBK', and fo the points O, A, B, K', are in a circle, 
and the reftangle AC’C'B is equal to OC'-C'K', which is equal 
to F'C'-C'G'. Thus a circle may pafs through the points A, F', 
B, G', and confequently C' is another point where the required 
property obtains. And from what has been determined, in this 
cafe, M will be to N as AC' to BC'. But it is obvious that the 
interfering lines are fo drawn as to determine CH an harmonical 
mean to CA, CB. Therefore this ratio ot AC' to C'B becomes 
identicated with the former ot AH to HB. 

The conftru£tioa will now be as follows. Find the centre 
O, of the given circle; join OA, OB, and therein find the 
points D, E, fo that OD may be a mean proportional to OAand 
the radius, and OE a mean proportional to OB and the radius. 
Join AE, BD, to meet each other in C, through which draw 
any flraight line to meet the circle in F and G; then the fquarc 
of AF will have to the fquare of BG the ratio which is com- 
pounded of FC to CG and AH to HB. Alfo draw DE to meet 
AB produced in C', through which draw any tlraighiline to meet 
the circle in F' and G', and the fquare of AF' will have to the 
fquare of BG' the ratio which is compounded of FC' to C'G' and 
AC' to C'B. 


Second Solution, by Mr. Lowry. 

Suppofe that the point C (fig. 46, pi. 2.) is found, and that 
a : b is the ratio which is to be determined. Then fince the 
point C is given (by hyp.) the reflangle GC’CF is alfo given. 
On the line BC produced take the point D, fuch, that the 
re&angle DC'CB may be equal to the given re&angle GC’CF : 
then D will be a given point, and BC, CD, will be given lines. 
Join DF ; then becaufe the rtflangles GC'CF, and DC’CB, 
are equal, the points B, F, D, G, are :na circle, and the triangle* 
CDF, CGB, are fimilar; 

therefore BG : DF :: CG : CD, 

and BG : DF :: BC : CF; 

therefore BG’ : DF* CG-BC ; CD CF; 

But, byhvpothefis, AF 1 ; BG* :: CF x a : CG x b. 

Therefore AF* : DF* BC x a : CD x b a given 

*atio : wherefore AF has to DF a given ratio ; and A and D are 
given points, therefore the locus of the point F will be a circle 

given 
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given by pofition (Apol. 2, lib- 2nd.). But if this circle meet* 
the given circle in F, then F will be a given point, which is 
contrary to the hypothefis. Therefore, in order that the point 
F may be indeterminate, and that the other conditions of trie 
propofition may at the fame time be fulfilled, it is necelTary that 
the two circles coincide, or become identical. 

When that is the cafe, the line joining the points A and D 
pafies through the centre O, and the reftangle OD-OA is equal 
to the fquare of the femi-diameter of the circle (ibid) : and fince _ 
what has been fhewn with regard to GF is true of any other chord 
pafTing through C, we have only to determine the point C, fuch, 
that the reftangle BC'CD may be equal to the reftangle GOCF : 
hence this conflruftion. 

Draw AO to the centre of the circle, and take OD a third 
proportional to AO and the femi-diameter, and join BD. 
AfTume any point F in the circumference (not in a ilraight line 
with the points B, D), and defcrtbe a circle through the points 
B, A, F, cutting the given circle in G ; draw GF meeting BD 
in C : then C is the point fought. 

To determine the ratio a : b ; draw AI parallel to DC, and 
produce OC to meet AB in H, and AI in I : then H will be 
a given point, and AH, BH, given lines ; and by the propolition 
I’elerred to above 

AF : DF r: OP (the radius) : OD, therefore 
AF’:DF*(:: BC xa: CD OD OArOD 5 :: OA:OD, 

or, BC xa:CDxi:: OA : OD :: AI : CD :: AI x£ : CD x£; 
therefore BC X a — AI x b, or a : b AI : BC :: All : BH, 
the ratio required. 

In the preceding analyfis, the point C is within the circle, 
agreeably to the enunciation of the propolition : But a point c 
ptay be found without the circle, which will pofTefs properties 
fimilar to the point within. 

By affuming the point c as given, and proceeding exaftly as 
in the former analyfis, we find that AF has to DF a given ratio 
as before, which can only be the cale when the ratio is that of 
equality, and then the points A and D coincide, and the points 
B, A, c, will be in a Itraight line. In this cafe Be X a will 
be equal to cA xt (CD X b>, or a : b :s cA : cB ; and the 
reftangle cA'-B equal to the reftangle c Peg. We have there- 
fore to determine a point c in AB, fuch, that drawing any 
line from c to meet the circle in fand g, the reftangle ef egmay 
be equal to the reftangle cA-cB. This is done in the fame 
manner as before, by alfuming any point f in the circumference 
and deferibing a ctnle through the points A, B, f, to interfeft 
the given circle in g, then Ig being drawn to meet AB pro- 
duced in c, it will be the point fought. 

The 
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The point C, as determined above, is the fame as the point 
O, in quetlion 8,4, vol. 1, of the Repofitory. For, if OE be 
takerv a third proportional to BO and the ferai-diameter, the line 
joining the points A, E, will pafs through C; alfo, if ED be' 
drawn, it will pafs through c. On OC produced, let ON bej 
taken a third proportional to OC and the femi-diametcr, and join 
BN, ND, EC, and AC; then it is obvious that the four point* 
A, D, C, N ; N, D, O, B ; and N, C, E, B, are in the circumjj 
fcrence of the fame circles; thetelorethe angle ACN r: ADM 
=: ABO OCE, and the points E, C, A, are in a ftraight line. 
Again, draw cO to tlte centre, and take On a third proportionaf 
to Oc and the femi-diameter, and join An, Dn, ED, and Dc:- 
then the four points A, D, n, c; A, D, E, B; and A, n, O, B, 
are alfo in the circumference of the fame circles ; therefore the 
angle ADc r: Anc = ABO = EDO, and the points E, D, m 
are in the lame flraight line. 

The trapezium A, D, E, B, ! being inferibed in a circle, the 
oppoftte fdes meeting in O and c, and the diagonals in C; it* 
well known that a : b :: AH : BH, the fame ratio as when die 
point C is within the circle, • • ■* 

It is obvious from this analyfis that the given points may bt 
either within or without the given circle, or one ol them withir 
and the other without. For if OH meet ED in h, it is evident* 
from comparing the abovd proportions, that 

DF‘ : GE* CF x Dh : CG x EA, 

DF* : BG* ::TF X CD : CG x CB, 

and AF 1 : GE* :: CF x CE : CG x CA. 

When the points Atand B are at the fame di (lance from 

centre, the line EDc will be parallel to AB, and in this cafe thi 
point C only, can fatisfy the conditions ol the propefition. 

The compofition is fo evident from the analyfis that its irJ 
fertion here is u mice diary. s 

. ’ t: . 1 

El men us is requejled to fend to Mr. Glendimnino s fot 
the Medal for fording the Prize Quefion. > 
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NOTICES 

RELATING TO MATHEMATICS. 


I. Death of the Bishop of St. Asaph. 

Since the publication of our lad number, the Mathematical 
Sciences have loft an able and zealous cultivator, by the death 
of Dr. Samuel Horfley, Bilhop of St. Afaph. Ttiis venerable . 
prelate is well known to the world, as the author of various 
works, which have, no doubt, contributed greatly to the interells 
of learning as well as of religion and morali y, but it is only 
of his mathematical writings that we can with propriety fprak 
in this place. In 1769, he publifhed a Reftoration of the Treattji 
of Intimations of Apollonius. Our readers no doubt know, that 
the original has long been loft. The hillorian ol the mathematics, 
Montutla, has bellowed great commendation on this work ; 
he fays, that the treatife of the illuftrious ancient has been re- 
ftored “ in the pure ftyle, and with the peculiar elegance of the 
ancient geometry. It is probable, that, could Apollonius return 
again to the world he would not difavow it." Dr. Horfley gave 
to the world, in 1779, an elegant and complete edition of the 
writings of the immoital Newton, in five volumes quarto. He 
dedicated this work to the King, and illuftrated it by a commen- 
tary. In 1801, the Bilhop publilhed an octavo volume, in En- 
glilh, entitled “ Elementary Treatifes, on the Fundamental Prin- 
ciples of Praftical Ma hematics, lor the ufe of Students. 
Although publilhed firlt, this is the lall in order of three volumes 
of Elementary Geometry, which hefent forth from theClarendou 
Prefs. The oilier two volumes are in Latin, the firlf contains 
the twelve books of Euclid's Elements ; and the second, Euclid’s 
Data; A book on the Propeities of the Sphere ; Archimedes ou 
the Dimenfions of the Circle; and Dr. Keil's Treatife on the 
Nature and Ufe of Logarithms. In 1805, he publifhed a critical 
Elfay on Virgil’s two feafons ol Honey, and his feafon for sowing 
Wheat, with a new and c* mprehenhvc Method of inveftigating 
the rilings and fetungs of the fixed Stars. This was the lall woik 
he publifhed relating to mathematics. He died in the 69th year* 
of ius age. 

II. 
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It. Mathematical Works in the Press. 

Mr. Wallace of the R. AT. College, will , in the courfe of tht 
tvinter, publijh ajhort Treatife on the Conic Sefhons. 

A Second Edition of the fir ft volume of a Courfe of Mathematics, 
iefig ned for the ufe of the Officers and Cadets, of the Royal Military 
College by Ifaac Dalby, Profcffor of Mathematics in the Jaw 
College, will foon be publified. 


III. Mathematical Works lately Published. 

A Treatife on Plane and Spherical Trigonometry, with their 
tnofl ufeful praElical applications. By John Bonnycaftle. 

A Treatife on the Teeth of Wheels, Pinions , (Ac. demonf rating 
the bejl forms which can be given them for the various purpofes 
of machinery, fuch as Clock-work, Cite. from the French of M. 
Camus. 

A complete called ion of Tables for Navigation, and Nautical 
AJlronomy ; with ft mple, concife, and accurate methods for all the 
calculations ufejul at Sea, By I. de Mendoza Rios, Esq. F. R. S. 


IV. French Books lately Imported. 

Traile 1 de Qeodefte, on Expofttion des methodes Aflronomitjues 
et Tngonometrajues Apphquees foit a la meftire de la Terre, 
foil a la confection du Canevas de Carles et des Plans. Par L. 
PuifTant, 410. A Paris, 1805. 

Traile' Elemenlaire D’Ajlronomie Phyfique. Par. I. B. Biot. 
2 vols. 8vo. 

Supplement au dixieme Livre du Traitd de Mecanique Celeste 
fur L’ Action Capillaire. 4to. p p. 65. 

lemons fur le Calcul dos Fontlions, Nouvelle Edition, revue 
corrigee ei augmentee par l’ Auteur. (I. L. Lagrange.,) 8 vo.A Paris , 
1806. 

Note. This work is intended to ferve as a Commentary and 
a Supplement to the firjl part of la Theorie des Fonftions 
Analvtiques, publified in 1796. It may be proper to obferve 
that the work which we have here noticed was alfo pubhfhed in 
1803 , as the 12th Cahicr of Journal de L’Ecole Polytcchmque. 
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ARTICLE II. 


Solutions to Quejlions propofed in Number V. 


I. QUESTION 151, by Pappus. 

Given the length of a circular arc, to find the length of the 
chord connecting its extremities, fo that the area of the included 
fegment may be the grcateft pofiible ? 


First Solution, by Mr. W. Wallace, R. M. College. 

As the area of the fegment and the circular arch are each bi- 
refled by the diameter, it is evident that an anfwer to this quef- 
tion, and others of the fame nature, may be eafily derived from 
the folution of the followiig Hill more general problem. 

Let ade 'fig. 47, pi. 3,) be a curve of any kind whatever, 
given in fpecies, and having a given pofition with refpect to a 
ilraighi line ac , to which it is referred as an axis; let ADE (fig. 
48, pi. 3,) be another curve fimilar to ade, and AC its axis, 
and let the fpaces contained between the curves and their axes 
be fimilar to one another. It is required to determine the co- 
ordinates AB, BD of AD an arch of the latter curve, when 
that arch is of a given magnitude, and the area ABD contained 
by the co-ordinates, and the arch is a maximum. 

Let ihe arch ad of the curve ade be fimilar to the arch AD, 
and let ab, bd be its co-ordinates. Put ab —x, bd -z y, the arch 
ad — z, the given arch AD=a, the area ABD v; tnen, it wc 
confide! that Jxy — area abd, we have from fimilar figures. 


&c. 

\=o; 

from 


z % : a’ : : Jxy : V{ 

a'fiy 

hence v — -~r- a maximum, 

1 

and, confequently, taking the fluxions, 

i a’5 i r- 
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from which we have this general formula, 


■>* 


rz = t x 2 

J x 

which is applicable, whatever be the nature of the curve. 

If we fuppofe that ADE is a circle, as in the queftion, then 
ade being alfo a circle, let us fuppofe its railius unity, and put 
9 for the arch ad; then z = 9, x — t — cof. 9, y = fm. 9, 

£ — <p, x — 9 fin. 9, and ijxy — 9 — cof. 9 fin. if; hence the ge- 
neral formula yz~— x 2 Jiy becomes in this particular cafe, 

9 X fin. 9 = x (P — c °f- ? ?)> 

from which we get, 

9(1 — fin.* 9) — cof. 9 fin. 9 = 0, 

that is, 

cof. 9 (9 cof. 9 — fin. 9) = o. 

Now there are juft two ways in which wc can fiitisfy this 
equation; we muft put cof. 9 =0, or wc mull put 9 cof. © 
— fin. 9 = 0, which laft equation is equivalent to 9 — tan. 9 
o. If we put cof. 9 = o, then we have 9 = 90° ; and as 
to the equation 9 — tan. 9 = 0, it is evidently impoflible, fo 
long as 9 is lefs than two right angles, as it muft be by the na- 
ture of the queftion; therefore 9 can only be a right angle, 
and the circular fegincnt a femicircle, and this is the anfwer to 
the queftion. 

For a fecond example, let us fuppofe the curve ADE, or 
the curve ade, to be a femi-parabola, and ac its axis. Suppofe 
the parameter to be unity ; then, becaufe from the nature of the 

i= =* a/( 1 + £)• wc have J = V / (‘ + £)• 

and becaufe 2 fxy — %xy, the general formula gives in this cafe 

y = i*y* + 


curve z : 


and 


( 1 + T~x) ^(4 **+>*)• 


Now if dt be drawn touching the curve, and meeting the 
axis in d, it is evident, from the nature of the curve, that the 
tangent dt is equal to y/(4x , +y*); therefore in the cafe of the 
parabola the arch ad — \ tangent dt. And fince the fame muft 
be true of the curve ADE, if DT be drawn touching it and 
meeting the axis in T, we muft alfo have AD = 7 DT ; and 
fince AD is by bypothefis given, therefore DT is given. 

Put 
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Put 9 for the angle T, and p for the parameter; then, from 
the nature of the curve. 


arch AD 


2 tangent DT =/> x cot. 9 cofec. 9 » 

=— ^cot 9 cofec. p + liyp. l°g- (cot. 9-+- cofec. 9)| 


From thefe equations, and becaufe arch AD = -J tangent DT, 
we find 


cot .9 cofec. 9=3 hyp. log. (cot. 9 + cofec. 9>; 
hence the angle 9 may he eafilv determined by the Trigonome- 
trical Tables, and the method of Trial and Error. Now the 
angle 9, and the line DT being known, the parameter of the 
parabola, and every thing elfe required, may be readily found. 


Second Solution, by Mr, Ivory, R. M. College. 

Let a denote the given length of the arc, and let s denote the 
areaof the coirefpondingfegment when that area is a maximum, or 
greater than the area correfponding to an arc of equal length in 
any other circle. Let z denote the area of the fegment, that is 
ftmilar to the fegment s, in a circle deferibed with any affirmed 
radius (as with the radius 1), and let a be the length of the cor- 
refponding arch : then becaufe the fegments s and z are fimilar, 
therefore, as s is to z, fo is a 2 to a 2 ; and confequently, 
t , 

J = -XA 
a 

Let n denote half the circumference, whofe radius is unity; 
then, fuppofing u to be lefs than ir, z — , and 2 s zzs 

becaufe an arc is lefs than its tangent, therefore 

u v 


2 Sr..— 

a: and 2 fin. -> a cof. — ; and 2 fin. — cof. — , or 

r u 2 2 a a 

cof. - 
2 

fin. a, *> a cof.’-^-; and a fin.* — > a — fin. a. But the tan- 
a 2 

u u 

cof. — 2 cof. — 

gent of the arc is — — ; therefore >*■—», 


sin. 


u 

sin. - 
u 


Ie 


Therefore 
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*eof.£ 

Therefore u fin.* - x > (it — u) X (“ — fin. a), that 

8 fin. ! 

a 

is, u y fin. - x 2 cof. or u fin. u, > ar « — u* — sr fin. 
a a 

u -+- u fin. u ; and adding u 1 - u fin. u to the unequal quantities, 
tt*> it x (u — fin. a): Therefore when a is less than v, then 


as 


(= 


ir (u — fin. «) 


a’\ . 

w ,s 


lefs than — . 

w 


And, if a be fuppofed greater than rr, then z — - ^ n ' U , and 


ts = 


tr (a + fin. »■> a* 


Let a m t -J- a», then, fin. u = 


fin. to, and 2X = 


(w + a ») 1 
fin. to < % + 2 w, therefore 2X < 


fin. to) a* , , , 

- x — : but ir + tv ~h 
n * 


£■ IV U » y 

—7- X • I^OW 

( n -J- to j it 


«r («■+ 2 a») is lefs than (* -4- to * — it (ir ■+■ 210) 4 - w 1 ; there- 
foie when u is greater than v, 25 is lefs than — . 


But when u —1 r, then 2x = — ; and it has been (hewn that 

7 T 


ts is lefs than — , both when u is lefs than it, and when it is 

TT 

greater than ar : Therefore s is greateft of all when u is = a fe- 
micircle. But the fegment s is fimilar to the fegment 1 ; there- 
fore of all the circular fegments, that have the fame length of 
arc, the femicircle is the greateft. 


Scholium. 

This curious propofition is taken from the 5th Book of the 
Mathematical Cohesions of Pappus (Prop. 10 1, and we hav$ 
done little more than tranflate the geometrical demonftra ion 
given there into algebraic language. The demonftration is the 
more worthy of notice that it is founded on a principle which, 
although it remained fieri! in the hands of the ancient geometri- 
cians, became fertile in confequences on the difeovery of the 
modern methods of Maxima and Minima. If u and a denote 

fimilar 
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fimilar ires of two fitnilar curvet, and z and s be the correfpon- 
dent areas, then becaufethe fame reafoning that is applied to fi- 
milar fegments of circles in the foregoing demonftration will 
equally hold of any fimilar portions of fimilar curves, therefore 

*= X a’. If now, the arch a, be fuppofed to be invari- 
able, or of a given length, then it is manifeft that the area t will 
be a maximum when is a maximum, that is by taking flux- 


ions, when u x dz — 2Z X du — o. Let x be the abcifs and 
y the teftangular co-ordinate of the area z, then dz = ydx, and 


du — dr. 


✓(•-0 


: therefore, by 


fubstitution, u = 


/(■-£) 

- X *fydx. Therefore, “ jf in any curve what- 
ever an arch u be taken fo as to fatisfy the equation u = 

/(. + g) 

■ 1 — * *fydx, and if another curve be found fimi- 


lar to the propofed curve, fuch, that the arch of the fe- 
cond curve, which is fimilar to the arch u of the firft 
curve lhall be of a given length a : then the area of the 
lccond curve that corrt fponds to the arch a will be a maxi- 
mum that is, it will be g. eater than the areathat coriefponds to 
an arch of the given length a in any other curve similar to the 
propofed curve.” 

In applying this genefal folution to the problem of Pappus it 
is to be remarked that z and u are here fuppofed to denote’the 
halves of which they were made to Hand for in the demonftration 
above, that is, u denotes halt the length of the arch of the re- 
quired fegment, and z denotes half the area of it : then y — (ip. 

*• * = ‘ - cof - *• “ d V (‘ + 7?h ■/ (* + JE&) 


therefore the formula gives u = 


i 

im. u 

Hence u fin . 1 u — zfdu x fin . 1 u 
= a — 4 fin. 2 u : -nd u cof. ’ u 


X tin. J u 


fin.‘ u 

- fdu — /du X cof. su 
~T. ” . .* ■ ■■■ *“ ‘ " u “ " vu ‘* “ = i fin. 2 w, an equation 
which ,t is eafy to prove can not take place unlefs when cof 

u, and fin. 2ir are both — o, that ts when u is a quadrant, and 
the whole fegment is a femi -circle. 


If 


Digitized by Googl 



( 7 <* ) 


If the propofed curve be a parabola, whole equation is $px 


— then the formula gives u = 


SUp'+y') 


yy/'AP*- 


but b== ™-L 3 


yy/f4 p a 
4 /> 


1 y’ 

X — X — 

3 P 

■ p X log. 


^ (Simpfon's fluxions, vol. i , page 162) ; there- 
fore, by fubflitution, we get p x log. V ^ 

« — y y/ '^P ^ J. which equation defines the portion of die 


1 2 p 

curve on which the maximum depends in the cafe of the para- 
bola. 

But the principle on which the demonflration of Pappus is 
founded, admits of much more extenfive application tlian to 
the folution of the particular problem we have been conlider- 
ing. For il J (x, y), and F (x, y) denote any funtlions what- 
ever of the co-ordinates of a curve, and it ii be required 
to determine a curve fimilar to the propofed curve, fuch 
that J (x, y) (hall be a maximum or minimum, when F (x, y) is 
of a given magnitude : then we may refolve this very general 
problem by rcafoning in the fame manner as is done above. 
JLet x‘ and y denote the co-ordinates of the curve to be found 
that are fimilar to the co-ordinates x and y of the propofed curve, 
and let m denote the dimenfions of the function J (x, y). (The 
nature of fuch queftions requires that the functions f (x,y) and 
F (x, y) be homogeneous when the dimenfions of the co-ordjnates 
and the parameters, or conftant lines that depend on the curve, 
are reckoned', and let n denote the dimenfions of the function 
F (x,y) : then becaufe x, y, and x', yarc fimilar co-ordinates of 
fimilar curves, by reducing the iunflions to homogeneous di- 
menfions, we (hall get 

^ : | F (*»>) J" ” j >, V) : j 1 ' - 

f{*,y) il. 

{ F {*•./) j * 

I F (x, v) | B 

and bccaufe F (x‘, y) is to be of a given magnitude, therefore 


whence 


J u’.r) 


J (*', y) will be a maximum or minimum, when. 


Jh ’1 

{ F (*.y){ 


IS 
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is a maximum or minimum. And thus the problem is made t® 
depend on a cafe that comes under the common method of maxima 
and minima. 

For the fake of illustration let the following problem be pro- 
pofed : Let A (fig. 49, pi. 3,) be a given point in a given 

horizontal line AD, and BC a line given by pofition in the fame 
vertical plane ; it is required to determine a cycloid, that fhall 
pafs through A and have its bafe in the line AD, fuch, that a 
heavy body (hall defcend fioni the point A to the line BC, iti 
that cycloid, in a lefs time than in any other cycloid palling 
through the point A and having its bafe in the line AD. 

Let AD be half the bafe of the cycloid to be determined, 
and DE the diameter of its generating circle : Let PQR (fig- 
50, pi. 3, j be the femi-cycloid of which the radius of the 
generating circle is 1, and let PL be the like arch of the femi- 
cycloid PR, that AC is of the femi-cycloid AE, and draw the 
line LM fimilarly to the line CB : draw LN, LK parallel to 
QR and PQ, and let LK cut the generating circle in H: let 
* = the femi-circuniference QHR, <f = arch QH, and 
T = the whole time of defceut in the femi-cycloid PLR : 

then the time of defcent in the arch PL tzz; -txT: and the 


time of defcent in the arch AC, Similar to the arch PL, 
st-xTx : b ut becaufe the lines BC and ML 

r. /(QR) 

DE AB 

cut the two cycloids similarly, therefore thcre- 


PM* 


fore the time of defcent in the arch AC = -xT X 77^7-, 

* V (nvll 

which will be a minimum when - >i f n -TT, or — »* * 

/(PM) /(PM) 

minimum, all the other quantities being con 11 ant. 

I hardly need to remark that ^ * s what the general 

f (x y) • 

lormula ' becomes in the particular cafe under con- 


fideration. 


Let the cotangent of the angle ABC, or PML, he ■ — r • 
then NL 5: QK = 1 — • cof. p ; and MN = c xNLrc — c 

X cof. 


Digitized by Google 



f 7 * ) 


X cof. p : alfo, from the nature of the cycloid PN — arch 
QH — KH — p — fin. 1 p : 

therefore PM — PN -f- NM = p — fin. tp + c — c X c of. p. 


Therefore = 


P 


V^^PM) v'C? — fin. <p-(- c— c X cof. p)’ 


which 


expreflion is to be a minimum. By taking fluxions, dividing 
by dp, and throwing away the denominator, there refulti, 

P> — fin.?)-f c — c x cof.tp — J X <p(i— cof.if + cxfin.9)=o. 

Hence ipx | 1 +cof.ip— cxfin.tp £ =2^ fin .?)— cx (1— cof.ip) ( : 


but 1 


cof. p — 


fin.’ p 


1 1 cof —’ l ^ ere f ore > hy fubflitution, 
<px(i+cof. p) x | lj-cof.? — cx fin.$>^ — 2 fin.ipx ^ i+cof. 
p — c X fin. p ^ an equation that cannot take place unlefs 


1 + cof. p — c X fin. p. Now KR z: 1 -f- cof. p and KH = 
fin. p, therefore c is the tangent of the angle QRH, and thus we 
conclude that the chord QH is parallel to LM, and that PM zz 
arc QH, and QM z: arch HR z: HL. Hence this conflruction, 
“ Make the angle PQH = the angle ABC, and as arch QH 
to arch HR fo make AB to BD ; then AD will be the bafe of 
the femi-cycloid required.” 

James Bernoulli feems to be the firft that, in modern times, 
obferved the importance of this principle, drawn from the coin- 
parifon of fimilar curves, in the folution of problems relating 
to maxima and minima. He took the occasion of his difeovery 
to propofe many problems, relating to circles, parabolas, and 
cycloids, to his brother John Bernoulli and other rival mathe- 
maticians ; always taking care to choofe fuch inftances as could 
be enunciated without any mention of the fimilarity of the curves 
under confideration, that he might not betray the fource whence 
he drew his folutions (his words are, ne Fundamentum folutionis 
nimis aperte darem). 


II. QUESTION 152, by Hermodorus. 
To inferibe seven equal circles in a given circle? 


Solution, by Mr. John Cavill, Bdghton. 

Divide the circumference of the given circle into fix equal 
parts in the points A,B,C,D, E and F, (fig. 51, pi. 3,) ; then the 

lines 
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lines AD, BE, and CF which join theoppofite points of divifion; 
will pafs through G, the centre of the circle. With a diftance 
equal to a third part of the given radius and centre G, defcibe 
a circle to interfefl the three diameters in the points a , b, c, d, 
e,f ; then this w'll be one of the infc ibrd circles, and A < 2 , BA, 
Cc, D J, Ee, F f, will be the diameters of the fix other cir- 
cles. 

For since the radius of each of the infcribed circles is a third 
part of the radius of the given circle, thofe circles mull be rqual, 
and the exterior and interiot circles will evidently touch (he 
other fix ; we have therefore only to prove that the circles de- 
ferred on A a, B b, Cc, &c. touch each other. 

Let m and n be the centres of any two contiguous circles, 
and join mn ; then fince AB is a fixih part of the circumference, 
the chord AB is equal to the radius AG or GB, and therefore, 
mn is equal to m G or nG, that is mn is equal to met 4- nb, or to 
the fum of the radii of the circles deferibed on the diam-ters A a, 
BA; and, therefore, tbefe circles touch each other in the middle 
of the line mn. And it is proved in the fame manner, that the 
remaining circles touch each other; and, therefore, feven equal 
circles are infcribed in the given circle as required. 

Solutions were alfo received from Alejfrs. Swale and Toplis. 


111. QUESTION 153 , by Centrobaricos. 

The radius of the greater end of the frullum of a paraboloid 
being R, that of its lels end r, and the height of the fruflum k ; 
it is required to give a neat expreffion for the pofuion of its cen- 
tre of gravity ? 


First Solution, by the Rev. John Toplis, Arnold, A r otts. 

Imagine the frustum of the paraboloid to he completed, and 
let a denote the part of the axis intercepted between die end (or 
ordinate) R and the vertex ; alfo let x denote the ihickm fs of the 
fruftum from the end R, the pofuion of whofe centre ot gravity is 
required. Then by the properties of the parabola and centre of 
gravity, 

/**(*-*) _ iax * _ t,» _ ga ar — x* 

J'x(a—x) **-{*> 6a ~ 3 * 

will exprefs the di (lance of the centre of gravity from the end R, 
meaiured along the axis. 

Vol. II. Part 1 . K Again 
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/ 


R* x 

Again by the property of the parabola, a — - t , and by 

means of this equation, extermina’ing a from the preceding ex- 
prefhon for the diflance of the centre of gravity from the end R, 

gax — 2** _ 3R’x’ ~|R* — r ! ) — 2* 1 x 

*6 a — 3* — 6 R 1 x -f- (R 1 — r*) — 3* 3 (R 1 + 

and writing k for * the expreffion will be which 

is what was required. 


Second Solution, by Mr. Johnson, Birmingham . 


LetBDCH (fig. 52. pi. 3.) be thegiven frullum, A the vertex, 
andAIPthc axisof (he paraboloid when completed. Put PH— R, 
IC zz r, IP =zz A, n zz '78539, & c. and AI — x. Take El 
zz -y AI and PF — -j- AP; then EF — y IP — yA, and E is the 
the centre of gravity of the conoid ADC, and F the centre of 
gravit\ of the conoid BAH. 

Let G be the required centre of gravity of the frullum BDC H ; 
then becaufe the (olid is fymmetrical to the axis IP, the point G 
mull be in that axis: and by the nature ot the centre of gravity, 
EF zz yA : FG :: the folidity of the frullum BDCH zz: <ir.k 
( R* -f- r 1 ) : the folidity of the conoid ADC zz 2«xr a ; therefore 

FG zz f X (j^rqp-p). and IG zz yA — 7 x ■+• y* (r»-*- r ») 


, \h (R* -hr’) — { x (R a r a ) j> 

~ T i R*+V S' 

But by the property of the parabola x : x -l- h :: r a : R a , or 

h x • 

x zz — -p j ; this value of x being fubftituted in the expref- 


fion for IG, we have - X 
3 


( aR * + r '\ 
' K ’ -I- r a > 


for the dillance of 


the centre of gravity, from the lefs end of the frullum. 


Mr. Whitley alfo anfwered it. 


IV. QUESTION 154, by Diophantus. 

Find a trapezium which can be infcribed in a circle, fuch, 
that its Tides and area may be exprefled by whole numbers ? 

Solution, 
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Solution, by Mr. Cunliffe, R. M. College / 

Let v, x, y and z denote the (Lies of the trapezium that can be 
inferibed in a circle; then by a known theorem (w + r + y — z) 
(v-i- r ~h z — y) (n + V 4* z — *) (#4-y4 z — it) will ex-, 
prefs 16 times the fquare of its area, which mud there- 
fore be a fquare number, bccaufe 16 is a fquare number. 


Put v -f j-f-y — z — — , v ■+■ x + z — y = — , v 4 * y + z — x 
n m 

— j, and jr -t- y 4 - z — v = S -~ ; half the fum of the four equa- 


tions is 

» + * 4- y + z = 


a(m 3 • +• «’) b(r 7 ■+■ s’) 

2 mn a rs 


Again taking half the difference between this exprefEon and 
each of the affumed equations 

_a x (»* — m') ^X(r*4-f f ) _ ax(m* — n*) / >x(r a -f-r’) > 

qmn 4 rs ’ * 4 mn 4 rs ’ 

aX(m J 4 -n*) bxls^—r 1 ) <jx(w* 4 -»*) , bx(r* — s*) 

* = {■ v — -4 1 • 

\mn 4 rs \mn 4 rs 

If it is defired to have expreflions for the Tides in whole num- 
bers thefe may be had by taking a — 4 mn and b — 4r,r, and then 
*=«’+/■ x=ni l +n*-t-s*— r 1 , »«m , +»+r*— 

where m, n, r and s may be taken at pleafure. 

Take m — 5, n — 4, r — g, and « = 2 ; then z zzz 4, y — 22, 
x — 36, and v — 46, but each of thefe is divifible by 2 ; there- 
fore we may take z zz 2, y ~ 11, * = 18, v = 23, which are the 
numerical values of four Tides of a trapezium that may be in- 
ferred in a circle and have its area exprefliblc by rational whole 
numbers. 


Ingenious /elutions were alfo rec'ived from. Mejfn. Swale and 
Wi.itl y. 


V. QUESTION 1,55, b Mr . J. Johnson. 

In a given fpherical triangle, it is required to inferibe another, 
fo that its perimeter may be the leaft poilible ? 


First Solution, by Mr. Wallace. 

Let ABC (tig. 53, pi. 3,) be the giver, triangle, and fuppofe 
POR to be the required inferibed triangle. Now if thefe in- 

K 2 flead 
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Head of being fphcrical, were plane, it is eafy to fee by a veil 
known mode of rcafoning that any two (ides, as PR. QR o( the 
inferibed tiianglc mull make equal angles PRB, QRC at the 
point in which they meet BC a fide of the rircumferibed 
triangle; and in like manner it may be (hewn that the fame 
mull be true when the triangles are fpherical. Produce RP, 
HQ. and from A draw Ad, Ac. arches of great circles perpen- 
dicular to RP, RQ, and Af perpendicular to PQ : Then, bc- 
caufe the angle APO, or AP/hs equal to RPB, that is to AP d, 
it follows that the arch Af is equal to the arch Ad ; and in like 
manner it appears that the arch Ac is equal to Af\ thus the 
arches Ad, Ac are equal. Therefore, if a great circle 
be drawn through A and R, the angle ARi/ is equal 
to ARf ; but the angle PRB has been found equal to 
QRC, therefore the angle ARB is equal to ARC, that is, AR 
is perpendicular to BC. In the very fame way it may be fhewn 
that the points P and Q are determined by drawing arches of 
great circles from B and C 'the remaining angles of the given 
triangle) perpendicular to the oppoftte fides AB, AC ; hence 
the folution ol the queflion is manifeft. 

Second Solution, ly Mr. Johnson, the Propofcr. 

Let PQR (fig. 34, pi. 3.) be a triangle inferibed in the given 
fpherical triangle ACB, and having its perimeter the leaf! 
pofliblc. Then, by reafoning, as in the folution to quel! ion 1 20, 
it will appear that the perimeter of the inferibed tiiangle is a 
minimum, when the angle CQR is eaual to the angle AQP, 
the angle APQ equal to the angle BPR, and the angle BRI* 
equal to the angle CRQ. 

To determine the pofition of the points P, Q, R, let the arc 
CP be drawn to meet QR in I ; then the angles CQP, CRP, 
being the fupplemcnts of the angles CQR, CRQ, we have by 
trigonometry 

fin CO : fin CP : ; fin CPQ : fin PQC = fin CQI 

fin I(T : fin CQ:: fin CQI : fin CIO 

therefore fin IC : fin CP :: fin CPQ : fin CIQ. 

It is fhewn in the fame manner 

that fin IC : fin CP : : fin CPR : fin CIR 
therefore fin CPQ : fin CIQ :: fin CPR : fin CIR; 
but fin CIO — fin CIR, therefore fin CPQ = fin CPR, or 
the angle QPC is equal to the angle CPR ; but the angles APQ, 
BPR are alfo equal, therefoie the angle APC is equal to the angle 
BPC, or CP is perpendicular to AB. In bice manner it is 
proved that the arc AR is perpendicular to CB, and the arc BQ 
per lend cular to AC, therefore the points P, Q, R are found by 
thawing perpendiculars from the angular points A, C, B to th^ 
oppoliie Udes. VI. QUESTION’ 
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VI. QUESTION 156, by Limenus. 

If a ftraight line be drawn to meet the four Tides of a trapezium 
in a, b, c, d, and the two diagonals in m and n ; then will ab be 
to cd as am x nb to cm x nd. Required the demon il ration ? 


Solution, by Amicus. 

Fig. 55, pi. 3. Through one of the angular points of the tra- 
pezium, as C, draw a ftraight line parallel to abed, meeting the 
fides AB, AC in Q and I, and the diagonal BD in P» 

Then by reafon of the parallels 

ab : QC :: bn : CP 

Cl : cd :: CP : nd 

QC : Cl : : am. : me ; 

therefore by compofition of ratios 

ab : cd : : am' bn : mend. 


VII. QUESTION 157, by J. W. Leeds. 

Let A be a given point in the periphery of a given circle, let 
any chord AC be drawn, and divided in the point E, so that the 
rectangle AC x CE (hall be equal to a given lpace; it is required 
to determine the equation and quadrature of the locus of the point 
E? 


Solution, by Mr. Swale. 


Let AB (fig. 56, pi. 3,) be the diameter of the circle, and 
take the point Q fuch, that AB-BQ may be equal to the given 
rectangle AC-CE; draw EP perpendicular to AB and join BC. 
Put AB = a, BO = b, AQ = c, any abfeiffa QP ~ a, and 
the correfponding ordinate PE — y. 

Then AE = i/i (e — x ) 7 + y* | and by fimilar triangles 


AE : AP : : AB : AC = ^ r ; and 

AC-CE = AC 1 — AC-AE = AC* — AB-AP = ab ; 

CL 1 (c X ) 3 

therefore 1 t ■ t — a (c — =: ab; and by reduction we 

X 1 

have 
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have y — ± [e — x) the equation of the curve. 

When y is = to o, then x is either z= to o, or to c ; there- 
fore the curve pafles through the points Q, A ; and if the 
ordinates be taken on the other fide of AQ the curve will again 
pafs through A, therefore A is a punflum duplix Again, if jc be 
greater than c, or P be on BA produced to the left of A, then 7 

is = ± (x — c) , where, if x is equal to a, then 


y is infinite, which (hews that if QK be taken — to a, then 
SKS drawn perpendicular to BK will be an afymptote to the 
curve. 

When the point Q is between the points A, B, or the given 
rectangle is lefs than the fquare of the diameter, the curve has a 
nodus between A and B. 

But when the points A and Q coincide, or the given reEt- 
angle is equal to the fquare of the diameter, then c = o, and 



which is an equation to the ciffoid of the 


ancients. In this cafe the nodus vanifhes, and the curve has a 
cuspis at A, the two arcs of the curve touching one another in 
that point. 

If the point Q’ be on the left of A. or the given reElangle 
be greater than the fquare of the diameter, than y is = J; 

( c + *) , in which equation, if jg is = o, then x i* 


alfo — z o ; and if x is n a, then y is infiite, therefore the 
curve pafles through Q', and taking Q' K' n a, a line drawn 
through K'perpcndicularto AK' will bean afymptoteto the curve, 
and the nodus will in this cafe become a conjugate point at A. 

Lallly, if we fuppofe the point Q" to be on the right of the 
j nut B, then the given reElangle may be either equal to, or great- 
.1 or lefs than the fquare of the diameter, and the general equa- 


tion of the curve will be^ = + (c— r) ^ , where y is no 


far — c, and y infinite when a — ar; hence the curve pafles 
hroitgh Q", and if AK" be = BQ", the line S'' K" S" perpen- 
liculrr to AQ will be an afymptote to the curve. 

To find the area we have 


> x 


* — * \ c x) \/ -^ 


y/ (<W — X *) y/ (ax — X 1 ) 


Now 
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Now 


■h 


CX X 


r—rr -t. is — c (z — w), where 2 is the circular arc 

t/ [ax — jr) ‘ 

to radius 'a and verfed fine x, and w — y/ < ax — a*). Alfo 

f ~7 — i f — 1 \ xw - i az — 

J y/ ax — a’) J y/ ax — a’> 4 1 ' 

w, and fyt — (c — 2 -f- ( £ a + { x — clai- (when x — c) 

to (c — -Ja i r r $a — tc) y/ K ac — c 1 ) =. to the whole area of 
the femi-nodub A EQ. 

Again, the fluxion of the area Aeb is — 

r y/ (ax— x % ) 

3- and fyi = ( — c) z - 4 - (\x — $a ~ c\ zo 


cxx 


^ (ax — x *) 


which ought to vanifh when x — c, but it is then — (-^a — c) z* 
— l-}a + lc' w 1 , where z 1 is the circular arc whofe radius is i a, 
and verfed fine c, and to' — y/ (ac — c*' ; wherefore t lie correct 
fluent is t $a — c) (2 — z‘) + — a' 7 — c 10 — { -Jn -f— c '• iu' 

zzz I when x — a) to (£a — c) (z — z'< (c — u> 

(ia-f- j c) w the area of the fpace contained between the curve 
and the afymptote. 


Ingenious folutions were likewife received from Mejfrs. Cavil!, 
Nicholfon, Toplis, aW Whitley. 


VIII. QUESTION 158, by Juvenjs. 

Given 2xx — 3yd — toy — ixy, to find the equation of the 
fluents ? 


First Solution, by the propofer, Juvenjs. 

In the given equation fubrtitute u -f- 2 for a, and v -h £ for y, 
(whirh values are found by M iDA .t Acnesi’s Analytical In- 
Jhtutions, Book'iv, Seth ii, Art. 22,' and we (hall have 

(aa 4-4 — 30 — 4) X u = (10 — gu - 10) x v, 

that is, 2 uu — 31 iu — — guv, or 2 uu =z 311K — guv. 

Now this equation is of the form of one of thofe treated of in 
Art. 7, Se£l. i, of the atorefaid book, and may be folved as 
follows ; 

Firft change the figns, and it becomes 

— 22 tu — guv — 301/. 

Secondly, 
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Secondly, multiply it by iT T , and there will be 


— 2tia T 


— £VU 4 — 3 VUU 


Thirdly, divide this equation by 2.5» T , and we (hall have 
— &uu ^ svu* — 3 vuu T 

“ 5 " ~T 

from which the correct equation of the fluent* is evidently 

C U T V i 

= — r , or, yu 5 — u — v. 

6 5 uV 

And by reftoring the values of x and y, this equation be- 
comes 

5 C X (r — 2)* — x + 2 = y — ; 


that is, 5c x (x — 2) 4 — x ~h j° = y, the equation required. 
Remark. If c be put = o, the locus of the equation will be 
a line of the firft order, that is a right line ; if c be any conflant 
quantity, the locus of the equation will be a line of the fi th 
order. T his is a remarkable inflanceof the truth of wha> Madam 
Agnrft has faid in her Anal. Jnjht. Book, iv, Sect, ii, Art. 13. 


Second Solution, by ■ — . 

To prepare the fluxional equation for a folution, let it be put 
under this form 

w . y _ 

JO — 5X ' X 10 — 5*' 

this is evidently a particular cafe of the more genera] equation 
Ay + 4 = X, 

X 

where A and X denote any funftions whatever of the variable 
quantity x. Writers on Analyfis have employed different arti- 
fices to feparatc the variable quantities x andy in this equation. 
The following method, perhaps the moll elegant of any, is given 
by Lagrange in his Theone des Fonctwns Analytique, page 62. 
Let p be fuch a value of y as fatisfies the equation 

+ i = °> 

ft 
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fu that we have Ap + % — o. Suppofe now that y — ap, where 

* X 

a denotes a fun&ion of x to be prcfcntly determined. Then, 

• • 

• • y ap pd 

uking the fluxions, we have y — ap -f -pa and 4 = v- + *jr“* 

Let the values of y and ~ be now fubftiiutcd in the equation 
x 

y 

Ay -4- . — X, and it becomes 

a ( a p + i ) + ^ — x - 

But Ap + -£ —O, therefore 4- — X, and a = f — — + C, 
x x r P 

putting c for a conftant quantity. 

• • 

Now from the equation Ap -f- — 0. we have — 

— r Ajc 

At, and p — e y , (where e is the number whofe hyper- 
bolic log. = r). Thus we have upon the whole, 

y — pa — e ~S Ax { + c j i 

which is a general formula applicable whatever he the fun&ipn* 
A and X. 

Now by the queftion A = — 3 X = — — — ; 

1 n to — $x' io — 5* 

therefore — J Ax — | ^ = $■ log (a — *). Hence 

* f Ax — (a — x)^ and e^ At = i ; and f Xicf 

(»-*)* 


A* 


-I- 


ix x 


( 2 

i 

+ (2 — *) .and 


" ,3 

5 (a— x) T 3^s — 

y = e~f h l/X« /A * + c S =f + a-* + c(*—#H. 

Hence the equation of the fluents is 

(y-+- x — y)* - c (2 — x)* = q 
V oi. II. Part I. L tod 
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and here c is put mflead of c 3 , which nukes no difference, as 
t is an aibitrary quantity. 


Third Solution, by Mr . Cunliffe. 

Affume y- A ■+• B* -f v where A, B are conflant quantities, 
and v is a variable quantity to be determined. 

Then the given equation will become 

2 xx — 3 A* — 3Br.tr — 2 > vc — iOV — rx 5 rVm 

n . ioB. 

By equating the like terms — 3A — 101s, or ft _ > 

a — — 2B, or B — — 1 ; and hence A = — ’7° • 

3 

Again, from the equality of the remaining terms of the ex- 
preflion, viz. — 3 v* — io» — 5x6 we get 

t = i X ( 

V 1 2 — X’ 

andtaking the fluents 

hyp. log. v — hyp. log. j d X (2 — x ) y % or v — J ^ X ( 2 x ) j 

Whence y — A + Bx 4 v — V — ^ d y. [ 2 •*) j > 

where d is a necefTary correftion to be determined from the 
circumilances of the problem. 


Fourth Solution, by Hypatia. 

From the propofed equation wc have 

(ax — ay) * — (*° 5*1 ? ~ . . . 

Put x = 2 + v, y = F — z, then x = » and/ - — s, and 

the equation becomes 

(an H- 3ZI v — 5VZ = o, 
which admits of being expreffed thus, 

r,v (o — =) — 3 ( v — z) =; o. 

Hence ^ = o; 

therefore 5 log. {v - z) — 3 log. v = log. c [c a conftant given 
quantity), and (v — z) i — cv 3 _ o, 

thciefore (.r — V y) 1 — c (r — 2) — o 

the equation required, - Fifth 
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Fifth Solution, by Scoticus. 


Let the propofed equation be written thus : 


y + 


1 L 


1XX 


to- {,x to — 5* 

Now it is certain from the principles of the fluxional calculus 
that there is feme fun£lion of x by which if we multiply the ex- 

preflion y -4- — — — x the produft (hall be a complete fluxion ; 
r ' io — 5* 

r r . OXV 

let this funftion be X; therefore Xy + - — - 


x mud be a 


5 * 

complete fluxion. But is known, that when any expredion of 
this form Mx -t- Ny (where M and N denote any functions pf 
*andy'. is a complete fluxion, then the fluxion ol M taken 
upon the fuppofition that y only is variable, and divided by y is 
equal to the fluxion oi N, taken upon the fuppolition that a' only 

qXy 

is variable, and divided by x. In the prefent cafe M = — '■ — - — , 
’ * — 

3* 


M 3 X N X , r 

1 , — ~ , therefore 

ZY x x io 


N = X, hence n 

y io — 3* 


5* 


— , and ^ | . — — — , and X = (2 — x ) therefore 

the propofed equation when prepared for integration is 

(2 — 1) ^ y + i (2— x) 1 y.i = \ix (2 — x) r ; 
and the equation of the fluents is 

(2 — *)~~y — ^ (2 — a)“ J -P- (2 — *) T + c, 

which by proper reduflion becomes 

(2 y 4- 3 r — io) 5 „ 

— - — ~ = a conitant quantity. 

(* — *y 7 


Sixth Solution, by Mr. Ivory. 


Let the equation be brought to this lorm 


S'+J> * i • 



L 2 


affume 
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& iV 

e flume - =■ $ . : And by fubftitution vre get 

v a — x J 6 

• • 

X) X r 

y + y x v = 1 • ^ZTx : An<1 b y multiplying by v, 

£ 

vy + yi = {■ . X v : And by integrating, 

2 _ x 

V Xy— C+fi.-~- x X v. 

Ax — 4. 

Becaufe — = f . , therefore v— (2 — x) s : 

Confequently X u = f\-~r x X (2 — x)~* = 

_* 

. *x X (2 — a:) T = (by fubflituting 2 — (2 — x) for » 

fti'2-xn -J\ * (2 _ = * (» _ «)-* - 4 * (* * — 

Therefore by fubftitution, 

(2 — ar) - ^ X y = C + t ( 2— x)‘* + (2 — Jrj T : 

And, by multiplying by (2 — x)^, we get 

y = C x (2 — *)* 4- 4 -+- 2 — x, 
ory = V — x 4- C x (a — 

N. B. If P and Q denote any funflions of x, the equation 
y 4 f* X y = Qx may be integrated by the fubftitution wc 

have made ufe of. For, by putting — = Px, we readily get 

1/ Xyr=C -+-/Qx X tr; where the fluent JQx x v depend* 
only on the variable quantity x. 

Solutions were alfo received from McJJrs. Cavil] and Toplis. 


IX. QUESTION 139, by A. M. 

If from the extremities A and B of the diameter AB of a given 
femicircle ABC, two chords, AC, BD, be drawn interfering 
each other in P, and BD bifeftirg the arc AC in D ; it is re- 
quired to determine the equation and quadrature of the curve 
which is the locus of the point P ? 

Solution, 
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Solution, by Mr. John Whitley. 


Fig. ,57, pi. 3. Let the figure be conllrufted as per queftion : 
Join BC ami draw PM perpendicular to AB. Since the are 
AC is bifefled in D, the angle ABD is equal to the angle DBC ; 
and becaufe the angles BMP, BCP are right angles, therefore 
the triangles PBM, PBC ate fttniUr and in all refpeas equal. 
Hence PM = PC and BM =2 BC. By (imilat triangles 
AB : BM = BC :: AP : PM. Hence if AB be put=rf, 
BM — x and PM zzzy, we have 

d x :: AP = y/^d — x)* +y* J : y 
or, d 1 : x' :: (d — x)* + y* : /; 


therefore + y — x ( ff Z ^ ~ a ) t ^ 1C c< l uat ' on *he curve. 

When + y — o, we have d — x = o, or x = d which 
fhews that the cur' e pafTes through A. When x — o, + y — o; 
therefore B is a punBum duple 1 . 

If a be negative, or M be in AB produced to the left of B, 


then 


+ y — x y/ And hence it appears that 


when .r ■sz: d, the value of y becomes infinite, and confequently 
if BK be taken zz: AB, and XX be drawn perpendicular to 
AK at K, then XX will be an afymptote to the curve. 


The fluxion of the area is yx 
the correft fluent of which is 


dxx + x*x 


d' — d y/(d' — **) + i du ± ^ y/(d* — x Q ), 

where v is a circular arc whofe radius is d and fine x : and 
when x = d, if n =. &c. we fhall have the whole 

area ol the nodur, or that part of the curve within the circle equal 
to id* (1 — n ) : and the area of the part without the circle. 01 
the fpace included by the curve P Be ' and the afymptote XX, 
equal to id 1 (1 -f- n). Hence the whole area of the curve or 
the required quadrature is equal to qd that is, equal to four 
times the fquare of the diameter AB of the given circle. 

This curve is ol the fame Ipecies as thole in queflions lqa 
and 157, and may be couifrutled in various ways; but the fol- 
lowing conflrutlion is pei haps as ftmple as any: Let an in- 

definite tangent QA be drawn to the circle at the point A, and 

from 


Digitized by Google 



( 86 ) 


from B, let any ftraight line BDQ be drawn meeting the circle 
in D and the tangent in Q : from D, along DB, set off DP 
equal to QD, and D will be apoint in the curve. 

Neat Solutions were alfo received from M'Jfrs. Cavil), Nicholfon, 
Swale aWToplis. 


X. QUESTION 160, by Mr. Cuhliffe, R. M College. 
Required the f;im of the infinite feries 


First Solution, by Mr. Wallace. 

Let x 1 " y . — 4 -{-jr + i) (t + t + t) -- + (t + T+T+i ' ~r 

* o 4 0 

— &c. be the expanfion of y, a funflion of a variable quantity 
x : the fum of the propofed feries is evidently the value of y 
correfponding to x 1 ; therefore, to find that fum we mullin- 
vefligatcthc funflion from the above expteffton for its expanfion. 

From the equation 

> = ^ + Vj X ~ — (t + t -f- t] 

by taking the fluxions and dividing by 2.v we have 

K — x — jx 3 -F (7 -+- t) Xi — (| + T 4 - t) * 7 + 

Let the firft term of the feries be tranfpofed to the other 
fide of the equation, and let the whole be multiplied by x‘, 
thus we have 


y± 

2X 


— x 3 


4 -r * 


4- (* + t)* 7 -&c. 


Let each fide of this laft equation be added to the correfpond- 
ing fide of the preceding equation and the relult is 

rt (t 4 - X*) — x* = X — + lx J — ix‘ + &c. 

fix 

Therefore 

a rx’ , 2.V ( x 3 x 1 x 3 n ? 

7 1 4 “ * > 4 - A 1 ( 3 5 7 ) 

Now if <S denote the arch whofe tangent is x, (radius being 

unity) 
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» • • X ^ OC ^ 

unity) then it is known that p — x — — -f- — • + & c. 

3 5 7 

• X 

and ® = — therefore 

1 + x 


e xx 1 


y = , + m — - i -H^ 7 + 2?p 

and taking the fluents, fo that y = o when x = o, ^ — x* 
— hyp. log. (i + x 1 , + p*. 

But when x — i, then p zz ± ir; (here r =: 3*14 *59) there, 
fore the fum of the propofed feries is 1 — h. log. 2 -1- tt 

Scholium. In the fame manner we may find the fum of the 
feries 

,-/iy if*. » ) 1 (* , * , !_")_! i_ 

\mjn \m m + iJn-{-(t \m w-H " r " m + ad 

&c. which may be confidered as the value of this other series 
- in • • - J('‘+ d ) , , , , . J(n + 2d 


V (4 +-U _ (1 + -L. +_i-^ 

?h+(/ tt-i-d »j+i 7«+ j / n 


id 


■ &c. when x is fuppofed — 1. Let y denote the funftion 
which being expanded produces this lail feries, then, proceeding 
in all refpefls as before, we find 




V in- 1 i {f n +2d)-i 

* x X „ 

d ; — 7 : h&C. 


td^ m 1 m i 


m - 4 - 2t 


1 + x 

But the feries in the parcntheGs is the expanfion of 
— dx n dm t px 

J di ’ 

Let this expreflion be denoted by X, then 
r ixX 

y =J~ 


1 + x 


III 


the fluent being fo taken that .v — a when x — o. 


Second Solution, by Mr. Cun liffe, the Propofcr. 

A flume X(* —ax i + bx i —cx 7 +dx i — ex 1 ' -f- &c.) 

= ~ - i?x* 4- |Q* S — JR* 8 4 - t ' 5 Sa» 0 - t^Tx 11 &c. 

taking 


Digitized by Google 



( 8 * ) 


taking the fluxions and dividing by — ? 

x-ax'+bx*-cx’ -j-dfe’&c. = (t-+-x*j x(*-PxM-Q*«-Rx*&c.) 
= x — P* 3 -j- Qx> — R* 3 -+- Sx* — Tx" &c. 

+ ** — Px 3 4- Qx 3 — Rx»4- Sa" &c. 
making the coefficients of the like terms equal to each other, 
P — 1=4 orP = i + Q — P = b, or Q — P -4- £ — 
I -4- a -f- £ ; R — Q = c, or R = Q + c = i + a b -i- c 
&c. therefore 

y i X (* — ax* -f- bx s — ex'’ ■+■ dx’> — ex" & c.) — 
fi *+“ b -f- c d) & c. 

Take* bzz\, c=+,8lc. then x — ax 1 + 6x* — cx 7 &c. 

-*“7 + 7 ~ 7 = fr+? = z * where * 

denotes the length of a circular arc, radius t and tangent x. 
Therefore X {* - ax* -t- ix* — cx 1 + dx 9 — ex 11 &c. 

= 7 = *- - iP * 4 ■+■ i-Qxe— |Rx* 4- -^Sx 33 — Tx 31 &c. 

or z* = x* — {Px* + -yQx 6 — 4Rx* + |Sx*° — ^Tx 11 &c. 
= *• — \X* (i+i) + \x* (I +^-Pi)— 4x*(i-HH-4 + |) &c. 

Take x = 1 , then ^ = t— K*+*)+*( i-K+t)— 1 («-*■ * + 

i + t) t( >+T-+- f+f+i) — -K*+f4-T + T +j 4- tt) &c. 
where q denotes the length of the quadrantal arc of a circle 
radius 1 . 

And therefore i-f- L = »-$( »+t)-H(‘+t+!H(» + i+i+f) 
&c. 

alfo h. I. ( 2 ) = i — i + \ - 4 &c. 
and taking the difference 

1 + l.(») = > - J(i)+ 'ra + iKtH-HI &c. 

*d infinitum. 


Third 
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Third Solution, by Mr. Ivory. 


JO 

{ X = Z — T • 2 3 + (t + t) 25 — (t + T+ t) 2? + 8iC. 


Put S _ z* — 4 .— + (y -E t) ( 1 4 ~ t + rj — ■+ & c » 

And, by taking the fluxions, 

dS , 

X - dz - z — ± . z +( T + 

And, by multiplying by 1 -f- z*, 

</S 

{ X dz X (l ■+■ z 1 ) = z’ -p z — -Jz’ + y z 7 + &C. 

Let z = tangent p, then ® z= z — -Jz* + -jz 5 — -fz 7 + &c. 

c/S 

And, by fubftitution, | x -t- X ( t z*j = z 3 -f- <p : 


Tt 

idz 


1 + z 


■y — %dp. 


And, by multiplying by 

„ az’t/z . . 

dS — — — — , •+• 2 fit/® : 

t ■+* z 

And by integrating S = z 1 — log. (l -j-z , )'-f- p*, no con- 
ftant quantity being neceflary. Let z be taken = i, then the 

2 

fum of the feries propofed to be fummed - t — log. 2 4 — , 

where n = 3- 1 4*59 &c. 

Mr. Cavill alfo an fiver id it. 


XI. QUESTION 161, by Mr. W. Simpson, Bolton. 

Let ACB be a given iriangle, D, L, Q, given points in the 
fide AB ; through D draw any right line DEF, cutting AC, BC, 
in E and F refpettively, and through E and F draw right line* 
LEP, QFP interfering in P. Required the locus of PP 


First Solution, by Mr. Wallace. 

Fig. 58, pi. 3. Through C draw RCH parallel to AB; 
produce DE, QF, LE to meet RH in H, K, and R, and join 
CP meeting AB in G. 

Vol. II. Part I. M 


Digitized by Google 



Thetriangles HFC, DFB, have their bales HC, BD, fimilarly 
divided at K and Q, therefore IIC : KC :: DB : BQ ; but DB 
andBQ being given lines, the ratio of DB to BQ is given ; there- 
fore the ratio of HC to KC is given. Again, the triangles 
HER, DEL, have their bafes HR, DL, fimilarly divided at C 
and A, therefore HC : CR : : DA : AL ; now the ratio of DA 
to AL is given, for DA and AL arc given, therefore the ratio 
of HC to CR is given ; but it has been (hewn that the ratio of 
HC to CK is given ; therefore the ratio of CK to CR is given. 
Now the triangles QPL, RPK have their bafes QL, RK, 
fimilarly divided at G and C, therefore QG : GL : : KC : CR; 
but the ratio of KC to CR has been (hewn to be given, there- 
fore the ratio of QG to GL is given ; and Q and L being by 
hypothefis given points, the point G is given, and the line CG 
is given by pofition. Therefore the locus of the point P is a 
ftraight line CG given by pofition. 


Secon d Solution, by Mr. Lowry, R. M. College. 

Fig, gq, pi. 3. Draw CP to meet AB in K, and through P 
draw GO parallel to AB, meeting DE in G, AC in H, and 
BC in O. 

Then by fimilar triangles HP : GP :: AL : DL, 

and GP : PO :: DQ : BQ; 

therefore by compounding HP : PO :: AL-DQ : DL - BQ, 
which is a given ratio, becaufe AL, DQ, DL, and BQ are 
given lines ; and fince HO is parallel to the bafe AB, and is 

divided at P in a given ratio, the locus of the point C is a 

ftraight line paffing through C, and dividing the bafe AB into 
two parts AK, BK, which have the fame given ratio that HP 
lias to PO. 


The fame algebraically. 

Put DL = a, QB = b, DQ = c, AL = d, AB r= m, 
AC = n, HC — x, and PH = y ; then by fimilar triangles 

AL = d : PH = y ::LD=a:PG=^, 

a 

and DQ =c: PG = a ± :: QB — b : PO = ^; 

^ cd 


Hence HO —y + ^ 

And AB — m : AC = n : : HO : HC 


cd + ab 


med 


X ny. 


cd -f- ab . . 

or x = - ^ - X ny, an equation to a ftraight line. 


When 
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When x r= o, y is — o, and the loan pafTes through C ; alfo 


mcd 


when x z=z n , y is = ; hence if AK be taken ss to 

y cu + ab 


■mcd 


a i ' -^-ab ' l ^' C w ih he the locus required. 


XII. QUESTION 162, by Amicus. 

If a given weight be fnflained by means of a firing whofe 
ends are connefted (by loops or rings) to two rods placed in the 
fame vertical plane, and making given angles with the horizon; 
it is required to afeertain the pofltion of the faid weight when it 
rcfls in equilibrio, fuppofing it has liberty to Aide freely along 
the firing P 


Solution, by Amicus, the Propofer. 

Fig, 60, pi. g. Let P and Q be the points where the rings 
prefs upon the rods CA, CB ; and W the pofition of the weight 
when it is at reft. Draw AB parallel to the horizon, and W G per- 
pendicular to AB. Then fince the rings and weights arc to be 
ftationary, the firings PW, QW muft be perpendicular to the 
rods; for if they were in any other direflions as Wp, W q, then 
the forces afting in thofe oblique direflions might be each de- 
compofed into two others, pY, PW, and Qq, QW ; and as there 
is no force to countcrafl the cfTeft of cither of the forces, pY, 
Qij, which aft in the direflion of the rods, the rings would 
have a tendency to move in thofe direflions till they came to the 
points P, Q, where the firings are perpendicular to the rods. 
Alfo, fince the weight W is at liberty to Aide Ireely along the 
fifing, the forces afting in the direflion ol the firings WP, WQ 
mull be equal ; for if the one force was greater than the other, 
the weight would have a tendency to move towards that fide to 
which it was drawn by the greater force. 

Now when the forces in the direflions PW, QW are equal, 
their rcfultant (which is direftly oppofed to the afction of gravity 
on the weight W) will bifect the angle PWQ, or the angle 
PWG will be equal to the angle QWG; and, therefore, fince 
GW is perpendicular to AB, the angle AWP will be equal to 
the angle B WP, which (becaufe the angles at P and O are right 
angles) can only be the cafe when the angle WAP is equal to 
the angle WBQ, or when the rods are equally inclined to the 
horizon. 

M 2 la 
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In every other cafe the weight will have a tendency to flip 
along the il ring till it comes to one of the rings, and then the 
firing will he perpendicular to the other rod. 

To find the poiition of the weight, when the rods are equally 
inclined to the horizon, draw AD perpendicular to CB, meeting 
WE, a parallel to CB, in E; then fince the angles DAB, 
QWB, AWP ate equal, the right-angled tiiangles APW, 
ALW are equal in all rofpefts ; and therefore AE is — to PW ; 
and ED is — to WQ, by reafon of the parallels ; therefore AD 
is — to PW WQ,. or the length of the firing. Hence it is 
evident that if AD be drawn perpendicular to CB, fo as to be 
equal to the length of the firing, and AB be drawn parallel to 
the horizon, or CB be taken equal to CA ; then the point W 
may be any where in the line AB ; for if the lines WP, WQ, 
he perpendicular to the rods they will make equal angles with 
AB, and their film will always be equal to the length of the 
firing. 

The prefliire of the rings on each rod is equal to the weight 
W multiplied by the f ne of the angle CAB. 

A fimilar refult may be obtained by finding the locus of the 
point W, without taking into confTdcration the equality ol the 
forces afling in the direflion of the firings. For fince the fum 
of the perpendiculars WP, WQ, is equal to a given line, the 
locus of the point W is a firaight line AB given by pofition, as 
is pretty’ generally known ; and as the weight can only be at reft 
when it has defeended as low as it pofhbly can ; it is evident 
that when the locus AB is parallel to the hoti/.on, the weight 
will reft at any afligned point of the line AB ; but it it be in- 
clined to the horizon, then the weight will continue to defeend 
till it comes to the lowcil point of the locus which will be at one 
of the rings. 

If one end of the thread was faficned at any point Q in the 
rod BC, while the other end was at liberty to flip along AC, 
the firing PW would Hill he perpendicular to CA, and the line 
WG would bifeft the angle PWQ, as before; and therefore 
the angle BWQ would be equal to the angle PWA, or to the 
complement of the given angle WAP, and fince the angle 
WBQ is given, the angle WOB would a!fo be given: and the 
poiition ol the point W might be determined by drawing QW 
to makp the given angle with PC, and taking QI - — to 
the length of the firing; then PI, drawn perpendiculay 
to the horizon, will meet AC in the point P; and PW, drawn 
perpendicular to AC, will meet IQ in W, the point required. 
For it js evident that the triangle IWP is ifolceles, and therefore 
PW -j- WQ == IQ = to the length of the firing. 


XIII, 
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XIII. QUESTION 163, byMr.C unlifte. 

Find fuch pofitive values of x, y, and z, in whole numbers, as 
will make the formulae 

* 3 + xy + /, a* xz •+ z 7 and y 7 •+• yz •+■ z\ 
all rational fquares ? 


Solution, by Mr. Cun liff e, the Propojer, 


AlTume x -f y — a for the root of the &rft, and x + 2 — b 
for the root of the fecund ; 

then jc’-j-xy+y’r^-r + y— a) 7 =x 7 -Jr2xy-+y 7 —‘ 2a (x-t-y)~ha\ 
and f , +xz+z*=(.v+z—b)’=x t +*x*+z t — 2 &( x + z )+ i ' • 

9 au — a 3 

from the nrlt of which * = — rt ' . 

y — 2 a 

ibz — b 7 

and from the fecond x = — r ; 

Z — 2 D 


+ 2 


o/7v — n 7 zhz—b 7 . z {a'-\ab')—2ab(a-b\ 

therefore whence^- 

_ 2 (a 3 — ^ ab) — 2 ab (a — b) 

} + 1 ~ ' 2 z[a — b) — ±ab~ i- b 7 

zz* [a—b) -f 2 fa 3 — 8 ab ■+■ b 7 ) — 2 ab (a b) an( j ^ 
= 2Z (a — b ) — 4 ab b 1 

means of what has been deduced y 7 + yz-\- z 7 — (y + z) J* 


j 22 3 (a — b ) -f- z (a 3 — 8 ab -f- b 7 ) — 2ab (a b )| 

-J 2z (a — b) — 4 ab + b 7 j 

^z 7 {a'—^ab\ — 2abz[a — b) \ X j 2z r a — b)—^ab->t-b'\ _ 

^2 z [a — b) — 4 ab + b 7 ^ 

fquare ; therefore-^ 2 z 3 (a — b)-\-z[a 7 < &ab + L ( zab s a b\ ^ 

\z\a 7 - ±ab)— 2abz[a— b) £ X J 2z[a-b)~ \ab+b 7 ) £ =4 z*{a-b)* 
■f 2 z 3 (a— b) (a 7 —i2ab+ 2 b 7 ) + z’ (a* — \ 6 a'b + tfa 7 b % — 
i 6 ab 3 -+-b*) — zabz ( a—b ) (2a 3 — 12 ab-j-b 7 ) -f- \a 7 b 7 {a—b)' 
z=z a fquare. 

AlTume 
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Aflume 22 2 (a — ^) + z ^ — — — ^ -zab(a-b) for its root: 


* • y ■ ~ V* •'y 

J — zab(a-b)^ =: qz'ia — b )* 


Then 4zi(n-,5) t -f.2z'fa-£){a 1 -iem5 + 2i 5 )+z 5 (a»-i6a , i-f 57^* 

■ — — zabz(a— b) (2a 7 — 1 zab+b 2 ) •{•qa 2 b\a — b t 2 — 

J »*•<«-*)+* 

-i-zz ! (a — b)(a 2 — izab+zb 2 )-\-^-^ tztib-i-zb ) ,1 * 

4 

(a — £) 2 — 2<ji5z ( a _ £) ( a * _ 123 b-hzb 2 ) -+- 4 a’Z>* (a — £)*, 

which after proper reduction gives — ( a r~..t)JL a -JZlf . ).. . 

3a 1 — 8 a 2 b-+- 1 (tab 2 •+- 16b *’ 

where a and £ may be taken at pleafure. 

O 

Example 1. Take a zrr, 3, and b ^z 2, then z — — — , 

2 57 

„ — 2 ^ 2 _ 59 i a 1 — 2ax qi;7 ... 

* = -T FI T = H^S and y - - — which 

2 " — 2 79 an — * 413 

fraftions being reduced to a common denominator, and that 
denominator reject'd will give r, — 80 X 79 X 415 zr 2622800; 

y — 357 * z 57 x 79 = 7 2 4 8, 7 « and ■* = 39 x 257 x 415 = 
62920^5, which are three numbers that will anfwer. 

Example 2, Take a = 4, and iro, then z = 

g 34 197 

and y ~ — and ordering tbefc fraftions as in the firft 

example we may take z ~ j x 1 97 X 72, x — 264 X 34 x 72, 
and y — 63 x 197 X 34, or the halves of thefe numbers will 
do, viz. x ■=, 264 X 34 x 36 = 323136, y — 65 x 197 x 17 
and/ — 7 X 197 x 36 — 49644, which numbers 
will anfwer, and are foraetlung fraaller than the former fet* 

Again, affume 2z 5 (a — b) -f- ~ {a 2 — i^ab + zb 2 ) + 2 ab 

( fl — b) for the root of the general expreflion which is to be 

made a fquarc, that is, put 42 ' (a - by 4. 2 z 3 (a —b) (a* 

32 ab + 2 0 2 ) + z* (a* — 16 a*b + 57a 'b 2 _ ,^.s + 

- zabz [a — b) (2 a 2 — 1 zab + b 2 ) 4. 4 a 2 b 2 {a — b) 2 ~ 


Kz 2 (a — b) + " +zaHa—b)> — 4 z< 

(a —by + 2z’(a — b) (a 2 — izab + zb 2 ) -|- 


z I a 1 — i zab + zb 2 tr }■. 

z 2 (a 2 — 1 zab + zb 2 ) 2 

-f- ?* 
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+ t 1 X 8 ah (a — bf ~h 2 alz (a — l) ( a * — tsab ■+■ 
ill 1 ) +■ 4 a'b 2 (<z — bf, which aficr proper redu&ion gives 

8 al < + /'*) 


Jb[a — b ) (a* 


a 5 — 24 (fb *t* 48 ab * — 10b 3 
for the value of 2. 


which is a fecond formula 


Example 1 . Take b — 2 and a — 1 , then z — 


176 


_ - 53 

•* — ’ » 


and y =s — ; and ordering thefe fractions as in the former 

33 

examples we may take 2=176x9X35=: 55440, x “ 53 * 
17 X 35 = 3>535. and > = 97 x 9 x 17 = 1484' 5 ai,d lhc f e 
numbers are Hill lefs than cither of the preceding fets. 

Example 2. Take b = y and a = 4 ; then z — 1 


x — -^-^-and v= ; and proceeding with thefe fractions 
17 ' 10 1 

as before we fhallhave, after dividing the numbers by their great- 
eft common meafure, 2 = 371x17x5 = 31535, x =616 x 
9 X 10 = 55440, and y = 97 x 17 X 9 = 14841 which are 
the very numbers found in the preceding example of the prefent 
formula. 


18 


XIV. QUESTION 164, by Ursa Minor. 

A flraight line drawn through the focus of any conic fection, 
to the point in which a diameter meets the directrix, will be per- 
pendicular to a tangent at cither extremity of that diameter ? 


First Solution, by Amicus. 

Fig. 61, pi. 3. Let the diameter DC meet the direflrix AQ 
in A, and draw AF to the focus F ; then AF will be perpendi- 
cular to GH, a tangent at either extremity of the diameter. 

When the feftion is ati cllipfc, or a hyperbola, let f be the 
other focus ; joiny"C, FC, and DF, and draw CP, DO perpen- 
dicular to the direfttix. Let the tangent GC meet AF in H, 
and DF produced in E; then the triangles DFB.yCB, having 
two Tides of the one equal to two Tides of the other, and the 
angles at B equal, they are equal in all refpefls : therefore the 
angleyCD is equal to the angle CDF; and /C is parallel to DE ; 

therefoi e 
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therefore the angle DEC is equal to the angle GC/, or to the 
angle FCE, which is equal to the angle GC/j as is proved by 
every writer on conic feftions. 

Again, by a genera! pronerty of the feflions DQ : CP :: FD : 
CF :: AB : AC, therefore (Eu. vi. prop. A,) AF bi feels the 
angle CFE, and the triangles CFH, EFH having the angle 
HCF equal to the angle HEF, ami the angle CFH to the angle 
EFH, have alfo the angle CHF equal to the angle EHF; and 
therefore AF is perpendicular to the tangent GH. It is obvious 
that AF is alfo perpendicular to the tangent at the other extremity 
of the diameter: for ftnee tangents at the extremities of any 
diameter of an ellipfe or hyperbola are parallel ; a line which is 
perpendicular to one of the targents will alfo be perpendicular 
to the other. 

When the curve is a parabola. Fig. 62, pi. 3. Let AT meet 
the tangent in H and join CF, then becaufe FC is equal to CA 
and the angle TCH to ACH, the triangles FCH, ACH are 
equal in every rcfpefl, therefore the angle AHC is equal to the 
angle FHC, and AF is perpendicular to the tangent CH. 


Second Solution, by Mr. John Whitley. 

Fig. 63, pi. 3. Let GH, a llraight line drawn through the 
focus F, of an ellipfe PHL, meet the direftrix GT in G, the 
point in which the diameter PL meets it ; the llraight line GH, 
(hall be perpendicular to a tangent at either extremity of the di- 
ameter PL. Draw PS to the other focus S, and through F, the 
llraight line LFI. Then becaufe SC is equal to FC, and PC to 
LC, therefore PS is equal and parallel to FL ; wherefore the 
angle IFP is equal to the angle SPF. Draw PO perpendicular 
to a tangent to the curve at P or L : then l’O will bifelt the angle 
SPF (cor. to prop. x. B. I. Emerfon’s Conics). And (by prop. 
LXIII. ibid.) the ftra'ght line GF alfo bifefts the angle IFP; 
therefore the angle GFP is equal to the angle OPF ; and confe- 
quently GF is parallel to PO, or perpendicular to a tangent at 
cither extremity of the diameter PL. And the fame is manilcll- 
ly true of any other conic feltion whatever. 


XV. QUESTION 16,5, ^/Amicus. 

If one end of a given beam reft again!) a fmooth vertical plane, 
and the other end be fuflained by a weight fattened to a Uring, 
which paftes over a pulley placed at a given point ; it is required 
to determine the polition of the beam when it rests in equili- 
bria ( 

First 
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First Solution, by Mr. Lowry. 

Let AB (fig. 64, pi. 3.) reprefent the beam, C its centre of 
gravity, EG the vertical plane, P the pulley given in pofition, 
W the weight fattened to the end of the ftring, and to the weight 
of the beam. Lei the vertical line IC meet AP in I and join 
BI ; then the beam is aftcd upon by three forces, viz. the 
weight W afting at A in the direftion AI, the weight zu a£ling 
at C in the direfilion IC, and the reafiion of the plane againlt 
the end of the beam at B, afiling perpendicularly to the plane ; 
and as thefe forces keep the beam in equilibrio they neceflarily 
tend to the fame point I, or the reaftion of the plane is exerted 
in the direfilion IB, and confequently IB is perpendicular to 
EG. 

Draw AD parallel to IB, meeting IC produced in D ; then 
the forces afting at A, C, and B in the direftions AI, IC, and 
IB are proportional to the lines AI, ID and AD ; or if AI re- 
prefent ihe weight W, then ID will reprefent the weight w, and 
AD will reprefent the prefluieat B. 

Produce AP to meet the plane at E and draw PQ perpen- 
dicular to EG ; then, fincethe pulley and vertical plane are given 
in pofition, the line PQ will be given in magnitude, and the 
point Q will be given in pofition ; and the right-angled triangles 
QEP, AID being firnilar, PE : EQ : : AI : ID : ; W : to, 
W 

or PE = EQ x alfo PE* — EQ* — PQ*, or EQ* 

» MJ’= PQ’: ‘betebre EQ = PQ x — ^ 

which is a given quantity; therefore E is a given point, and 
the line EPA is given by pofition, or the angle PEQ (AID) 
is of a given magnitude. 

The pofuion of AB may now be determined either by con- 
ftruftion, or by calculation : 

And firtt by conflru6tion. Take a line ab ~ to AB the length 
of the beam, and let ac be == to AC and cb — to CB ; on ac 
deferibe a fegment of a circle to contain the given angle AID 
or PEQ, and let it meet the femi-circle defcribed on cb in 1 ; 
then if at, bi, ci be drawn, they will evidentK be equal to the 
lines AI, BI, CI, refpetlively. On OP produced take QR == 
bi, and draw RI parallel to QG, meeting AP in I ; take QB = 
RI and 1 A = at, and the points A and B are determined. This 
conftrutfion is too obvious to need any particular demon llration 
in this place. 
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By calculation. Put PQ = b, EQ — a — b x 

AC = «, BC=», AB=/, and QB — x \ Then by fimiiar 
triangles, AB : BE :: AC : IC, 

or l : a x :: m : ^ x (a -}- x ) = IC. 

Alfo EQ : PQ :: BE : IB, 

or a : b :: a 4- x : — x (a x) = IB. 
a 

And IC’ + IB’ = CB’, or {-jr + ) (a + *)’ - 


Therefore (a -+- a)’ = 




. a in , aln 

or a + if _ and * - y/ [m ' a '+ I'b' 



From this equation we may determine * when the beam and the 
weight zu are given ; or we may find what weight W is neccffary 
to retain the beam in any affigned pofition. 

In what has been done, the plane has been confidered as per- 
feftly fmooth, but the problem may be refolved with the fame 
eafe when the friftion at any point of the plane is proportional 
to the preffure of the beam at that point. 

In this cafe, let AB (fig. 65, pi. 3.) reprefent the beam, and 
draw AE, IC and PQ as before. Let BH, drawn perpendicular 
to the plane, reprefent the prcfTure at B, and take BL to BH 
in the proportion of the friftion to the prefiure (as J to 1): 
Then BL will reprefent the friftion, or a force equivalent to it, 
aiding in the direftion of the plane and oppofing the defeent ol 
the end of the beam. Complete the parallelogram B H F L; 
then BF will be the refultant of the forces BH, BL; and when 
the beam is in equilibiio the line BF mull pafs through the point 
I. Draw AD parallel to ID meeting IC produced in D, and 
PK parallel to IB meeting the plane in K : Then PQ : QK :: 
FL : BL :: t : f or PK ~ Jx PQ is a given line, and 
the angle PKE =: IBL = CIB is a given angle. Again, the 
forces aiding in the direflions AI, IC and IB, are proportional 
to (he lines AI, ID, and AD, or, becaufe of the similar triangles 
PEK, AID. PE ; EK : : AI : ID ; : W : w, which is a 

given 
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ratio; therefore the triangle PKE is given in fpecies, and fince 
PK is given, the line EK and the angle PEK (= AIC) are alfo 
given, and the line EA is given in pofition. Therefore if two 
circular fegments be defcribed on the lines ac, cb, to contain 
the given angles AIC, CIB and interfeft at «, the lines AI, BI 
will be determined, and the remaining part of the conftru&ion 
will be precifely the fame as before. 

Calculation. Put PQ = l, EK = a, PK ~ d, and x — KB. 
Then, QK : PQ : : BL : LF :: i :/, or QK = j-and PK = 
V' (^* + yr) = y* 4* 1 ) = d. Alfo, the fine of the 

angle PKQ = its cofine = + ^ 

W 

= c. Again, to : W : : a : — a = IE, and by trigonometry. 


PK = d - ac -f ~ /(W^jV), ora — 


dw 

CW+y/iW'-s'll?)' 


Now, by fimilar triangles, 

/ : a + x : : m : -y- x (a -J- x) = I C, 

a : d ; : a + x : X (a + *) r= IB ; 


and by trigonometry, IC* + IB 2 — ac X IC x IB = CB’rr n\ 
or [a + x)* - ac x ^ (a + *)* = «*; 

therefore (a -f- — —r—. 

v ' am 

nla 


n'l'a' 


and x — - 


■+■ d*l* — a media) 


d % l 2 — s cmdla' 
— a. 


Let AS be drawn perpendicular to ID, then if IDreprefent 
the weight of the beam, AS will reprefent the preflure againft 
the plane, and SD the friflion. And, by fimilar triangles. 


EK : PQ :: ID : AS = — to = 

a d 

the preflure againft the plane, and SD 
the friction. 


$cw ■+■ y'fW 1 — r 2 a> 1 )^ 

= j2 |aa+/(W*-rV) | 


N 2 

* 


The 
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The problem may be refolved in the fame manner when the 
plane makes any given angle with the horizon, only the calcu- 
lation will be more complicated. 


Second Solution, by the Rev. Mr. Top l is. 


Let AD (fig. 66, pi. 3.) rcprefent the given beam, DI the 
vertical plane, B (he pulley given in pofition ; sttppofe W the 
weight which is conneiied with A by 3 firing palling over B. 
From the centreof gravity C of the beam, draw CE reprefenting 
the weight of the beam; decompofe the force CF into the forces 
CF, FE, one perpendicular and the other paiallel to the beam; 
from D draw DN perpendicular to the beam and equal to CF 
X AC -L- AD ; from N draw NK perpendicular to ND, and 
confequently parallel to DA, and from D draw DK perpendi- 
cular to DI and meeting NK in K ; then DK will represent 
the reaffion of the plane upon the beam, DN its reaction in a 
direction perpendicular to the beam, and NK its reaffion in a 
dircftion parallel to it. From A draw AG perpendicular to 
the beam and equal to CF x CD-f-AD, from G draw GH 

parallel to the beam and equal NK -J- FE, join AH. then All 

will reprefent the power and direction ot the weight W. In 
this cafe the fyflem, fuppofing it in a plane perpendicular to (he 
horizon and vertical plane, is evidently in equtlibrio; for, from 
the property of the lever, the perpendicular forces counteraft 
each other, and the parallel forces NK, FE are oppofed by the 
force GH which is equal to their fum. 

To find the pofition of the beam by calculation, let us fuppofe 
CE = a, fine of the angle CEF = x, AC — b, CD = c, AD = «. 

By trigonometry, 

Rad. (t) : fin. CEF (*) :: CE (a) : CF = ax. 

Rad. (1) : cof. CEF ( y / 1 — x*) : : CE (a) : EF = <**/(> — x*). 


But AG x AD=CF x CD, therefore AG 


CF x CD 

AD 


— — ; likewife ND X AD — AC x CF, therefore ND 

r= As MD is parallel to CE and CF 

to ND the angle NDM is equal to the angle ECF, confequently 
the angle NDK is equal to the angle CEF, each of them being 
the complements of equal angles; therefore as the triangles CEF, 
NKD have two angles in each equal they are fimilar. In the 

triangle 
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triangle NDK, we have ND = 


alx 


fin. NKD = fin. CEF 


- x, and tang. NDK = , and, by trigonometry, 

rad.(i): tan. KDN^^i^-) :: ND :NK= 

In the triangle AGH, we have AG = GH err NK + FE 
_ ae . + ' - b - ^(1 — x*), AH == /(AG’ GH 1 } == 

•\/ xa'x (t — x') -f = W. If we 

a 7 a 7 c % 

fuppofe (f-j- by x -j =r J, = g, the exprcfiion becomes 


/ J f-lf-g)* \=W,or* = X /{ (/- W ) + (f-g) l . 

From which equation if W is given, x or the fine of GDI may 
be found ; or if the fine of CDI, the beam’s inclination, is 
given, the weight W may be found. 

Lei DK be produced to meet BW in P, and draw BM parallel 
to PD, or perpendicular to the plane ; then becaufe the pulley 
is given in pofition, the line BM or its equal PD is given, and 
the angle DSP (equal to the angle CEF) being found, the lines 
SP, SD may be found, and then AS becomes known. 

Alfo, rad. : fin. AHG = HAD :: AH : AG : : W : 

r TI ._ acx ac 
or fin. HAD = =. X 

the angle HAD is known, and in the triangle ABS the angles 
and the fide AS are known to find BS : then BS — PS = BP 
rr MD the diflance of the end of the beam from the point M, 


/ f W 

J j — , and therefore 


XVI. QUESTION 166, by X. Y. 

Suppofe two weights conneflcd by a firing, which paficsover 
a pulley, and that one of the weights is placed upon an inclined 

S lane, while the other hangs in the air by the connefting firing, 
t is required to determine the locus of the centre of gravity of the 
weights, fuppofing the relative pofition of the pulley and plane, 
the length of the firing, and the weights to be all given P 

First 
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First Solution, by Mr. Wallace. 

Let a and b be the weights, (fig. 67, pi. 3.) and APB the firing 
cotinefling them, which pafies over the pulley P. And inftead 
of confining the folution of the problem to the cafe in which 
one of the weights B is placed upon an inclined plane, let us 
fuppofe it placed upon a given line HK of any kind whatever. 

Let C be the centre of gravity of the weights. Draw CD 
parallel to the vertical line PA, meeting PB in D : Then, from 
fimilar triangles, AP 4- PB is to CD -+- DB as AB to CB, 
that is, from the nature of the centre of gravity, as a -f l to a ; 
hence the ratio of AP -I- PB to CD - 4 - DB is given ; and be- 
came AP PB is given, CD -+- DB is alfo given. In the 

vertical line PA take PE = CD-f-DB, and then E will be 

a given point. Draw EF parallel to PB, meeting DC in F, 
and bccaufe DF rs PE = DC DB, therefore CF — BD ; 

now EF — PD, and PD : DB : : AC : CB : : b : a, therefore 

EF : FC : : b : a ; hence EF has to FC a given ratio. Draw 
BG parallel to PA, and PG parallel to EC, meeting BG in G ; 
then becaufe DF is equal to DC -+- DB, fo that the point F is 
below the point C, therefore the point B is alfo below the point 
G. ; and becaufe the triangles PBG, EFC are fimilar, PB : BG 
:: EF : FC; but the ratio of EF to FC has been (hewn to be 
given, therefore the raiio of PB to BG is alfo given. Now 
P being a given point, and HBK a line given in pofition. it is 
manifeil that the locus of the point G will be a line MGN of a 
determinate kind, which will depend upon the nature of the 
given line HBK. Again, becaufe PG is to EC as PB to EF 
or PD, that is, as AB to AC or as a •+- b to b, therefore PG 
has to EC a given ratio; now PG is alfo parallel to EC, and E 
is a given point, therefore, whatever be the nature of the line 
MGN which is the locus of t lie point G,the point C will always 
be in a line tnCn fimilar to it, and fimilarly liiuated ; fo that the 
nature of the line MGN being once known, that of mC'i the locus 
of the centre of gravity of the weights will alfo become known. 

The folution of the problem thus generalized, which refults 
from the analyfis is therefore fhortly this; Draw PB to any 
point B in the line HK ; draw BG parallel to PA and in a con- 
trary direction, and take BG fuch, that PB may have to BG fhe 
given ratio of /• to a, then determine the nature of MN the 
locus of the point G, and the nature of mn the line which is the 
locus of C, ti e centre of gravity of the weights will alfo be 
determined, lor it is fimilar to MN and fimilarly lituated. And 
if PE be taken a fourth proportional to a + /;, a, and AP-f-PB, 
then the given points P and E will he fimilarly fituated in refpett 
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of the fimilar lines MN, pin ; that is, if from Band E any two 
parallel ftraight lines be drawn meeting them in G and C, PG 
will have to EC a given ratio. 

Let us apply this general folution to fome particular cafes, 
and firft, let us fuppofe, as in the queftion, that the weight b is 
placed at any point B (fig. 68, pi. 3.) upon HBK a flraight line 
given in pofition. Draw PI perpendicular to HK, and IV 
parallel to PA, and take IV of fuch a magnitude that PI : IV :: 
b\a : : PB : BG ; then I and V will evidently be given points, 
and V a point in MN the locus ol G; and becaufe IV : BG :: 
PI : PB, therefore IV 1 : BG* :: PI* : PI* -fe IB*. Now PI 
and IV are both given in magnitude, and BG makes a given 
angle with HK, therefore the point G is manifeftly in a hyperbola 
of which I is the centre, IV a femi-traufverfe diameter, and HK 


its conjugate; and it alfo appears that the femi-conjugate diameter 
u equal to PI. Hence, mn the locus of C is a hyperbola, and 
from what has been Ihewn every thing relative to it may be readily 

determined. 


Next let us fuppofe that the weight b is placed at B (fig. 69. 

? 1 . 3.), upon HK an arch of a conic feclion, and that the pul lev 
is at the focus. It is eafv to. fee that wc may aflame loch 
a ratio for the given ratio of b to a, orofPB to BG, that MN 
(the locus of the point G) fhall be the direftrix of the feclion, and 
in this cafe the locus of thfe centre of gravity ol the weights is a 
flraight line. To determine the ratio of a to b, in this cafe, let 
V denote the angle which AP makes with the direftrix, and 
fuppofe the femi-tranfverCe axis to be to the excentricity as 1 use, 
then, drawing BL perpendicular to the direftrix, wc have BG 



and fince by hypothefis b : a :: PB 


: BG, and from 


the nature of a conic feftion PB ; BL :: e : 1, therefore a : b 


:: 1 : e fin. y. If a have to b any other ratio than that of t to 
efm. y the locus ol G and confequently of C live centre of gra- 
vity is no longer a flraight line but a conic feftion, as it is very 
eafy to £hew. 

It is probable that the queftion, which wc have juft now re- 
folved, was firft fuggefted by this other problem. The fame 
things being fuppofed as in the quellion, with this difference 
that one of the weights, inftcad of being placed upon an inclined 
plane, rells upon a curve of any kind. It is required to deter- 
mine the pofition of the weights when they reft iri equilibrio. 
To this problem the preceding analyfis points out an ealy folution. 
For draw GL (fig. 70. pi. 3.) perpendicular to PA. Then, be- 
caufe the weights will be in equilibrio when C their centre of gra- 
vity is as low as it can defeend, and becaule when C is the lovveil 
poflibleit appears from what has been (hewn that G will alfo be 

the 
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the lowefi poiriblc; 1 it is evident the weights wi(l be in equilibria 
when PL is a maximum or minimum. Draw BQ perpendicular 
to PA ; Put PQ = x, QB = y ; then, becaule b : a : : PB : 

BG, we have BG or QL equal to -f- y 1 ), and PL 


Ti x+ 


zz -j- y/'yx 1 ) — x,a maximum or minimum ; hence, taking 
the fluxions, & c. we find 

y/t* % + >*). 

Draw BR a normal to the curve HK, then it is manifcfl that 
QR _ JL. and PR = * + now PB = y/(x* + /), 
therefore the weights will be in equilibrio, whatever be the 
nature of the curve HK, when x PR = PB, that is, when 


PB : PR :: a : l. 

This conclufion agrees, as it ought to do, with what may be 
otherwife found by the refolution of forces. 


t 


Second Solution, by Mr. Lowry. 


Fig. 71, pi. 3. .Let AB be the inclined plane, C the pofition 
of the pulley, G the centre of gravity of the given weights P, Q, 
and / the length of the firing. Draw GE parallel to the vertical 
line CP and CR perpendicular to the plane AB meeting EF, a 
parallel to AB, in F ; then becaufe the relative pofition of the 
pulley and plane is given, the line CR is given; and by the 
property of the centre of gravity, as the weight P : the weight 
Q :: GQ : GP, that is as EQ : EC :: RF : FC ; therefore 
RF and FC are given lines. Again, as the fum ot the weights 
P, Q is to the weight P PQ : GQ :: PC -+- CQ = l : 


GE+ EQ = 


Q 


X / a given line. On a line drawn 


p 

through F, parallel to CP, take FL — p- — q X l , then L is 

a given point. Draw GS parallel and EK perpendicular to the 
plane AB, and take LH — to EK or FR ; then becaufe FL is — 
GE -1- EQ, and FS = EG, LS is = to EQ ; and by fimilar 
triangles, 

EF 
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EF — SG : KO : : FC : EK = LH, 
or SG 1 : KQ l = QE» — KE* = LS’ — LH a ; : FC 1 : LH*. 
which is the property of a hyperbola palling through H and having 
its centre at L, the lines HL and LI (a parallel to SG and to 
FC) being two femi-con jugate diameters. 

When the weights are equal, and the plane is horizontal, the 
hyperbola is equilateral. And when the pulley is placed at A 
the locus is then a ftraight line. 


Third Solution, by Mr . Cunliffe. 

Let P be the pulley (fig. 72, pi. 3), AB the inclined plane, m 
and n the weights placed in any afligned pofition, G their centre 
of gravity, and / the length of the firing. Draw GO parallel to 
AB and put PA = a, the fine and cofine of the angle RAB = s 
and c, AO = x, OG = y, and the fum of the weights m and 
n = w. Then, by the property of the centre of gravity, 

_ _ n 

m : n :: G n : G m :: AC : Cm _ 


. » , w 

h erefore P m = « +r d x = a -r- ~~r x - 

m m 

Again, zv : n :: G n -f- Cm : Cm :: An : OG, 
or An = — y ; and by trigonometry', 


P a = /(AP 1 + An 7 + 2cAP-A«) = /(a 5 + — i /4 


2 caw 


therefore Pn + Pm = 1/ (a 5 — t y d — y)+ a + 

’) 

-y 


a caw 


w 

m 


y)i 


7 u‘ . acazu w . 

or + J = (/ — a “ ZZ X) ’ 


and by reducing, we have 

,. + (/*-**/) = .0, 

/ 1 -r». 3 m* Dili) w 


which is an equation to a hyperbola. 

To determine the pofition of the curve, aflume any point C 
for its centre, and draw CD parallel to ntP meeting GO, BA 
produced in I and D, and the curve in L. Put AD -d, 
DC - b, the femi-diameter CL = t, and the parameter to that 
diameter ~ p ; then IG ^ d -t-y and Cl — b — x, and by u>e 
property of the hyperbola, 
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IG* : Cl 1 - CL* :: p : it, 

ot[d+yY : (c— *)*—/* :: p : 2t; which analogy being re- ~ 
duced to an equation, gives 

2* - 1 - 2 dy — + y cx •+• d* -+- ( t 1 — c*) =. o. 

Comparing this equation with the given one, we have id — 

ynca , nca p n* p in* an’ , 

- — , or d — — ; - = — ;-^c=—c= (/-a), 

w w it m 1 t in. mw v 

or c — — (/ — a), and d* + — = — ” j (/’ — zal), or 

m * ' at w * ' 


= C’ - — , (/’ - 2 a/) - 

r/i w x r /; 1 


8 / 




(putting for c and d their values found above), and confequently 


t = — as. Alfo, fince — = ~, we have p z=z 
w it m r 


in* 


tu 

in 

mw 


X sa. 


Now, let AD be taken = to — ca, and on a line drawn 


V) 


parallel to Pm, take OC = (/ — a), and CL = ^ Xsa ; 

then C is the centre of the hyperbola, CL a femi-diameter, and ' 

gjj* 

X sa the parameter of that diameter. 

mw r 

When a is =: o, the equation becomes, 

/’ = o. 


. n , 2 «* , n * 

y ; x* + /* — — 

y m mw w* 


n . 2 n 7 , , n* ,, 

or y* = — - x 1 lx -i- 

m mat a/ 1 


and ^ x — ^ which is an equation to a flraight 


line. 


When y is=:o, x is = ——l, and when x is =: o, y is 

w y 

= — /; therefore — / and —l are the diftances from the 
w w w 

point A, where the locus meets the line Am and the plane AB. 
The Ret\ J. Toplis alfofenta folution to this quefiion . 

XVII. 
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( XVII. QUESTION 167, by Limenus. 

When any number of circles pafs through the fame two points, 
tangents drawn from any point in either of the two external cir- 
cumferences to the remaining circles fhali be to one another in 
a given ratio ? 

Solution, by >. 

Let there be any number of circles PQ A, PQB, PQC, PQD, 
&c, (fig. 73, pi. 4.) palling through the two points P, Q : then, 
if from any point A in the exterior fegment PQA, tangents be 
1. drawn to the other circles they will have a given ratio. Let a, b, 
c.d, Sec. be the centres of the given circles PQA, PQB, PQC, 
PQD, &c. which will evidently be in the fame ftraight line ; 
i through the points A, Q, draw a line to meet the circles in B, C, 
D. Sec. and draw PA, PB, PC, PD, &c. and Pa, Pb, Pc, P d, 
&c. then the angles PAQ, PBQ, PCQ, PDQ, & c. being re- 
fpeflively equal to the angles Pag, P bq, P eg, P dq, &c. the tri- 
angles PAB, PAC, PAD, &c. are refpetlively iimilar to the 
triangles P oh, Pac, P ad, & c. and confequently the line AD is 
divided fimilarly to the line ad, or the lines AB, AC, AD, See. 
have the fame ratio as the lines ab, ac, ad. See. But the fquares 
of the tangents drawn from A to the circles, are equal to the 
reftanglcs AQ AB, AQ'AC, AQ'AD, &c. or proportional to 
the lines AB, AC, AD, See. or to the lines ab, ac, ad. Sec. as is 
proved above ; and therefore the tangents are in the fubduplicate 
ratio of the given didances ab, ac, ad, 8 ec. 


XVIII. QUESTION 168, by Laputiensis. 

Suppofe two bodies, whofe weights arc known to be conne&ed 
by a flexible line or firing, palling through a fmall hole in a per- 
feflly fmooth horizontal plane, and let the body which is above 
the plane be projefled thereon, with a given velocity at a given 
diftance from the hole, in a direftion perpendicular to the firing 
which is kept tight by the other body hanging freely ; it is re- 
quired to determine the velocity, time, and angle formed by 
theftring with the firft pofition, when the proje&ed body has 
attained any other poflible afligned diftance from the hole through 
which the firing paflts ? 


Solution, 
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Solution, ly Mr. Cunliffe. 


I,et A and R (fig;. 74; pi. 4 A reprcfent the two bodies, the 
body B hemg that which is projeftcd upon the horizontal plane, 
and the body A that which hangs freely below the plane by means 
ot the connecting firing BCA palfing through the hole at C. 

Let the curve BR'^ reprefent the track of the body R, B' 
and ^ being two points therein indefinitely near to each other : 
draw CB , Cb and with the centre C and radius CB' defcribe 
the fmall arch B 'd cutting C b in d. 

Put CB CB' — r, db — s, z ~ circular arc (radius 

CB — a) intercepted between CB, CB'; v =. the velocity at 
B in thedirefcdion B'C or CB' ; t ~ time of deferibing BB', and 
and g — SJ2-J- ; alfo let ^denote the projeftile velocity at B per- 
pendicular to CB. By the property of tangents, we fhall have 
: B 'd :: B'C : B'C x Bd -y- B'^ — a perpendicular from 
C upon a tangent to the curve at B', and b d : B'b :: v : B'A x 
*' — bd =zz the velocity at B' in the direction of the curve. 

Now, it is well known, that the velocities of a revolving body 
in different points of its orbit, are inverfely as perpendiculars from 
the centre of force upon tangents to the orbit at thofe points ; 


wherefore f : 


B'i x v 

bd 


B'C x B'd 
B'b 


Bd XV BC X f af . . „ 

— " = — Wc — IS mani * e “ 


bd 


BC, 

that 


whence 

B'd x v 
bd 


exprefTes the velocity of B' in the direflion B'd , or the circulatory 
velocity at B': and hence the centrifugal force at B' is exprefTed 
a 7 f 2 

by -jj-> inc l therefore the centrifugal force of the body B at that 


point will be x B; from whence, deducing Ag, the gravity 


(ij" t 

of A, leaves x B — A g, for the motive force urging both 

bodies in the direflion CB' or B'C ; and consequently xB 

— A?) -7- (A + B) will exprefs the accelerative force in the 
fame direction. Then, by a known theorem, 

\(~F~ X B -i- (A -+- B) ^ x s — vv, 


and 
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and taking the fluents, 

- (t£ * B + A * J ) -*■ < A+ B > = -r* 

but when s — a, v = o, therefore the corr e£t equation of the 
fluents is,, 

(£- 2 - 5 + - v)-r (A+B) = ~ 

=?• 

bypuuhg, = A . „ r IL = !=l x 5 ,. 

A+B 2/?/g s’ £ 2//ig $ 

It may be remarked that when g — o, the preceding expreflion, 
for the velocity becomes /* x ) X A ^ B or p * 

A -+- B r fs a — a 2 ^ 

x ~b * l— jv— ; which is the very expreflion 

for the velocity obtained in the folution to queftion 105, vol. 1, 
and is therefore a confirmation of the truth of the conclufions, 
both in that and the prefent problem. 

We fhall, moreover, have t — 

i zmg ) 

the fluent of which may be had by infinite feries, and correfiing 
the fame, by making the refulting expreflion to vamfli when 

s = a. 

The angle BCB'may be determined from the equation 

af ** 

— — before deduced. 
s 

For, from thence B d = S/j . ; a lfo a : z : • s • — — E'J 
s v a * 

therefore and £ — — — — 


_ a ' 1 f s V img 

/(a - t ) x + 

( a ' n S $ 


the fluent of which 
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may alfo be had by infinite feries, which is to be correfted by 
making it to vaniih when 5 = a, as obferved in the preceding 
cafe. 


A folution to queftion 105, vol. 1, might have been concifely 
effected as follows: We have determined that the motive cen- 

trifugal force at B', urging both bodies in the direftion CB', is 


exprefled by 



B, and therefore the accelerative force is 


- a - / - x ■ ^ ; and hence, by a known theorem, a -~ X 

s 3 A+B ' s 1 


B 


zr vi, the fluent of which is — 


a 1 / 1 


B 


A-f B 
w* 


a'f’ 


B 


s' * A+B 
fore the corre£l equation of the fluents is 
B 


2S‘ A + B — 2 
= v* ; but when i = a, v = o, there 


or 




= f * {~ ) « A+B ='■• 


A-t-B 


And thus the Quejlion was anfwcred by Mr. Bazley. 


Second Solution, by Mr. Lowry. 

Let M be the weight (or mafs) of the proje£led body, and 
m that of the other body : alfo let C (fig. 75, pi. 4.J be the 
hole through which the firing partes, A the pofuion of the pro^ 
jefted body at the commencement of the motion, and M its 
pofition at the end oi any indefinite time /, AMA being a portion 
of the curve deferibed by the body on the horizontal plane. Put 
a — CA, the initial diftance of the body from the hole; h the 
velocity of projeflion, or the fpace deferibed by the piojefied 
body in a fecond of time ; r = CM the radius veftof of the 
revolving body, andg = 32^ feet the meafure of the accelerative 
force of gravity. Then the projefted body is a fled upon by two 
forces, that is, by a motive force = mg-, aiding in the direflisn 
of the firing MC and urging the body towards the centre 
C ; and by a motive force M/ (/ be:ng the centrifugal (orce. 
at M) aiding alfo in the dirctfion of the firing but urging 
the body to recede from the centre ; theiefore the whole 
motive force aiding on the mafs M in the direflion of the 
firing is = M/ — mg;. To determine the force f, let the 
point b be another puhtion of the body indefinitely near to M > 
join C b, and with the diftance CM, and centre C, defcribe the 

arc 
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arc Mil. Draw CB perpendicular to the tangent at M, let u lie 
the velocity of the body at hd in the curve M^,an dzv its velocity 
in the arc Ma. Then the triangles taM, ABM may be con- 
fined as fimilar, and w : u :: aM : :: CB : CM = r 


or a> z 


«xCB 

r 


But the velocities of the revolving body at the points A, M 
are inverfely as the perpendiculars on the tangents at thofe points, 
or as CB to CA ; therefore u x CB = b x AC = ba, and 

confequently w — Therefore f is — — — t0 b , 

T f rJ * 


and the whole motive force 


M/> a a* 

to ; (Ilf, 

r-* 0 


Therefore the 


whole accelerative force is = — (~ b a \. 

r 3 y 

and we have r - X f™'*' n,A 

M + m X m S )• 

Multiply this equation by 2 r, 

then rr = t' x ^ — zmgr J ; 

r „ m MAV 

M+ m P sm ^‘ 


and taking the fluents r‘ = 


Now at the commencement of the motion, or when t - o the 
quantity included between the parenthefis is alfo = to o, and* r 
being then _ to a , it is obvious that C is — M b' _u i m <r a • 

to ' f0re ’"=uh X < MJ ‘ + '»/« - - Utfr) 


and / = -y- (M -f- m ) » rr 

y | (M£* - 4 - 2 mga) r* — 2gmr 3 — MiV } - ’ 

where t may be afligned by means of elliptic arcs. 

Again 4 - = — - 1 - ~ X/f (Mi’-f *mga)r'-*gmr'-lAl'a'- ? 

u the velocity of the body in the dire£lion of the firing. 

Let q be the angle that the firing makes with the line -from 
which the motion commences (reckoned on the arc of the circle 

whcf; 
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whofc radius is 1), then r : 1 :: the arc Ma = wt : q, or 

> • 

• la . • (M m) T £<tr 

q — — j- t — r 7 . 

r V j (M£ J -+- 2 mga) r 2 — zgmr 1 — 

The fluent, however, cannot be generally afligned without having 
recourfe to an infinite feries, or to feme curve of a higher order 
than the conic feftions. 


XIX. QUESTION i 6 g,f>y Hermodorus. 

Given the vanilhing line, its centre and diflance, to find the 
pcrfpc&ivc reprefentatton of a circle from the given reprefenta- 
tion of one radius, or of an infcribed triangle ? 


Solution, by 1,550. 

Let PQ (fig. 76, pi. 4.) be the given vanifhing line, its 
centre O and its diltance NO perpendicular to I'Q, then from 
the other data it appears by Brook Tayloi ’s Perfpe&ive, 8vo. 
1715, Ex. 3 and 4, and Hamilton’s Perfpeftive, p. 80, that the 
reprefentation of that diameter which tends to the centre O of 
the vanifhing line may be found ; let this be MK palling through 
I the centre of the circle, and let H be one of the points of the 
circle given in the queflion, and join MH, and KH meeting 
PQ in F and G, and draw HE parallel to PQ meeting OM 
in E. 

Then fince KM reprcfenis a diameter, KHM reprefents a 
right angle, therefore GNF is a right angle ; alfo by fnniUr 
triangles OM : ME :: OF : EH, and OK : KE :: OG : 
EH; therefore MO x OK : MExEK : > ON' (*FOxOG) 
: EH 2 , which is the property of a conic fefction, and from which, 
as MO x OK and ON 2 are given, it may be conllrufted by 
known methods. 

Cor. By combing this folution with that in the 8th. Example 
of Brook Taylor’s Perfpeftive, 8vo. 1715, it is perfcfctly eafy 
to find what is the repreft ntation of a fphere in any given pofition 
whatever and to conitrufct the conic fefdion. 

N. B. There are three editions of Dr. Brook Taylor’s Perfpec- 
tive, viz. in 1715, 1719, 1749, all in 8vo. and all fcarce books; 
the two lall are alike even to the prefs errors, but thefirft con- 
tains many things which the fecond does not, and the fecond that 
the firif does not. 

The 
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The reader may likewife confult Hamilton’s Perfpeflive, where 
he will find good confiruftions of thefe and feveral fimilar prob- 
lems, as well as many other curious matters relating to Perfpetlive : 
that book has no fault but its great prolixity, but it will amply 
reward the learned draftsman’s patience by the complete know- 
ledge ot the theory and practice of Perfpeftive, which he will 
learn from it. 


XX. QUESTION 170, by Hermodorus. 

Given in pofition a circle and two points ; if from the two 
points be inflefted two ftraight lines to any point of the circle, 
and from the other two points in which these lines meet the circle, 
there be inflefted two other llraight lines to a point in the circle, 
fo that one of them may be parallel to a ftraight line given by 
pofition, then the other ftraight line will either tend to a given 
point, or make a given angle with a llraight line tending to a given 
point P 


Solution, by 

Let A, B (fig. 77, pi. 4.) be two given points, and CDE a 
circle given by pofition ; if from the points A, B two ftraight 
lines AC, BC be inflefted to any point C of the circle, meeting 
it in D and E ; and from the points D, E two other ftraight 
lines DH, EH be inflefled to any point H in the circle, fo that 
one of them, EH, may be parallel to a ftraight line given by 
pofition; then the ftraight line DH, either tends to a given 
point, or makes a given angle with a ftraight line tending to a 
given point. 

This is evident from the 57th. and 62d. Propofiiions of Dr. 
Simfon’s Treatife de Porifmatibus, or which is the fame, prob. 
iii. art. ix. vul. i, part ii. For, let the reftanglc KAB be made 
equal to the given re£langle DAC, and then K will be a given 
point. Draw the diameter KIS, and divide it in F, fo that IF 
: FS : : IK : KS, then F will alfo be a given point. Let DF 
be drawn to meet the circle in G and H. Then, by the 57th 
propofition, if the lines AC, BC be infiefled to any point C of 
the circle, meeting it in D and E, the line joining the points D, E 
either pafles through the point F, or makes a given angle at D 
with a ftraight line tending to that point, that is the angle EDG, 
or its equal the angle EHG, is given ; and therefore fince IE it 
parallel to a ftraight line given by pofition, GH is alfo parallel to 
a ftraight line given by pofition : therefore by the 6ad. propofition, 
fince a line DG is drawn through the given point F meeting the 
Vo l. II. Part I. P circle 
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circle in Dand G.andGH is parallel to a ftraight line given by po- 
fition, DH will either pafs ihrough a given point, or make a 
given angle at D with the ftraight line DK tending to the given 
point K, as is affirmed in the propofition. 

The demonftration may be found in the propoiitions of Dr, 
Simfon already cited, or in the folution to the 129th queftion. 
Old Series, of the Rcpofitory. 


XXI. QUESTION 171, by Analyticus. 

Find a feries for the nth power of the logarithm of a number ? 


First Solution, by Mr. Wallace. 

Let 1 + x denote any number, and X its hyperbolic logarithm, 
and put a for the feries which is the expanfion of X”. Then, 

becaufe a = X n , we have u = nX” 1 X — • 

from tbefe two equations we readily find 

nu Xu 

1 -+- x x 

AfTume now a = x” — Ax” 2 — Cx” ^-p-Dx” 4 ~&c. 

Then, if it be confidered that 

— - — = 1 — x + x 7 — x 3 4 - &c. 

1 -+- x 

,, x* x 1 x* , 0 

X = x - — + J — — + &c. 

~—nx n *— (n + i)Ax”-4-(n + 2)Bx — (n-f-3)Cx 2 -+-&c. 

x 

by multiplying the feries which exprefs a and — — — , we get 

1 " I X 


nu 

x 


equal to 


« j,«_ ( i -t- A ) 1 +( l q-A+BIx"'*' 2 — ( l + A+B+C) a ”"*" 3 + &c. j 

U 'Xti 

and by multiplying the feries which exprefs X and we get — 7- 

equal to 


»*’-(» +! T lA )*" +,+ G + 
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_f^L + iL±iA + ^±J-B + i±»c)*" + 3 + &c 

\ 4 3 2 i / 

By comparing the coefficients of like powers of x, in the two 
feries, we obtain the following equations, 

A — - - 
2 

*B = — 4- — T_L A 

3 a 

3 C = 3 1 + a + 

4 3 2 

4 D = ^-f y-^ A + i^B + ^C 

5 4 3 2 

& = g + S1Z1L A+ 3 1 IZ ± B + *JI=*C+^4D 

6 5 1 4 1 3 1 2 

&c. &c. 

the law of continuation being fufficiently obvious. From thefe 
the coefficients A, B, C, D, & c. may be readily determined 
for any given value of the exponent n. 

The problem is here refolved, upon the fuppofition that the 
logarithm whofe power is required is hyperbolic ; but for any 
other fyflem it is only neceflary to multiply the feries by the nth 
power of the modulus of the fyftem. 


Second Solution, by Mr. Ivory. 


By the binomial theorem (l + a) X = 

X — t , , X 1 X — 2 , , - 

i -4- x . a -f- x . . or + x . . — . a J + &c. ~ 

4* &c. = 

The Terminus Generalis of this feries is, 


+ k(i — *)( i — (»— ~r x )*z 


n + i 


n n i 

the upper or lower fign taking place according as the number 
of binomial faftors is even or odd. Let the notation (i) 

Pa be 
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be adopted to denote the aggregate fum of all the poflible com- 
binations, made by multiplying together m quantities out of thcfe 

n quantities, viz. t, i, hi fo that ’ according to 

this notation, will denote the fum of thefe n fraftions ; 

an( j JL will denote the fum of all the produfts thatarife by com- 
2 

bining them by twos; and^~ ^ will denote the fum of all the 

produfts that arife by combining them by threes ; and fo on; 
Then, 'by what is commonly taught concerning the coefficients 
of binomial produfts in algebra, she Terminus Generahs, when 
developed and arranged according to the powers of x, will become 

+ £! 

± n+ i +W”-M -W n-f-1 M3/H-+-1 

rt: & c. the upper or lower fign taking place according as n it 
even or odd. 

If now, each term in the feries that is equal to (1 ■+* a) x be 
expanded as we have juft been explaining, and if all the terms be 
arranged according to the powers of x, we fhall obtain. 


(, + a )*= i+x X ^ a ~ a 


a 3 a* a s 

2 + "3 4" ~5~ 


&c. 


+ x 3 x ^ ( 4 ) . ( 4 ) • — + ( 4 ) • -7 — & c * 

(3 4 5 

+ x* x | (4 ).-“ • — +(i) • g &c * 


&c. &c. 

The Terminus Generalis of this feries being 

71+1 

n “ 


** * {(£)• ' -(£) •££ +(a)£H- 

Let t denote the hyp. log. of 1 -+• a, then (1 + a) x (confider- 
ed as a funftion of x) being expanded in the ufual manner, we get 

( t 4* s] — 1 “I - - ■ — . x -f- — . x* -T • * 3 "4™ • x* 

13 ' 1 1 1.2 1.2.3 1.2. 3.4 

+ &c. 
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n 

+ &c. the Terminus Generalis being - 5 c x n . 

° l . s . 3 .... n 

But the coefficients of the fame powers of x in the two de- 
velopements mull be equal to one another ; therefore 


a , % n . % fl + 1 , , . »t» 

— - — • +(i±iyi_-ac. 

1.2.3. ... ft \n- iJ n \n-iJ «+i \n— 1/ w + 2 

and consequently r B , or the power of the logarithm of 
(1 + a), = 

*$(—)■- ^ + ( — ) 

“ (\n-ij n \n-ij n + i '» — i' n -f- 2~ 


«+ 2 


If we make « = e, then becaufe the expreffions (t)> ff). 
&c. denote the fums of one, two, and three, &c. of the quan- 
tities i,i.7>& c * vve have the fquare of the logarithm of (i-f-«)=: 

*•* * | ~ (l •+■ t) • — (* + T + 7) • 

And if we make n =. 3, then the cube of the logarithm of 

(H-0) = 


l,a ‘ 3X |i.2* 3 — + (^•‘7 ( ^’T + &c, | 


where the expreffions (4), (?), (4). &c. denote the fum of the 
produfts of the couplets of three, and four, and five, &c. of the 
quantities 1, 4 , 7. t> &c. 

And if we make n — 4, then the fourth power of the logarithm 
of (1 a) = 


^ ^ /4 \ 

1.2.Q.4 x <— — (t! 

i t- 2-3 4 


+ (*).X-(4).-4-&c 


•i 


where the expreffions (4), (4), (4), &c. denote the fum of the 
produfls of all the triplets of four, and five, and fix, &c. of the 
quantities 1, -j* 7* i> T» 

The method we have here ufed, will apply only when the 
index of the required power is a whole pofitive number. If the 
index be negative, or fraftional, we may then have recourfe to 
the ordinary method ol affiiming a feries with indeterminate 
coefficients. 


The Rev. Mr. Toplis likemfe an/wered it. 


XXII, 
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XXII. QUESTION 172, by Sen ex. 

It is required to find the nature or equation of a curve fuch, 
that any right line RQP being drawn through a given point P, to 
cut the curve in two points R and Q, and tangents from thefe 
points produced to interfefl each other in I, the angle QIR may 
always beol the fame conflant magnitude, tliat is always equal to 
a given angle? 


First Solution, by Mr. Ivory. 


Fig. 78, pi. 4. Let RT and QS be perpendicular to 
a fixed axis drawn through P ; put VP, the difiance of the point 
P from a given point V in the axis, zzz b, VT — x, VSrzz x', 
TR — 7, SQ — y. Let the tangents RI and QI meet the axis 
in II and K : and let a — tangent ot half the angle QIR (~ fum 
of the angles RHT and QKS), and 2 — : tangent of half the 
difference of the angles RHT and QKS: then tangent of 

RHT = 7—^7-, and tangent of QKS = — — . But 

-J— = tangent of RHT, and — tangent of QKS. There- 


fore 


dx 

w 


1 — az 
a -+- 2 


and 


dx’ 

w 


1 I7Z 

a — 2 


Again, becaufe 


the triangles TPR and QPS arc equiangular, therefore 



and by taking fluxions, 



dij $ __ _dx_ _ b — x ) df \ dx’ x’ — l 

y ' \ d y y S ~ y ' i dy y~ 

Hence, obferving that = \ we get 

y y 6 

(dy dy’ \ b—x _ dy dx dy_ dx( 

\ y y’ ) ‘ y y ' dy y dy” 

( dy dy \ x 1 — h _ dy dx dy ' dxf 

\ y y ' y ~ y ' dy y dy 

or, which is the fame thing. 


Digitized by Google 


( 1 1 9 ) 


V 

b—x _ __ fdy dV\ /(h <£c'\ (du_ rf/\ /* _ A* \ 

'Vjr y / ‘ y 'y "** y' •/ ' Wy 'dp) ^ y y j'wy d/J* 

(dy dy'\ x'-b [dy du'\ j dx f/*'\ /du dy'\ rdx dJ \ 

y Y* y ~ Vy + y ly yj'dy dp)’ 

D . t/x' aa(i+z’) , dx dx' — 2z!i - f-a’) 

Bui j- + j-, = — i and -j rr = — v 5 — ; 

ay dy a 1 — z ay dy a — z 

therefore, if we put — } x u, we 

y y \ y y * 


Dial! get . 

b — x 

— — u 

y 

x’ — b _ _ 

r ~ u 

whence, we derive, 

x — b -+- uy . 


z (i ■+■ a’) 


X + 

a 2 — z* 


a ( l + z*> 


a ( i -f* z *) 


And if we take the fluxions of thefe equations, and fubflitute 

dy X - — -r~— for dx and dy' X 1 aZ for dx' ; then after 

having properly ordered the terms, we fhall get 

dy _ du j u ( i+a 1 )2zdz a'- 1-1 (a* z*)dz 

y i-u i —u ' ii+z 2 )(a*-z x ) a ’ (l -J- «,\t+**,(a l -z*) 


dy _ -du u ( i -r- a*) izdz 3*4 - 1 (a , ~hz 1 )dz 
y l+u l-f-a * ( 1 -t ~z*ila 7 -z 1 ) a ' (t + a ( t -t-z*j(a*-z*)* 

Thefe equations contain all the conditions of the queflion ; 

for they include the equation — 4~ — u x{~ — ^ Y 

y y \y y' ) 

and, by this means the funflion u is left indefinite or arbitrary. 
Becaufe x ' , y' and x, y are co-ordinates of the Tame curve, 
therefore the two former mull fatisfy the equation of the curve 
equally as the two latter do ; which requires that x' and y' be 
refpeilively the fame functions of — z, that x and y are of -f- z. 
For, when this is the cafe, it is obvious that, by exterminating 
z fiom the expreflions x' and y 1 , there will be obtained the fame 
equation between x' and y\ as is obtained by exterminating i 
from the expreflions x and y. This confideration rellrifls the 
nature of the functions of z that mull be fubiliiuted for u: for 
«oly fuch f unilions of z mull be fubflituted lot u as will make the 

expreflious 
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expreflions Forjt andy like funftions of -4-z and — z. Without 
entering into further detail it will be fufficient to remark that 
the required conditions will be fulfilled ; that is, the expreflions 
for y and y' will be like functions of 4- z and — z; if there be 
fubilituted for u, funftions of this form, viz. A z 4- Bz 3 4- Cz s 
4- &c.; or fuch funftions of z as, when expanded into feries, 
contain only the odd powers of z. Having thus afcertaincd the 
proper funftions of z to be fubilituted for u, we have only to 
confider the expreflions of y and x, viz. 


du du . u 

~y~ 1 — u + V— M 
x = b 4- tiy x 


(I -t-tf 1 ) ‘Jzdz 1 ■ 


fl(i4-z‘) 


— y X 


(a* + z')tk 

( I — “)( 1 +* *)(«* — e 

(i 4- a 2 ) z 


V 


In looking for the fimplefl curves that will fatisfythe quellion, 
we are naturally led to examine the cafe, when «t — o. It is 
manifeft from what has been obferved, that this fuppofition is 


permitted. Now, when u — 


— o. 


then — — — 

y a 


(a 1 4- z J ) dz , , , r . . 

j (g? 2 » j • " nd ' refolving into parts, to prepare 

c . dy _ a 2 — j dz uadi 

for integrating, -j- — . T ^ rZt r ; and 


' «+2‘ a 2 — 


by putting m — 



a 


— . an d then integrating, 


log. y = log. c - m x <p+ log. where?) = arch whofe 


a 4- z ' 

tangent is z : therefore if e be the number whofe hyp. log. is i, 
then y = c . e r X But, when u = o, then 


a ■+■ z 

- u „ (» -+*«•)* , . 

- b y x — b — c (* 

* c (l + a’ 


+ «•).« X 


b — 


e - m p 


4 az 


Let 


(a 4- z)* ' 4 a ” ^ {a ^. z) 2 - 

denote the limit of ?>, or the arch whofe tangent is a, and let c 
be determined, fo that x and ^ may vanifh together ; then b — 

c (l 4- a 2 ) — mr , , r , . 

• * • ar >d, by fubflitution, x z=z 

n, u 

f (' + a l . e - mT x \ t - C m (t - 9) v A*z ) . 

4^ r x u+ipl and * 

by 
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by changing b to denote c . ^ . fl I . e mr , the expreffions 

for the co-ordinates of the curve become, x = b — be m ^ T — 

m (t — <?) a — z_ 


* /% p t 

a ■+■ * 

where a is the tangent of half the angle r made by the tangent! 

of the curve ; m zzz a ; tangent r = a; tangent f = x, 

the limits of <p being + T^nd of z, + a. 

If a r= 1 (in which cafe the angle made by the tangents is a 
right-angle) then m = o, and the expreflions of the co-ordinate* 

become, x — b — b . — — — ; and y — ab . - — r— therefore, 
(l+t/ J X -f Z 

in this cafe the curve is algebraical ; and if* be exterminated, 
we get >* = qbx, the equation of a conic parabola having the 
parameter of the axis \b. The refult of the analytic, in this 
cafe, when exprefled in words, is this; “that tangents of a 
parabola drawn from the extremities of any line palling through 
the focus, interfeft one another at right angles.” 

The fuppofition, next to that of u = o, in point of (implicity, 
is to make uzrzpz. This fubftitution being made in the ex- 
dv 

preflions of — — and x, we get 


d JL. 

y 


p . dz 


1 + a 4 


(a paz* — n* — z 1 ) . dz 


x — pz a 

(pa — 


(i — pz)(i + z’) (a* — z 3 ) 
I - — pa X z’) * 


x =z b + y x — _ 2 . 

It would be eafy to examine if thefe new formulas comprehend 
any algebraic curves that deferve to be remarked on account of 
their fimplicity. But, waving this difeuflion, we lhall be content 

to notice the cafe, when pa — i, or p — ~i the formulas then 

(i a?) dz _ — adz zdz 

[a — x)( l “ l + * l ~ x + z r 

f - ^ 

And by integrating, log. y = log. b + a / - — log. 

y/(i -+- z *) : and if tangent <p = — j then .7= b X * ^ xfin.p. 
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Whence x b — l x e a ^ cof. p. And if f denote PR, 
the diftancc of the point of the curve, of which x and y are the 

co-ordinates from P, then ( — J y* + {b — x )* * = if ? ; 
the equation of the common logarithmic fpiral. 


StcoND Solution, by Mr. Wallace. 

Let QBR (fig. 79, pi. 4.) be a curve having the property 
required, and let its nature be expreffed by an equation exprefling 
the relation between PQ, a ftraight line drawn from l’ to any 
point of the curve, and I'ome funfition of the angle contained by 
PQ, and PA, a line given bv pofition. Put p for the angle APQ, 
and as the angle PQI mull be exprefliblc in fome way or oilier 
by the angle APQ, let the angle PQI be denoted by /p, whereby 
/p is meant a funfition of p, of a determinate form, but as yet 
unknown. 

Now, if we fuppofe the angle PQI to revolve about the point 
P, (the line PR remaining at reft) till the point Q arrive at R, 
then the tangent QI will coincide with RK, that is, with the 
tangent IR produced; and, as by fucii revolution, the angle 
APQ will have changed its value Irotn 9 to J + 7:, (here x is 
put lor two right-angles) while the angle PQI has changed its 
value fo as to become PRK, it follows that whatever funfition 
the angle PQI is of p, the fame f unfit ion will the angle PRK be 
ofp-+- r.\ therelorc the angle PRK will b e/ (ip -f- r). Put 2 
for the angle I, which by the queftion is to be a conllant quan- 
tity, then, becaule the angle I is the difference of the angles PRK, 
PQI, we have 

/(? + *) — /? = «. 

an equation refolvable by the theory of finite differences, and 
which, employing the notation of that method, may be otherwife 
expreffed thus ; 

A (/<p) = «. 

Hence, taking the integral, and obferving that Ap — x, we have 

fo — p -fi- F (fin. ap, cof. ap) ; 

where by F (fin. ap, cof. 2p) is meant any funfition whatever of 
the fine and cofine of 29 ; let this arbitrary funfition be denoted 

by 4, then, putting nx for x, fo that — = n, we have 

7 r 

/. PQI = /p = n p ■+• 4. 

Draw 
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Draw P q indefinitely near to PQ and qs perpendcular to PQ ; 
let PO be denoted by r; then, putting dr and dp for the differ- 
entials or fluxions of r and <p, we have Oj = + dr, and sq = 

rdf, and fince tan. Z. PQI = therefore tan. (np 4- 4,) 

= j- , and hence 

dr _ + dp 

r tan. (np -f- 4.)" 

Now, before we can integrate this equation we tnuft give fome 
determinate fonn to the arbitrary function 4/, and this being done, 
the refult will have this fonn. 



where by is meant fome known funflion of <p, and hence, 
by integrating, we fliall have an equation expreffing the nature 
of the curve fought. And as there is no limit to the number 
of different forms which may be given to the arbitrary funftion 
4', and confequently to the number of correfponding forms of 
the funftion <l>, it is evident that there are innumerable curves 
having the property required by the queflion. 

In giving different forms to the funflion 4-. it may happen 

dr 

that fome of them are fuch as to render the equation — = $dp 

capable of having its integral expreffed in finite terms. This, 
however, will not be the cafe in general, and perhaps it may not 
beeafy to affign fuch forms to the funftion 4 / , as lhall produce a 
finite integral. 

If we fuppose that 4 1 = (3, a given angle, then the fluxional 
equation becomes, 

dr _ + dp _ 1 cof. (np + £) dnp 

r tan. n ’ fin. (np -hil) ’ 

and hence, by integrating, and putting c for a constant quantity, 
we get 

+ - 

r - c fin. 1 * (np /3), 

an equation which expreffes the nature of an indefinite number 
ofeurves having the property required by the queflion. 

Let us fuppofe « to be a right-angle, and affume & — o, then, 

kecaufe in this cafe n = — = we have 

7T 

_ 9 

r — c fin. -jp. 

Q a If 
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If we give the negative fign to the exponent, we have 

2 r ec 

2 fin.* -jp t — cof. p* 

an equation which is known to belong to a parabola (fig. 79), 
having P for its focus, and PA for its axis. 

If, again, we fuppofe the exponent to be pofitive, we have 

r — c fin.^p rr — (1 — cof. p). 

This equation belongs to an epcycloid PQBR (fig. 80, pi. 4.) 
generated by a given point Q, in the circumference of a circle 
DQ, which revolves on the outfide of another circle PD of equal 
magnitude, the given point Q, in the revolving circle being 
fuppofed to depart from P, which is alfo the point of contafil 
of the two circles at the beginning of the motion, and the 
diameter of each being equal to the conftant quantity c. For 
fuppofe that Q is a point in the curve thus generated ; draw 
CDE through the centres of the circles and their point of con- 
tact, and draw QE, PF perpendicular to CD. Then, becaufe 
arch PD = arch QD, the ftraight line PQ is parallel to CE, 
and PQ = FE = 2FD. But becaufe CD = CP, and CF — 
CP X cof. PCF = PC X - cof. APQ, therefore PQ = CP 

x (1 — cof. APQ), that is, r — — ( 1 — cof. p). 

If we refume the equation 

dr ± d? 

~r tan. 

and fuppofe a — o, that is, if we fuppofe the tangents at the 
extremities of the line QR to be parallel, then, as in this cafe, 

it = — = 6, we have, (afluming = a conftant angle, and 

7T 

putting m for its tangent) 



hence, by integrating, and putting c for a conftant quantity, 
we get 

log. r — cp, 
an equation to the logarithmic fpiral. 


XXIII. QUESTION 173, by Mr. John Fletcher. 

If the magnitude of a circle is given ; it is required to find the 
pofition of a right line RS, and that of a point P in another line 

given 
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given in pofition, from whence.if PAB be drawn to cut the circle 
in A and B, and perpendicular! AR and BS are drawn to RS, 
their rectangle will be always a given magnitude ? 


Solution, by Mr. Lowry. 

This problem is eafily refolved by means of the following 
lemma, which is the fame as prop, xviii. of Dr. Stewart’s Propo- 
Ctiones Geometricae. 

Fig. 8t, 8a, pi. 4. If two points C, P, be taken in the diameter 
£F of a circle, fo that the fquare of PC may be equal to the 
reftangle ECF, and a line SCK be drawn perpendicular to PF ; 
then if any ftraight line be drawn from P to meet the circle in 
A and B, and perpendiculars AR, BS, be drawn to the line SK, 
the reftangle ol thofe perpendiculars will be equal to the fquare 

Let PB meet SK in L.and draw LE to meet the circle in Q; 
then ALB == ELQ = CL* + ECF=CL* + CP’ = PL’ ; 
and by iimilar triangles, 

AR : AL :: PC : I'L, 

BS : LB :: PC : PL; 

therefore AR-BS : ALB = PL* :: PC* : PL*, 
and AR-BS = PC*. 

This being premifed, let O be the centre of the circle, produce 
the diameter FE till the reftangle ECF be equal to the given 
fpace, or to the fquare of the line n ; and then the diftance CO 
will he given. On FC produced take CP = to a, and then 
the d>. fiance CP will be given : with this diftance and centre O, 
deferibe an arc to cut the given line in P, and then SCK, drawn 
through C, perpendicular to PO, is the line required. 

For, by the lemma, the reftangle AR-BS is always equal to 
PC* or to the given fpace a*. 

Mr. Cunliffe alfo anfwered this quejlion. 


XXIV. QUESTION 174, £y Amicus. 

If a given cone, fufpended by its vertex, be made to revolve 
with its axis in a vertical plane; it is required to determine the 
force exerted on the centre of fufpenfion at any given pofition of 
the revolving body ? 


Solution, 
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Solution, by Mr. Lowry. 


Inficad of confining the folution to the particular cafe of the 
cone, as propofcd in the auefiion, I lhall refolvc the problem 
generally, when the body is any homogeneous folid formed by 
the revolution of a plane figure about an axis. 

Let ASB tfig. 83, pi. 4.) be a feftion of the body made by 
the vertical plane in which the axis SC ofcillates or revolves; 
alfo, let G be the centre of gravity, O the centre of ofcillation, 
and S the centre of fufpenfion of the body. Let p he the tnea- 
fure of the angle (reckoned on the periphery cf a circle whofe 
radius is 1 ) that the axis makes with the horizontal line SF, when 
the body is in any afligned pofition ; and put SG ~ a, SO rr b , 
g ~ 32-y feet, the meafure of the accelerative force of gravity, 
and w the weight of the body. 

Then the force of gravity (or weight w) may be resolved 
into two forces, the one equal to fin. p y. w afting in the di- 
reftion ol the axis SC, and the other equal to cof. p y w afting 
.perpendicularly to SC. Now the force fin. p x w afting in the 
direftion SC, can have no effeft on the motion of the body, but 
is wholly exerted on the centre of fufpenfion, and, when reduced 
to the horizontal direftion SF, it is equal to fin./> x cof. p X w . 

Again, the force cof. p X ui, afting perpendicularly to SC, 
is that which accelerates the motion of the body about the centre, 
fuppoftng the whole mafs of the body to be concentrated at O, 
but the abfolute velocities produced at G and O being direftly 
as the diflances a, b, from the centre of motion, the velocity at 

G is only the part of the velocity at O, and therefore the 

force which is employed at G, in accelerating the motion of the 


body is only the y part of the force cof. p X w , therefore the 

remaining part of this force, or ~ C °L P X te, is exerted on 

the axis of fufpenfion in a direftion perpendicular to SC. This 
part of the force, when reduced to the horizontal direftion FS, 

is = to - ~ - fin. p cof. p X tv, and as it afts in a contrary 

direftion to the other horizontal force fin. p cof .p x te, we have 

(1 — ~J~) ^ in ‘ P co ^ P * a '» or "f f ,n * P co ^ P * w ' ^ or 

the whole effect of gravity on the centre of fufpenfion in the 
horizontal direftion SF. 

But 
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But this is not the whole of the force that afts upon the centre 
of fufpenfion, for it is alfo affefted by the centrifugal force of 
the body, and to compute the effect of this force, let / be the 
centriftsgal force of a particle at O, and v its velocity; then the 
forces of an equal particle, at the diflances d, d', d", & c. from 

f f f 

the axis of motion, are equal to - r * d ’ T x d ' b * d " &c * 

therefore the centrifugal force of the whole body is equal to 
f 

■j- multiplied by the fum of the products of each particle by 
its diflance from the axis of motion, or (by the property of the 

centre of gravity) = to multiplied by the mafs of the 
body. 

Now, by the nature of central forces, the force yis equal to 
-y. and to eliminate v, let a circle be deferibed about S with 


the diflance SO, meeting the vertical line that paffes through 
S in D and E, and draw Of paiallel to FS. Then, if the 
body revolves about the centre S, let HE be taken equal to the 
height due to the velocity of the body at the lowefl point E • 
but if the body only ofcillates through a part of the circle as 
through the arc EK, then let KH be drawn parallel to FS meet- 
ing the vertical line in H ; in cither cafe HI will be the height 
due to the velocity of the body at O, or it* will be equaf to 
ig x HI. But SI is— l> x fin. p, and putting SH = c, we 
have HI = i x fin. p ± c , and v 2 ~ 2 g \b fin. p + cj the up- 
per or lower fign taking place as the point H is above or below 

the centre; therefore - 1 — is = s ig =" f ). But the 


weight of the body is equal to g multiplied by the mafs, there- 

r 

fore multiplied by the mafs is equal to w x (b fin. 

p ± c\ the whole centrifugal force of the body in the direftion 
60 ; which being reduced to the horizontal dircaion SF is 

2 a cof. b , _ 

— ^r— ^ fin. p±c). 


z=w x 


Let this force be added to the force of gravity found above 
and we have ’ 


IL 

X j (fin. p cof. p) -f w X 


2 a cof. p 


( h fin. p ± c), or 


xd x 
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ffl X j ^ (3 (in. p cof. p) ± y C0f. p^ for the whole force 

required, when eftimated in a horizontal direftion. 

To find the value of the angle p when this force is the greateft, 
let the fluxion of the variable part of the above expreffion be 
taken, and we have 

3 fin. p cof. p 4 - 3 cof. p fin. p±z cof. p = o ; 

fubfikute for fin. p and cof. p, their values p col. p and — p. 
fin. p, and divide by 3 p, 

2 c 

then cof.* p — fin.* p — j fin. p — o y 


or 


r,n -* p - fin - p = * 


T» 


-a «. f = <•) . *< . 


The force in the direftion SF, arifing from gravity being re- 
duced to the vertical direftion SE, is evidently equal to w X 
fin.* p ; and the centrifugal force, when reduced to the fame 
direflion, is equal tow X fin. p ( b fin. p dz c) i and 

therefore the whole force a fling on the centre of fufpenfion in 
the vertical direftion SE, is 

— w X — (3 fin.* pdt~ftn. p). 

When p is a quadrant, or the axis of the body coincides with 

the line SE, the force is = a» x (3 ± ~~£~) ' an< ^ w ^ ,en 

the points G and O coincide (as in the cafe of a ball fufpended by 
a firing) and the body ofcillates through a quadrant, c is then — 0, 
and the whole force z: 301, as determined in the folution to the 
106th queftion. 

In the cafe of the cone, if d be the altitude, and r the radius 

of the bafe ; then a is = $d, and l — r * f as is 

5 “ 

well known ; and the expreffion for the horizontal force, is 

w X 
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a x (3 fin - p cof ‘ p ~ cof - & mi for 

ihe vcnica! force w x (3 r >n-* P ± «"• p ). 

When the cone ofcillates only through the arc EK, then, 
thefe cxpreffions may be a little ftmplified, for fince SH is the 
cofine ol the arc EK, if q be put for the meafure of the angle 

ESK (to the radius 1), then SH or c is = b cof. q, and =: 


a cof. q, and the above expreffions for the forces become 

® x ~y\d' d + r’) Cn ' P Cof ’ P ± 2 Cof ' q Cof< 

and w X ^ (3 + 2 cof. q fin. p). 


XXV. QUESTION 175, by Mr. Wallace, R. M. College. 

Suppofe a quadrilateral figure to be infcribed in another qua- 
trilateral figure, agreeable to the conditions required in queflion 
iso of the New Series of the Repofitory, then the oppoute fides 
of the infcribed figure when produced, will interfeft each other 
in the diagonals produced of the circumfcribed figure. Required 
thedemonilration ? 


Solution, by Mr. William Simpson, Bolton. 

Let abed {fig. 84, pl-4.) be a quadrilateral, infcribed in ABCD 
agreeably to the conditions of the queflion, and let the oppofite 
fides ac, bd meet in g\ join Bg, Cg and draw the diagonal BC. 
Then it appears from the folution to queflion 120 that uB bifefts 
the angle bag, that iB bifefts the exterior angle abg, that dC 
bifefts the exterior angle cd M, and that C c bifefts the exterior 
angle dcG; therefore Bg bifefts the angle agb, and Cg bifefts 
the angle cgd, as is pretty generally known (fee Emerfotf’s 
Geometry 35, ii.). Therefore Bg and Cg bifeft the fame angle 
and confequently coincide, and CBg is a flraight line. It is pro- 
ved in the fame manner that the other fides and diagonal when 
produced meet in a point. 

Vol. II. Part I, R Second 
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Second Solution, by Mr. J. Johnson. 

Let abed fig. 85.pl. 4.) be a quadrilateral inferibed in another 
quadrilateral, ABCD, agreeablv to the conditions required in 
queflion 1 20. Then, if the oppofite Tides ab, cd. when produced, 
interfeft in the point H, it is to be proved that the diagonal AC, 
when producetl. will alfo pafs through that point. 

From A demit the perpendiculats AQ, AP, AR; then it 
appears from the folution to queflion iao, that Ad bifefils the 
angle PdQ, and that A a bifefts the angle RuQ ; therefore the 
right-angled triangles AP d, AQ d arc equiangular, and the fide 
Ad is common to each triangle, confcquently they are equal in all 
refpefils, and AP AQ. For a like realon the triangles Alla, 
AO a arc equal in all rel'pefls, or AR AQ ; therefore AP is 
= AR. 

Again if the perpendiculars CE, CF, CG, be drawn from 
C, it is proved in the Tame way as above that CG is = CF ; 
therefore CG : CF :: AP : AR ; and confequently the points 
H, A, C are in a ftraight line. 

It is proved in the fame manner that the diagonal BD will 
pafs through h, the point where the oppofite Tides be, ad imerfe£l 
when produced. 

The demonjiralions received from M'ffrs. Swale and Whitley, 
are little different from thofe above. 


XXVI. QUESTION 176, by Marloviensis. 


It is well known that the Turn of the feries 

X * AT® X* jf* 

* — “ -j •+■ — , -- + ^2 — &c. °d infinitum , is ex- 


x‘ 

3 ’ 


X- 

4' 


x ’ 
5 * 


— 1 £ 

prefled by the fluent of (x or area of a tranf- 


cendent hyperbola. Under what circumflances can the fame 
Turn be exhibited by the multiples or powers of the arc of a circle, 
and how is this to be inveftigated ? 


Solution, by Mr. Ivory. 

The inveftigation of the Turns of the powers of the reciprocals 
of the natural numbers feems firft to have engaged the attention 
of the two brothers, James and John Bernoulli, In a (hort 

treatife 
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ireatife on the films of infinite feries, written by Janies Bernoulli, 
(*' Traflatus de feriebus infinitis, &c.” publifhed with the “Ars 
Conjeftandi of the fame author in one volume) we are informed 
(prop. 14) that John Bernoulli, firft of all demonllrated that the 
fom of the infinite feries 1 + 7 + J + &c. is greater than any 
finite number. In the fame tieatife.the fum of the infinite feries, 


— 4- — 
1.3 2 


+ — -T&c. = -T_ + _J (- 

• 5 4.0 2* — 1 -* 


4 ' 3-5 4*° 2 '— 1 ' 3*— t 

+ &c. is (hewn to be equal to ■$ : and from hence it follows 

that the fum of the infinite feries — ~ -f- -L- — L -f- 8tc. is 

2 3 4 

a finite quantity lefs than J. But the fummation of the feries 

1 + + ~tt + “V + &c. was a problem for the folu- 

3 4 

tion of which the artifices then known were infufficient : and 
James Bernoulli, fpeaking of this feries, ufes the following 
words, “ difficilior eft, quam quis expeftaverit, fummae invefti- 
gatio; quam tamen finitam effe, ex altera, qua manifefto minor 
ell, colligimus : fi quis inveniat, nobisque communicet, quod 
induftriam elufit haftenus, magnas de nobis gratias feret.” The 
further difcoveries of the Bernoulli, on this fubjeft, are confined 
to the demonftration of the following properties; viz. 


{'+ ~ + 4 - ~ +&c.) X 

„ 771 771 771 


m 

2 1 


m 


= 1 + — + — H- — 


m 


m 


7 

+ &c. 

m- 1 

— ~ + J L 

2 m ~ l 2” 1 3" 1 4 W 


{‘+ — + — + — -h &c.)x 

* m 3* 4” 1 

+ &c. 

The fummation of the feries 1 H — 4- — — t-& c was 

2 3 * 

accomplifhed by Euler; but the difcovery was too late togratify 
the curiofity of James Bernoulli, who was dead. The method 

of Euler extends to the general feries 1 -4- - 1 - 1 

2? " 3 a " 

4 &c. where the index is any even number : and it is derived 
from the expreftion obrained by refolving ihe feries for the fine 
of an arch into its binomial faftors. Let 2 be any arch, and it the 
fcmi-circumference to the radius 1 ; then fin. z 


-1 — 


2 -3 


— — — & c .=zf fly 1 _ 4-) A — & c 
2 -3-4-5 k «*A aV/( 3 V/ c ' 

and. 


R 2 
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and, by taking the fluxions of the logarithms of both Tides of this 
equation and dividing by dz , 

cof. z _ l az 2z 

fin. z — z 


' x 1 — z’ ' 


2 * 7 =? 


1Z B , cof .Z 
-,-8cc. let - 


3 * 


’ hn. 


cot. z = ~ — A^ z — A< 5 > z 1 — z J - &c. the general 

term of the developement being — A^ 2 ” z en 4 ; and let 

cof* Z 

the feveral fraftions in the value of - be developed 

into feries : then by equating the coefficients of the fame 
powers of z, on different lides of the equation, we obtain, 






6 

CO 

7! e 


1 +& C = ^.7 = — 
4 2 945 

ill a <*"0 

and, in general, 1 -+- -5 -f- — -4- — + &c. = — — * »*■. 

* 3 4 2 

From the value of the feries i + + 

2 3 4 

&c. we immediately derive, 

l.i 1 , b w * 

1 ' - 4 - *f &C# 

2 1 ' 3 4 12 

i + — J- -+- — -f -1- — ; — 1- &c. zz — 5-. 

3 5 7 8 

Thefe fummations, firfl obtained by Euler, have been in. 
velligated by other mathematicians in different ways ; and, par- 
ticularly, by Mr. Landen in various parts of his writings. 

If we put x = 1, in the feries propofed in the quellion, it 

1 

¥ 


becomes 1 5- -+- 

2* 


— — — &c. the fum of which is 


Z— , as we have feen ; and thus one cafe is obtained in which the 

12 

fum of that feries is expreffed by the fquare of an arc of a circle. 
But, if I miftake not, the ingenuity of mathematicians has hither- 
to difeovered no other cafe, that of jc = 1 excepted, in which 

A* X^ X* 

the fnm of the feries x — . 1- — j H &c. can 

2* 3 4 

be exhibited by means of arcs of a circle alone, without loga- 
rithms. 
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tithms. Mr. Landen, indeed, has fucceeded in determining the 
fum of the feries * - &c. and the fums of 

" U 

^1 x* X* 

the kindred ferieses x + + jr + See. and x + + &c * 

in fome other particular inllances by means of circular arcs 
and logarithm* ; and thefe cafes I fhall now proceed to notice, 
although they feem hardly to fall within the fcope of the queftion. 

For the fake of abridging language, I fhall ufe the following 
notations: viz. t 

the fymbol F (x) for the feries x + + -~r •+* &c - 

A -2 X* 

the fymbol / (x) for the feries * + -^r — &c. 

. X 5 X* 

and the fymbol ?(x) for the feries x -+- &c. 

o O 


Since 




dx . ** , ** . 

-= — = x ± — -+- — - ± 

+ X — 2 3 


X * 


+ & c. therefore 


thefe 


r±- /•-£-=,*£ + 4 - ± ± 

■/ * J 1 + x 2 3 4 

formulas, which are alluded to in the queftion, belong to De 

Lorgna: by putting log. — - — for and log. (i + x) 

1 X J I x 

for and attending to the meaning of the fymbols juft 

explained, we get 

J ± r'°* = 

J^- l°g- (* + *) = /(*) 

and, adding thefe expref&ons, 

J- x - lo «- r=7 = 2f W* ^ 

Now, let x •+■ y = i i then_y = l — x; and — log. y — 
log. (i — ac) = F(je): in like manner, ] 0 g, x _ 

F(y); therefore, F(x) + F {y)——J j^-log.;t + -^log.*| 

— C — log. * x l°g* y ■ to determine C, let x = o, then 

F(x) 


Digitized by Google 



8 ' 


3 


+ &c. — -g- : therefore, 

F(*)+F(t — *) = -£ log. a: x log. (i — *) (,). 

Letx=i-x,orx = (t\thenF(i)= ± + ±(*)* + JL (*)i +. 

*V(t ) 4 + &c. = -^- — ilog . 4 E. 

4 12 


Again, let^i = 


l -+- a: 


■: then A _ A __ 


</x 


I -/ = —•; therefore log. ^=4Vt‘+*)-;£, 

log- (l ■+■ x) ; and, by integrating F (y) =f (x)—\ log. 4 (1 + x), 
that is, 

/(*) “ F (7^) = t log. 1 (t + x) (2). 

By the formula ( i ), we get F F (l^*) == IT 


X 

dx 


and 

dx 


x log. 


: : and by combining this equation 


l0g ‘ l-f-x " ° 1 -+-* 

with the formula (a), we get 

/(*)+F(~j) = ^--Tlog. 1 (t+Ar)-flog.(i+x)Xlog.jr..f3). 

Let a — — t — : then a 4 -l- a — j , and a = — : put 

i -f- a e r 

a for x in the formula (3), then 

/(a) + F (a) = -g i log-* a. 

Put a for x in the formula (a), and becaufe a* = — - — , 

1 -+- a 

therefore 

/(a) — F 'a*) = | log. 4 a. 

But, from the nature of the iunftions f (a) and F (a), it is 
obvious that we have Fia) — | F (a 4 ) — /(a ) ; and thus three 
equations are obtained that are fufficicnt to determine the quan- 
tities F (a), j (a), and F (a 4 ) ; put l — a* — - 3 "A . ; and 
we thus get F (a) 
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where a — 

2 


+ * 

, fl5 



+ 2* 

+ 3* 

1 ytv. « — 

10 

a 9 



** 

2 X 

+ 3* 

IX. L • 

‘5 

b 1 

•+• — r 

+ 4 

4-&c. — 

** 

2 

3 


‘5 

and £ 

_ 3 — 

y'i 



• log.* a 
■ | log. 1 a 


Suppofe v = ■ ~ : then ~J-j log. y — f~^ lo g- 

~ — tp(x): and becaufe x = 1 therefore, in 

1 1 i -+- y 

like manner, — J -L ] 0 g. x =2 p (y) : therefore, 

fW + fW=— Iog./+ ^ log. AT^ —C— 410g.XXlog.Jf*. 
but when x = o, then p (jr) = o, log, x X log. y =0, and^(^) 

il „* 

— P(t) = t 4 y + — r ■+■ &c. = —rr = ci therefore, 

3 5 8 

♦ W+ Kr^) =7“* ,og -' x ^*r5i 


let e = j y_ ~~ » ‘I 160 «* — 2« = i, and e = — l : and 

by putting x — e, the formula (4) gives 

f (f) = f + Y+ ~y~ + &c. = i log . 9 e. 

Again, a being = ^ — - 1 , we have obtained above, f(a) 

+ F (a) = — — \ log. 9 a : but / (a) -f F(a) = tip (a) : 

therefore, 

<p(a) = a + ~~ -h ~ + &c. = *log.*a. 

Laflly, let ^ ^ = y/j - — 2 : ‘he 0 * by fubftituting 

the value of <p (a) juft obtained, in the formula (4), we obtain 
f>(d) = </+ ~ + ^-+&c. = T ~ + |log.’a-41og.a x log .d. 

The 
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log. 
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The formulas (2) and (3; deferve notice, becaufe the com- 
putation of F (x), when x is lefs than i« is, by them, reduced 
to the computation of f (x), when x is lefs than 1. And, becaufe 

x • — therefore log. x — log. (l+x) — log. ^1 ■+■ “) • 

1 

x 

therefore — log. (1 — x) — - — log. ft -h ?) = 
therefor e/(x) +/Q.) = C + i log.* x : to determine C put 

7T 2 

x = 1, then C = 2/(1) = -g- i therefore, 

/<*)+/(;) = 4 + * log -** 

By this formula, the computation of f(x) when x is greater 
than 1, is reduced to the computation of / (x) when x is lefs 
than 1. Thus the computation of F (x) when x is lefs than 1, 
and of f (x) in all cafes whatfoever, is reduced to the computation 
of f (x) when x is lefs than 1. Now this may be accomphfhed 
by a converging feries as follows: 

Let z = log. /(!+*) and let cbe the number whofe hyper- 
bolic logarithm is 1 : then - 1 -+- x : therefore dx = 2 dz . c*', 

dr x 42c 2 *. dz 

x — c 2z — 1, and — log. (1 + x> = - ^ , — 

4 zc*.dz . , . v 2 (c*+ c-~) z ( c*-f- <-*) _ 

1 —^-= 2 zdz + 2 dz X C ,__~ T • Let c* - — c* 


1 ■+■ 


z * 

1.2 


»- 2 -3-4 


i.g-3-4d b 


&c. 


1 + 


+ 


&c. 


be developed 


1.2.3 1 1.2.3. 4.5 1-2.3.4-5-6.7 

into a feries 1 + A«2* - A'“ 2 4 + A' 6i 2° - &c. then by 
fubftituting, and taking the fluents, we get > 

/(x) = 2* + 2 x^-bA*.-^-- A w . j + A ! “.y-8 cc.|. 


XXVII. QUESTION 177, by Marloviensis. 

It is required to (hew a Ample praffical method (capable of 
demonflration), of putting a globe or fphere into perfpehtive; 
havrtig given the magnitude and fituation of the fpheie, the heigh 1 
ot the eye above the ground plane, and its dillance fiom t e 
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plane of projection, which is, as ufual, fuppofed to he perpen- 
dicular to the horizon, alfo to (hew what fituatiou the globe 
mud have, that the contour of its perfpeCtive may be any propofed 
conic feCtion ? 

Solution, by Mr. Lowry. 

The rays proceeding from that part of the globe which is 
vifible to the eye, will evidently form a right cone whofe ver- 
tex is at the eye, and its bafe a circle made by the contaCI of 
the fphere with the vifual rays that form the conic furface; and 
the contour of the pcrfpeftive reprefentation of the globe, on the 
piflurc, will be the figure made by the interfeftion of the plane 
of the piflure with the conic furtace ; and will be one or other 
of the conic feftions according to the relative pofitions of the 
cone and plane. Conceive a plane to pafs through the eye in a 
direClion parallel to the plane of projection, or plane of the 
picture : this plane is generally called the directing plane : then, 
when the globe is placed either on the contrary fide of the picture 
to the eye, or between tiie picture and the directing plane, but 
foa< not to touch that plane, the cone of rays will be interfeCled 
on all fides by the plane of the picture, and the figure will be 
an ellipfe, except in that particular cafe when the bafe of the 
cone is parallel to the plane of the picture, and then the figure 
will be a circle. Again, when the globe touches the directing 
plane on the fide next to the piCture, a fide ot the cone will be 
in the directing plana, and conferpicntly wiil be parallel to the 
plane of the picture, and the feCtion will be a parabola: but 
when the globe is placed fo as to be cut by the directing plane, 
it is evident that the pait of the globe on the fide next to the 
piCture will only be vilible to the eye, and the figure will be a 
hyperbola. Hence, we fee, that i lit contour of ti e perfpeCtive 
of the globe, will be an ellipfe, when the globe is placed without 
the directing plane ; a parabola when it touches the directing 
plane, on the fide next to the piCiure ; and a hyperbola when ti e 
globe is cut by the directing plane. 

Let E (fig.^3. 94>pl 4-i be the portion of the eye, AB ab 
the plane of projection, or, as ii is ufually ca led, the plane of the 
picture, and H the centreot the fphere. Alio, let EC be drawn per- 
pendicular to theplane ABuC, andconceiveapl-itse to pafsthrougli 
the eye, the centre of rhe picture, and the centre of the fphere; 
or through the points E, 0, H, meeting the plane of the piCture 
in the line Cl, and the horizontal plane palling through H in the 
line HI. T 'hen, fince the relatit e pofitions ot the globe, the eye, 
and the plane ot the picture are given; the dillatcesIH, IC, and 
EC are given. Let the rays LG, EF touch the circle FGVV, 
which is the feftion of the fphere by the plane ECH, in G and F, 
and meet Cl in gaud J\ and join GF ; then GF is evidently the 

Vol. II. Part I. S diameter 
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diameter of the bafe of the vifual cone, and gf its perfpeftive re- 
prefentation on the plane of the pifture. And fine egf partes 
through the axis of the cone, and alfo through the point C, where 
a perpendicular from the vertex of the cone meets the interfeft- 
ing plane, it is cafy to prove that when the cone is right, gf is 
one o! the axes of the fddion, namely, the greater axis when the 
figure is an elliple, and the greater, or lefs axis, according as the 
cone is acute or obtufe-angled, when the figure of the feftion is a 
hyperbola. It is alfo evident that the other axis of the feition will 
be parallel to the bafe ol the cone. 

Bifeft gf in S the centre of the ellipfe or hyperbola, and draw 
MSN parallel to GF, meeting EG in N and EF in M ; and let 
PSQ, drawn perpendicular ogJ,be the other axis; then the points 
P, Q, N, M being in the conical furfacc, and in a plane parallel 
to the bafe, they arc in the circumference of a circle, and MS'SN 
n PSSQ — to the fquare of the femi-axis SP or SQ. From 
hence we derive the following practical conftruflion : take a line 
hi - to the diftance HI, and with a difiauce equal to the radius of 
the fphere, and centre h, deferibe a circle. Make ic perpendicular 
to i h and equal to the dillance IC : and make ce perpendicular to 
ic and z. to CE, the diftance of the eye from the plane of the 
pifture: draw the tangents eG', eF' meeting ic inland j' ; then 
it is evident that thediftanccs if, eg' are rcfpe&ively equal to the 
diftances I f, C g, and therefore the axis fg may be determined by 
making I/= \f', and C g — to eg'. Let f g" be bifefted in s, 
and through s draw mn parallel to F'G' ; then ms, sn arc re- 
fpe&ively equal to MS, SN, and therefore the refctangle ms.sn is 
= to the fquare of the femi-axis PS orSQ, hence if PS or SQ 
be taken each equal to a mean proportional between ms and sn, 
we have the two axes ol the feftion and the perfpefiive curve may 
be deferibed by known methods. 

The figure is drawn only for the cafe when the contour of the 
perfpefiive of the globe is an ellipfe, but the above conftruHion 
is equally applicable when the contour is an hyperbola, as will be 
very evident to anyone who will take the trouble to draw the figure. 

Initead of finding the axis PQ, we might have found an ordi- 
nal OL, pafling through the point O wheie the axis^j- meets 
EH tl ic axis of the cone. For if GF meet EH in K, it is evident 
(fince OL is parallel to the bafe of the cone) that EO : LO :: 
EK : 'he .radius of the bafe of the cone; and fince EO, EK 
(or co, cK.') arid the radius KF are given; it is evident that LO 
is given, and it may be found by drawing ol parallel to G'F'; 
for then OL is zzz ol. 1 his method of conftrufction is immedi- 
ately applicable when the contour of the pcrfpeftive of the globe 
is a patabola. 

XXVIII. 
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XXVIII. QUESTION 178, hy Mechanicus. 

If two given bodies, A and B, connected bv a firing, be fup- 
ported on an inclined plane, by means of the firing palling 
through a ring at A, and any given force be imprefled on the 
body A, in a horizontal direhiion ; it is required to determine 
the nature of the curve defcribed by the body, and the circum- 
flances of the motion ? 


Solution, ^Mechanicus, the Propofer. 

Let CDEF (fig. 186, pi. 4.) be the inclined plane, n the fine 
of its inclination to the horizon, R the polition of the ring, or the 
point where the body A is placed at the commencement of the 
motion ; A and B the pnfition of the bodies at the end of any 
indefinite time t, and RA« a portion of the curve defcribed hy 
the body A. Aifo let QR, parallel to the horizon, be the di- 
reflionof the impulfe which communicates motion 'o tin bodies, 
and draw AQ perpendicular to RQ, or parallel to the firing 
KB, 

Let A a be an indefinitely fmall portion of the curve, draw am 
perpendicular to QAS, and join AR, aR ; with the difiance AR 
and centre R defcribe the fmall arc An and take B£ z^ian. 

Put / = the length of the firing, 

g = 32-5- feet, the meafure of the accelerative force of 
gravity, 

J < = AR, and then BR is / — x, 
v zzz the velocity in the curve at A, 
u the velocity in the direffton AR, or the velocity 
with which the bodies approach to or recede Irom 
the ring, 

y — AQ, z = RQ, s = A a, i — an — Bb, y — am. 

The impulfe given to the body A, when at R, caules it to 
recede from the ring and draw up the body B on the inclined 
plane in thedireftion BR : the motive force of A in the diiefctiun 
AS is — ng x A. which being refolved into the direction RA 

is — ng x A ; and fince B acts in oppofuion to this force, 

its effeft in the direflion of the firing mull be fubtrafted from 

ng X A 4 - to obtain the motive force, which, upon the whole, 

urges A or B towards the ring; but the motive force of B, or 
the force that urges it to defeend in the direction BR is - ng X 

y . 

B, therefore ng X ( A ^7 Bj — ng x ( J is the 

motive force in the diicCiion of the firing. And this force re- 


• • • Ay x 

folved into the direflion Aa is 1 ng x ( -r- — B , 1 X — = ng 


* ( 



the motive force in the direftion Aa of the 


f 

S 2 v curve. 


Digitized by Google 



( * 4 ® ) 


curve. Thefe forces divided by the inertia of the mafs moved, 
are equal to the tefpedlive accelerative lorccs in the directions 

AR, A a. 

The inertia of B is evidently equal to its own mafs B ; but 
fince A and B move with different velocities, or are differently 
accelerated, the inertia of A cannot be equal to its own mafs but 
to fome other quantity. Let this quantiy he M, that is, let M 
be a mafs fuch, that when placed at B, and the mafs A removed, 
it may icfift the communication of motion in the fame manner as 
the mafs A when it moves in its proper path. 

Now the motive force of A, in the tlireflion An, being ng X 

- — ; — — the accelerative force in that direfilion is ng X 
S 

( _a ) if A only be confideied as the mafs moved ; and 

jA 

the motive force of M (or Bj, in the direftion ER, being »£ 

x — ?) the accelerative force in that direction is ng 

' x 

Ay Bx. -j- on |y be confidered as the mafs moved: 

* l Mi 

But A deferibes the fpare s with the velocity v, in the fame 
time that M deferibes the fpace x with, the velocity u, and the 
accelerative force being equal to the fluxion of the velocity 
divided by the fluxion of the time, the accelei alive torces of A 
and M will be as the fluxions of the velocities, that is, 


vg X ( 


Ay — Bx 


As 


M = 


Asv 

xu 


and B 


) '■ ”g * V 

Asv 


Ay — Bx 

M* 


) 


therefore 


XU 

Ay 


— the whole inertia of the mafs. 

— Bx> 


C\ . Asv. 

) ~ (B -f- -— ) = ng 
' xu 


Confequently, ng * ( 

(A? ^‘ x \ “ is the accelerative force in the direftion AR or 

Bdx + A vs 

B£, which, by dynamics, is = to therefore ng (Ay- Bi) 


= B 


A suv 


uu ■ 


or fince — — = — 


=: Bird + Avv 


.(») 


ng ( A y — Bx) 

and taking the fluents 

213 g Ay — Bxl — Btr* -f- Av .(2). 

Now, bcfidcs die force which afls in the direftion of the 
firing, there is another force which diflurbs the motion ol the 
bodies bv afting in a direction perpendicular to the radius veftor 
RA for the motive force of A in the dircftion QSA is ng x A, 

which 
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which being rcfolved into a force perpendicular to RA is n g ^ 
A x fin. QAR = »£xAx — = A X /ffuppofing ng x 

f =/) • 

To compute the efleft of this force on the motion of the 
bodies ; let w be the velocity of A, in a direftion perpendicular 
to the radius veftnr AR, and let p be the value of the perpendi- 
cular drawn from R to he tangent to the curve at A : then the 
velocity in the direction of the tangent, or element Ac of the 

curve, will be T — , - sss — . This velocity would con- 
tra. PAR p 1 

tinue invariable, if the forces were to ceafe to aft on the body A, 

wx •+■ V)X 


and its fluxion 


would then be — o ; or to would 


be — — — - ; but witen the forces continue to aft, the fluxion 


of the velocity is w, therefore w (or the excefs of the 

fluxion of the velocity when the forces aft, above the fluxion of 
the velocity when the forces ceafe to aft,J will be equal to the 
fluxion of the velocity generated or deflroyed by tire aftion of 
the motive force A x J only. But the fluxion of the velocity 

is — to the element of the time t (or multiplied by the 

accelerative force, that is, 

• , wx x , r / • , wi\ 

= u *S'°rf= (®+ - ) X 

But it is evident that at is — y/ (t/ 2 — at’), therefore 
; and putting thefe values in the expreflion 


a 

T« 

X 


V (a* — a 2 ) 
for/, we have 


, / vv — uu ... * v « 

/= + x -) x -p 


x r \ ( W 

or, ngz ( ~Jx) — i 


UU y XU 


4- a — a 1 ) 


x^/(v* — a*) I” - v t- — - / (3)- 

From the equations (i) (2) (3), and recollefting that j — 

5 V 

/(i* + z 1 ), —r- = — , and z* = at 2 — y*, we may determine 
x u ' 

the circumftanccs of the motion, and alfo the relation between 
y and z, the rectangular co-ordinates of the curve; but the ex- 
preflions are too complicated to admit oi any elegant conclufion. 

XXIX. 
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XXIX. QUESTION 179, by Mr. WALLACE, R. M. College. 

Suppofe two particles of matter p and q, to be connefted by a 
ftringp.A^, and to reft in equilibrio upon two inclined planes AB, 
AC, the ftring being fuppofed to pafs over the common feftion 
of the planes at the point A; then, if a circle be defcribed through 
the points p. A, q, and the particles without changing their po- 
fition are disengaged from the ftring pAq, and connected by ano- 
ther paq, which pattes over a peg fattened at any point a in the 
circumference of the circle, the particles p and q will ftill reft in 
equilibrio upon the planes. Required the demonftraiion ? 

Solution, by Mr. Thomas Bazley, Bolton. 

Fig. 87, pi. 4. Draw the horizontal line pQ cutting AC in 
Q ; then, by the property of the inclined plane (when the ftring 
paffcs over the common feftion of the planes) rad. t : fin. A pQ 
:: p : p X fin. ApQ = the force fttftaining p, and in like man- 
ner q x fin. A Qp — the force fuftaining q ; whence by the 
queflion fin. ApQ, X p = fin. AQp x q. 

Now when the ftring palTes over a, we (hall have, (by cor. j. 
prop. 15, Emerfon’s Mechanics, 8vo.), cof. ap A : fin. A pQ :: 
p : (fin. ApQ-±- cof. apA) x p — the force of ^ in the direction 
ap; and for the famereafon, (fin. AQp -7- cof. A qa) x — the 
force of q in the direction aq. But it was (hewn that fin. A pQ x 
p ■=. fin. AQp X q, and, by the property of the circle, the angle 

... , . , r fin. ApQ fin. AQp 

Apa is — to the angle Aqa; therefore — _ — i- XP — — 

r 6 1 cof. Apa ~ r cof, Aqa 

X q; confequently p and q fuftain each other at a. 

And thus the queflion was anfuiered by Afr^rs. Cunliffe, Nicholfon, 
and Simplon. 

XXX. PRIZE QUESTION t8o, by Geometricus. 

If the oppofite Tides of a hexagon, infcribed in a circle, be 
produced till they meet, the three points of imerfetlion will be 
in the fame flraight line. Required the demonftraiion ? 

First Solution, by the late Earl Stanhopk. 

( From the Appendix to Sckawb's edition of Euclid's Data.) 

Fig. 88, pi. 4. Let the oppofite Tides of the hexagon AFEDCB, 
when produced, meet in the points G, H, I. 

Draw BL parallel to El, and FM parallel to CG ; and 
through F, B, draw LP, MN ; join PH, NH, and draw FC 
and BE. 

Bccaufe, by condruftion, BL is parallel to ED, the arc BCD 
= LFE, and the angle BCD zzz LFE, and their fupplements 
or the angles PCH, PFH are equal ; and fince the angle 
FQP = COH,the remaining angles of the triangles FQP, CQH 
are equal, or the angle CHQ = FPQ. Therelote (he quadri- 
lateral FCHP may be circumfcribed by a circle. And in the 
fame manner it is proved that a circle will circumfcribe the 
quadrilateral BEHN. 

Flence 
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Hence the angle CFH rr CPH : but the angles CFH, CDN 
are equal ; therefore the angle CPH — CDN. In like manner 
it is proved thatthe angle EDP — ENH, therefore El is parallel 
to PH, and DG to HN, and confequemly DNHP is a parallelo- 
gram ; therefore the angle QPH = RNH. 

Again, the angle AFM = AGC. and AFM = ABM, there- 
fore ABM = AGC. But becaufe the angle ABM IBN, 
the angle IBN m AGC. And in the fame mannet it is proved 
that the angle GFP = BIN. Therefore the triangles FGP, 
BIN are equiangular ; confequently thc fupplement of the angle 
BNI or the angle BNR is equal to FPQ the fupplement of FPG. 
And fince the angle QPH = RNH. therefore FPQ + QPH or 
FPH = BNR •+• RNH. But HBN = HEN, and HEN — 
FHP, therefore the triangles BNH, FPH are fimilar. And be- 
caufe the triangles FGP, BIN are all’o fimilar, we have 

GP : PF :: BN : NI ; and PH : PF :: BN : HN; 
therefore (exact perturb.) GP : PH :: HN : NI : 
whence (by comp.)GP: PH : :GP + HN(orGD) : PH + NIorDI: 

therefore GHl is a flraight line. 

Second Solution, by Mr. Ivory. 

Fig. 89, pi. 4. Let the oppoftte fides of the hexagon meet 
in the points G, H, I. 

Join two of the oppofite angles of the hexagon, as A and D ; 
about the triangle ADI deferibe a circle, and let that circle meet 
GA and GD (or thefe lines produced) in K and L; and join FC, 
KI, LI, KL. Becaufe the quadrilateral ADIK is in a circle) 
therefore the angle AKI = ADE: and becaufe the quadrilateral 
FADE is in a circle, therefore the angle ADE — GFE : there- 
fore the angle AKI = GFE, and KI is parallel to FH. In like 
manner, on account of the circles, the angle AIL - ADL — 
CBI; and LI is parallel to HB. And, again, the angle KLD 
= DAF = FCD ; and KL is parallel to FC. Becaufe FC is 
parallel to KL, therefore 

GF : FC : : GK : KL. 

And, becaufe the lidcs of ihc triangle HFC have been fhewnto 
be parallel to the fides of the triangle IKL, each to each therefore 
FC : FH :: KL ; KI. 

Therefore, exatjuo, GF ; FH :: GK : KI. 

Theretore G, H, 1 are in one flraight line. 

Third Solution, by Mr. Lowry. 

Let ABCDEFA (fig. 90, pi. 4.) be the infcribed hexagon • 
G the interlefclion ol the oppolite fides BC, EF; H the inter- 
feflion of the oppofite fides AB, DE; and I the inurfetlion of 
the oppofite Tides CD, AF; then the points G, H, 1 are in a 
flraight line. 

Draw HK parallel to BC meeting CD produced in K and 
GL parallel to AB meeting IF in L. Join AK, LC, AD and 

CF. Then, becaufe HK is parallel to BC; the angle BCI tor 

BAD 
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BAD, Euc.iii. 22. J is = to the angle HKD; therefore the points 
A, D, K, H are in the circumference of the fame circle, and — 
the angle ADH = to the angle AKH. 

Again, becaufc GL is parallel to BA, the angle GLF is — 
to the angle HAF or (ibid.) to the angle BCF; therefore the 
points G, L, C, F are in the fame circle, and the angle GCL — 
the angle GFL — the angle ADH or AKH; therefore LC is n 
parallel to AK.and confe juently the triangle ILC is equiangular 
to the triangle IAK, and the triangle GLC equiangular t>> the 
triangle HAK; therefore LG : AH LC : AK :: IL : IA; 
and (trice the points I, L, A are in a flraiglit line, it is evident that 
the points I, G, H are alfo in a llraight line. 

Tire proportion ma\ be enunciated more generally as follows: 

Let two chords AB, DE (fig. 91, pi. 4-) be inferibed in a v 
circle, interfering at H (either within or without the circle), 
and from two of the terminations B, D (or B, E) let two llraight 
lines be infiefied to any point C in the citcle, and from the 
other terminations A, E (or A, D) let two other llraight lines be 
infle&cd to any point F in the circle, meeting the former in- 
flefted lines in G and I ; then die points G, H, 1 will be in 
a llraight line. 

II any two, of the points in the circle coincide, a tangent may 
be fubflituted for the infletled line, and the propofition will Hill 
be true, and the preceding dentonftration will hold good. 

The propofition ihus generalized, is alfo true in any of the 
conic feftions, as was, I believe, firft difcovered by Maclaurin'. 

It is alfo true when the figure is inferibed in a fmall circle on the 
l’urface of afphere; arches of great circles being fubftituted in 
place of llraight lines. 

Fourth Solution, by Mr. Rich. Nicholson, Liverpool. 

Let ABCDEFA (fig. 92, pi. 4 ; beany irregular hexagon 
inferibed in a circle ; produce the fides AB, LD and BC, EF 
to interfeft in G and H ; draw GH, which produce to meet CD 
in I, and join IF, FA ; then, if the propofuion be true, FA is 
a continuation ol IF. To demonllrate this, draw BK parallel to 
GI, and KL through F to meet G 1 in L ; join F, C and L, C : 
then, the angles GHB, KBII and LFC being equal, the points 
F, C, H, L are in a circle; therefore the angles HLC, HFC 
and GDC are equal and the points G, C, D, L are in a circle ; 
wherefore the angles KFA, KBA and LGB are equal, and the 
points A, G, L, F are alfo in a circle. Now, it FA be not a 
continuation of IF let FM be a continuation of it meeting the 
circle in M ; then IG X IL=IC X ID IMxIF, therefore the 
pointsG,F,L,M are inthe famecircleasG,L,F,A; therefore, join- 
ing M, B; M, G, the angle, MG A, is equal to the angle MFA, 
that is, to the angle MBA, which is abfurd. Wherefore FA is 
a continuation oi IF, and t he propofition of Geometricus true. 

jlfr.^IvORY is rcqucjicd to fend to Mr. Glendinning’s for 
the Medal for folvwg the Prize Qncjhon. 
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ARTICLE III. 

Solutions to Questions proposed in Number VI. 

I. QUESTION 181. by Yanto. 

Bacchus caught Silenus afleep by the fide of a full cafk, he 
feized the opportunity of drinking, which he continued for two- 
thirds of the time that Silenus would have taken to empty the 
whole cafk. After that, Silenus awakes, and drinks what Bacchus 
had left. Had they drank both together, it would have been 
emptied two hours fooner, and Bacchus would have drank only 
half of what he left for Silenus. Required the time in which 
.they would empty the cafk feparately ? 


Solution, by Yanto, the Propofer. 

Let * denote the number of hours in which Bacchus alone 
would empty the cask, and y the number of hours in which 
Silenus would do the fame. Then if the content of the cask be 


.denoted by unity, — and ~ will exprefs the refpeftive quanti- 
ties drank by Bacchus and Silenus in an hour ; and by the quef- 
tion, |y is the time Bacchus continued drinking while Silenus 
was afleep; therefore, by the queflion, we fhall alfo have x : 

• . i • ££ == the quantity drank by Bacchus whilfl Silenus 

3 3 * 


flept; and 1 — — ^ — — = the quantity which Sile- 

1 <xx — 2 v ■yleix — 2 y) 

nil* drank : and therefore, — : 1 : : « — - '■ — — — 

» , y 6 x a* 

— the time Silenus was drinking: confequently, fy + 
y ' 2 y\ — & x y will exprefs the whole time of 


3 -* 


3 * 


drinking the cask. Again, — + — : l : : it * y — 
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time in whicli both together might empty the cask ; and there- 
tore by the queftion, 

5*y — _ ,jy._ + 2> 

3 v x + y 

Alfo, — - 4 — — : 1 :: ^ — r= Bacchus’s share, had 

x y a ,x -4“ y 

they drank both together ; which, by the queftion, mull be equal 
to half of what was left tor Silcnus ; that is, 

= A +? or 3 A - 5^ = »>* : 

Hence, x — ay, or — y : but as the queftion does not admit 

3 

of x or y being negative, the only value of any use, is x = ay, 
by means whereof, exterminate a out of the equation 

* — — — — + 2, and it becomes — -f a : whence y = q 

*-\ry 3 3 y S 

and x = ay — 6. 

And thus the Quefnon was anfutered by Mejfrs. Amicus, Cunliffe, 
O’Riordan, Toplis, and Vinofus. 


It. QUESTION 182, by Amicus. 

Two given beams, or rods, loaded with weights, being placed 
on a horizontal plane, fo that their lower extremities may be op* 
pofed to each other, and the other extremities be fupported by two 
parallel vertical planes ; it is required to find their pofition w hen 
they are in equilibrio, and the prellurc exerted againft each plane/ 

First Solution, by Mr. Cunlitfe, R. M. College. 

Let AB, (fig. 96, pi. 5:) reprefent the horizontal plane upo» 
which the two beams or rods are placed ; AM and BP the two 
vertical planes ; NM and NP the two rods or beams oppofed to 
each other at their lower ends N, and the other ends leaning 
againft the vertical planes AM and BP. 

Let G, g reprefent the refpeftive centres of gravity of the beams 
NMandNP: draw MR, PS parallel to AB and RGH, SgL 
perpendicular thereto, and join RN, SN. Let w denote the 
weight of the beam NM, and w' the weight of the beam NP. 

Then by the corollary to Prop. 63, Emerfon’s Mechanics, 

RH 
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RH : HN : : w : (HN RH) x vs ~ the force exerted by 
the beam NM in the direflion AN: and for the fame reafon, 
(LN — SL) x w' — the force exerted bv the beam NP in the 
direction BN : and these oppofite forces when the beams are in 
equilibrio, mult counteraft or be equal to each other ; that is 

(HN -f- RII) xro- (LN -f- SL) x w, 
or HN x SL X w = LN x RH x at'. 

And by reafon of the parallels HG, AM; Lg, BP, 

NG : NM :: NH : NA = NM x htH — NG ; 

Ntf ; NP NL : KB = NP X NL -l- N>. 

Put NG = a, GM = b , Ng = c, g? — d, NH = x, NL zr 
y, and AB = s. Then GH = y/( at ~ **)» and gE zr 
\Z(c*—y l ), and from what has been deduced, NA = [a + b) x -±-a 
and NB =: (c ~h d) y c. 

Again, becaufe of the parallels HG, AM; Lg, BP, 

NG : NM :t HG : AM = (a ■+ b) y/{a' -I’J-fsi RH, 
Ng : NP :: Lg : BP = (c + d) \/(c x — y 1 ) ~ c z= SL, by 
means of which, the equation HN x SL x at = LN x RH x vs' 
becomes 

wx ( c -+- d) y/(c' — y*) ~ c — w’y (a ->r b) y/[a' — x 1 ) -A- a, 

also, NA 4 - NB zr (a -4- b) x A- a + (c d) y c — s. 

From the two preceding equations, x andy may be found, which 
will determine the polition of the beams when in equilibrio. And 
the preflureof each bean) againft its refpeftive vertical plane, is 
equal to that exerted by its lower end in an horizontal dire£lion, 
(cor. prop. 63, Emerfon’s Mechanics), and therefore the pref- 
fure againft each of the vertical planes when the beams are in 
equilibrio, is exprefled by (HN A- RH) x m. The prefturc 
againft the horizontal plane is obvioufly equal to th,e vyeight of 
both beams or w ■+■ w. 

Second Solution, by the Rev. I.Toelis. 

Let AG, MP, (fig. 97, pi. 5,) reprefent the two vertical 
planes, GM the horizontal one, AH, PH the two beams, D 
and Q their centres of gravity: let DF and QS, perpendicular 
to the horizon, reprefent the refpeftive weights of the loaded 
beams. From D draw DE perpendicular, and FE parallel to 
AH : then DF may be decompofed into the forces DE, EF. In 
like manner, let QR perpendicular, and RS parallel to PH, re- 
present the force QS, decompofed into thefe direftions. Let 
AC perpendicular to AG, reprefent the re action of the plane 
AG upon the beam AH, which re-aftion may be decompofed 
into two others, AB perpendicular, and BC parallel to AH. In 
like manner, PN may be decompofed into l’T perpendicular, 
and TN parallel to PH. In the direftion of the beam AH, let 

T 2 He 
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He be taken equal to BC -F- EF, and decompofed into cd and 
d H; then He leprefents the force which afts ujfon the heam in 
the direftion AH. Let H a be the force with which the beam 
AH prefles upon the plane GM, in a dire£lion perpendicular to 
itfelf, which may be deconipolcd into the forces H b parallel, and 
ha perpendicular to GH, Let He = TN -J~ RS reprefent the 
force of the beam PH,, in the direftion PH, which mav be dc- 
compoTed into I If parallel, and fc perpendicular to GM ; alfo 
the preffurc llg, of the end of the beam PH, may be decompofed 
into the forces HA parallel, and hg perpendicular to GM. 

If AB = HD x DE~AH,eH = BC -H EF, Ha = AD 
x DE — AH, PT — QR xQH^- PH, eH = TN + RS, 
Hgz= QR X QP -f- PH, and Hd — HA = H /— HA, it is 
evident, from the known principles of Mechanics, that the 
beams will be in equilibrio. 

To calculate this pofition, we may eaftly perceive that the 
right-angled triangles AGH, ABC, DEF, Hcd and HaA have 
the angles GAH, BAC, EFD, H cd and AH« equal, therefore 
the triangles are fimilar. Alfo the right-angled triangles PTN, 
PHM, QRS, Hr/and H^A are similar, for the angles NPT, 
HPM, QSR.ycH, andgHA are evidently equal. 

Put d. GHA -=.x, c. PHM =; y, DF = a, the weight of 
the beam AH ; DA = A, DH = c, AH 3= A -+• e 3 d, QS 
= m, the weight of the beam PH ; QH 3 A, OP = k, PH — 
A •+- k — J x GM = g ; then DE — a cof. x, and EF r= a fin. x, 


AB = HD x 

cof. X 


DE AH — a 4 cof. a*, and BC = AB 


ac 

~d 


tan. a 


therefore He = BC ■+- EF = 


ac 


tan. x 
cof. A 


tan. a 


+ a X 


fin. a, and Hd = He 


. ac 

C0f. A = 7 


cof.’ 


X 


tan. a 


+■ a fin. x cof. x. 


ab 


Alfo Ha = AD x DE -t- AH = ^ cof. a, and HB = Hu 

Xfin. a = a -y cof. a fin. a ; therefore H</ — HA — -f 
a d 

+ (a — -j) cof - * fin * but ( a — cof. a fin. 


cof.** 
tar,, x 


ac r r ac 

— - . cof. a fin. a = — 
d d 


fin.* 


rcof.* a -4- fin-* 


tan. a 


-) = 


tan. a 
ac 

dtan. a’ 


H/", HA, in a fimilar way, we find Hf — HA = 


hence Hd — HA — — c 
d 

J l 

By calculating the forces 
mh 


/I 


an. y 


and 

fince 
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fince hid H/< is ~ H/ — H h, we have 
ar mh 

d Uni. x ' f tan. y 

AlTo GH - AH cof. x - d cof. x, and HM = PH cof. v 
e/cq1. y, therelcre J 

d cof. x + f cof. y — % |,j 

And from the equations 1 and 2, we may eafily determine the 
angles x audy, and then the pofition of the beams is known. 

To find the prcffure againfl the planes, we have AC = - AB 
_ ac cof. x ac _ fln ‘ * 

~ dCm.x — Tian. x* the P re{rure a g ainft the plane GA ; 

a _j pvj PT mh . 

~ TmTy = / 7 ^ 7 / the P reffure a 8 ainft the plane MP. 


Again, cd — cH fin. x — — C . . " ""*_r . . r„ * , 

d tan. * + a lln - *. and 

al = aH cof. x cof.* and cd + ab = -££^ 

d x 

cof. x fin. x _ . r 


ac cof. x fin. * 


tan. x 


tan. x 


a fin.’ * + cof.’ar; but -fS/LiJlL 


tan. x 


A, 

- cor.* x ; therefore cd + ab - a {j~- cof.’ * 4- 

7 fin.’ xj = a, the prcfTare of the beam AH againft the 

plane GM ; and by a fimilar calculation, we find cf + *h — 
who 1 Fe tr r f , ,h f beam PH the plane GM, or 

.t ™,hi; againi ' ,i,eh " i “" , » i r'»'. i.«t»t 

Third Solution, by Amicus, the Propo/er. 

LetGAand MP, (fig. 98, pi. 5 .) be the vertical planes AH 
PH the given beams placed in the required pofition Dt h^ ’ 
tre of gravity of the beam AH, and W itsweia! t - and O h! 

.re of gravity of the beam PH, and *, its weX om An ““j 
make DL : LQ : : W : w • then L i. ,£? ' J D 2’ and 
„f ,heL T : and wi^Tn IgtSZZSZTg 

s f x ,h b “ «r* * 

CM, then LX m„(l bda minfmKm. dL 0^''“'" 7° 
cular to GM, and put a — J)H, b ' = AH, m § K Q P H? e „ nd i' 

PH 
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PIT, p = GM, * == Z. GHA, and y == Z. PHM ; then DI 
— a fin. x, aufi QK — m fin. y. Draw QV parallel to GM, 
meeting LX in Y, and DI in V ; then LX = QK -1- L^ , and 
DV = DI - QK, and LQ : QD : : LY : DV, or LY = 


VD X = (ID - QK) = - 


w 


w 


W 


(a fin. a; — m fin. y ' ; therefore QK -+- LY zz= m fin. y ■+■ 


w 


w - 4 - W 
W m 


[a fin. x — m fin. y) — 


w 


[a fin. a:) + 


w 


wa 


w *+• W 

— - fin. y = a minimum. Take the fluxion, then 
W 

W m 


* cof. X + ) cof. » = o. 


or y = — 


W 

wax cof. x 
W m cof. y 


Again, GH = AH cof. * = b cof. *, HM = » cof. y, and 
b cof. x + n cof .y — p, a conilant quantity, tlierelore its flux- 

■ . lx fin. x 

ion, or — bx fin. x — tiy fin. y — O, and y — 


Hence 


to a 


x cof. x b i fin. x 


n fin. y 

wa cof. x b fin. x 


W/n cof. y n fin. y ' ° r W m cof. y n fin. v’ 

n fm. v I* fin. r n l . 

° Wm cof. y wa cof. a W m • wa 

from this equation, and the equation b cof. x + n cof. y — p, we 

may dtterniinc x and y. 

A folution was alfo received from Dr. O’Riordan. 


III. QUESTION x 83, by Quidam. 

Given all the four fides, and the difference of the parts into 
which one of the angles is divided by a diagonal ; to conftruft 
the trapezium and point out the limits. 


Solution, by Dr. Michael Stuart O’Riordan, Car. 
low , Ireland. 

Suppofe it done, and let ABCD, (fig. 98, pi. 5,) be the tra- 
pezium required, in which the four fides and the difference ot the 
angles DCA, BCA, (made by one of the diagonals AC) are 

' given 
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given. Let the triangle AOC be made equal to the triangle 
ADC, and join BO; that is, let OC be made = to CD, and 
AO = to AD, then the angle ACO will be equal to the 
angle ACD, and the angle BCO will be equal to the difference 
of the angles DC A, BCA : hence the following 

Construction. With the given fides CB, CO (CD), 
and given difference of the angles make the triangle CBO, and 
with the given diflances OA (AD), BA, and centres O, B, dc- 
fcribe arcs to interfeflat A; make the triangle ACD r: to AOC, 
and it k done. 

It is evident, that BO mult not be lefs than the difference,. nor 
greater than the fum of OA, BA; and when BO is equal to the 
difference of AO, BA the angle BCO, or the difference of the 
angles DCA, BCA is a minimum. 

Mcjfrs. Amicus and Cunliffe, anfwered it. 


IV. QUESTION 184, by Mr. Johnson, Birmingfiam. 

A given quantity of gold is to be made into a cup in the 
form of a fegment of a fphere, and n tenths of ail inch in 
thicknefs: what are the dimensions of the cup when it is made 
so as to contain the greatest quantity pofliblc? 


Solution, by Mr. Cunliffe. 

Letr denote the radius of the interior fphere, or that which 
conilitutes the hollow part of the cup, and let x denote the depth 
thereof, or the verfed line of the fegment: then will r -\- n de- 
note the radius of the exterior fphere, and x + n will denote 
the verfed fine of its fegment. And by a well known theorem, 
p x (r.v* — t* 3 )> will exprefs the content of the hollow part, 

where/t= 33 ‘i 4 i 6 ; and p x ^(r+ n ) (71 + x t * — | x (n-f ar)*£ 
will exprefs the content of the fegment of the exterior fphere. 
ALfo the difference of the foregoing expreffions, viz. p x | (r+n) 
[n + *)* — rx* ? — ip X (a 4 - x) 1 + t P*' will exprefs the 

.quantity of gold in the cup, which put == pq*n. 

Now the content of the hollow part, viz. p x (rat* — }ar’) is 
to be a maximum by the queftion, or rx * — is to be a maxi- 
mum; putting its fluxion = o, gives rx 1 -+- 2 rxx — x' Ji 

— o; whence r =: — x (sr — x) -7- x. 

Furthermore, the expreffion for the quantity of metal being 

conftant. 
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conftant, its fluxion will be = o, or r (a + x )* -4- -lx [r + ») 

(k ■+• jr) — rx* — ‘ arx£ — 1 x (« -f- x)* + x* x =tr (n* -+- snx) 

. • , s' '-4-2 r , f n-f-ar 

4-x (»* ■+• 2 *-*) =so,orr=^M 7^.5 therefore 

== — . — — which equation, when properly reduced, gives 

X * 

x = r. And hence it appears, that the required fegment is an 
hemifphere. Having now determined that the required fegment 
is an hemifphere, it will be ealy to find the radius of the fphere ; 
for, by a well known theorem, 

ip X |(r-d-») 5 — r 3 * =ip x (y* n-+- 3^+ 

by the queftion : whence, after proper reduction, completing 

the fquare, &c. we lhaH have r = 5- y/( 187* 31P) — \n. 

This queftion was avfwered by Mtjfrs. O Riordan and f opli s. 


V. QUESTION 18.5, by Quidam. 

Let olie 'end of a firing of a given length he faftened to a point 
A in the circumference of a circle, and laid tightly upon the 
(Circumference, and brought with the other end 1 to meet the 
(diameter AB in T : what muff be the diameter of the circle that 
,the fpace BTP included bv the right lines TP, TB, and the arc 
JBP may be the greateft pof’lible, TP being a tangent at T ? 


SOLUTION, by Mr. CUNLIFEE. 

©raw the radius CP, (fig. 99 , pi- 5>) ^mV^'Tx ^CP == 
4hc arcaoftlie.ttianglc TPC, ,,*1 «c BP x iCP = »r« of .h. 
feftor BPC, and their difference, viz. (1 I — arc BP) x 
— the fpace BTP included by the right lines TP, TB and the 

afC N B 0 P w let q denote the quadrantal arc of a circle, whofe radius 
is 1 * and let a denote the length of the firing APT ; then arc 
a p V pt — ia x CP — arc BP ■+■ PT = a, whence PT — 
arc BP = a — 2 q X CP, and hence the fpace BTP =(PT -r- 
arc BP) X iCT = [a — zq x CP) x }CP — q * ( J 1 -r* 2 q — 
CP) X CP = 2 maximum, or (u -j- — CP) X CP a maxi- 


m The problem is therefore now evidently reduced to the dividing 
of a line of a given length into two fuch parts, that their rectangle 
may be a maximum, which is known to be the cafe when the given 
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line is bisected; hence we shall have CP == a 47, or AB = 

2CP =z a — zq. Q. E. T. 

From the preceding conclusions, it is easily perceived, that 
having given the length of the string APT, we may determine 
the radius CP, so that the area BPT may be equal to a given 
space, by means of a quadratic equation. 

Or which amounts to the same thing, the solution of the fol- 
lowing question may be effected by a quadratic equation. 

Let a string, TPAP', of a given length, having its ends fasten- 
ed together, be laid upon the periphery of a circle, and stretched 
to point T, in the plane of the circle ; to determine the radius so 
that tlie area PTP', included by the tangents TP, TP, and the 
intercepted arc PP' may be equal to a given space. 

An ingenious solution was received from Dr. O'Riordan. 

VI. QUESTION 186, by. Mr. John Whitley. 

If an ellipfe be circumfcribed by a triangle, and lines be drawn 
from the angles of the triangle to the points ol contact, meeting 
the ellipfe again in three points; tangents drawn to the curve at 
thefe points will interfefd each other in the faid lines produced. 
Alfo, if the faid tangents and the Tides ol the triangle be produced 
till they meet, the three points of interaction will be in the fame 
Araight line. Required the dcmonllration ? 

Solution, by Mr. Lowry, R.M. College. 

The demonstration of this proposition will be greatly simplified 
by premising the following Lemma. 

Let three straight lines, AB, BC, AC, (fig. ioo, pi. 5,) 
touch a conic section in the points P, Q, R, and meet each 
other in A, B, C; then, if straight lines AQ, BR, CP be 
drawn from the points A, B, C, to the points ol contact Q, R, P, 
meeting the curve inn, b, c, they will intersect each other in 
the same point K, 

Let the line which joins the points O, R, meet AB in Z, 
and CP in N, and let K be the intersection of the lines AQ, 
BR; then if PC does not pass through K, let PK be drawn 
to meet QR in some point n different Irom N ; then (Hamilton’s 
Conic Sections, Prop. IV. B. V.) the line AZ is harmonically 
divided in the points A, P, B, Z; therefore the lines AC, PC, 
BC, are harmonicals with respect to the point Z; and the lines 
AQ, P n, BR, drawn through K, arc also harmonicals with re- 
spect to the said point Z ; wheicfore the line ZR, which meets 
both sets of harmonicals, is harmonically divided in the points 
Q, N, R, Z, and also in the points Q, n, R, Z, which is im- 
possible, except the points N and n coincide ; therefore PC - 
must pass through K. 
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When KQ r* parallel to AB, it is bisected in N, and AB is 
then bisected in P, and the truth of the lemma is evident. 

Cor. A tangent to the curve ate, passes through the point Z{ 
and the points a, b, Z arc in a straight line. 

For it Z c is not a tangent to the curve, let Z d touch the curve 
at d, and draw P d meeting HO in m : then HZ is haunonically 
divided ill the points R, m, Q, Z (Mam. P. 111 . B. V.J and 
also in the points R, N, Q, Z (as is proved above,) which is 
impossible; therclore m coincides with N, and d with c, and Z c 
is a tangent at c. 

Again, if the points a, h, Z, are not in a straight line, let Zi 
be produced to meet the cutve in M, and the lines CP, AQ in 
I and L; then because ot the hatraonicals, LZ is harmonically 
divided in the points L, I, b, Z ; and (Ham. P. HI. B. V.) it is 
also harmonically divided in the points M, I, b, Z, which is 
impossible, except L and M coincide with the point a, (Ham. 
B. V. Def. 2, and Cots.); therefore the points a, b, Z , are in 
a straight line. 

Hence it appeals, that the lines RQ, ab, and the tangents to 
the curve at P and c, intersect each other in the same point Z. 

Demonstration of the Proposition. Fig. lot, pi. 5. 

I.et tlte figure be drawn as belore, and let the tangents at the 
points a, b, c, intersect in E, F, and G. Then, 1st. the pro- 
position affirms that the intersections E, F, G, are in the lines 
AQ, BR, CP produced. Now, (Ham. P. VIII. B. V.) the 
intersection A of the tangents RA, PA; the intersection E of 
the tangents bE, cE; and the intersection K, of the lines R b, 
cP, arc in a straight line; but it has been shewn in the lemma, 
that the intersection K, is in the line AQ,' and therefore the in- 
tersection E is in the line AQ produced. In the very same way 
it may be shewn, that the point F is in the line BR produced, 
and that the point G is in the line CP produced. 

It is manifest, (Ham. ibid.) that the lines Re, Pi, will inter- 
sect in AE produced : that the lines Pa, Qc, will intersect in 
BR produced ; and finally, that the liues Ra, Qi, will intersect 
in GC produced. 

adly. Let the tangents at a, i and c, (fig. 102, pi. 5,) meet 
the tangents at Q, R, and P, in X, Y, and Z ; then, by the 
proposition last cited, the intersection X of the tangents aX, 
QX; the intersection Y of the tangents b Y, RY ; and the inter- 
section of the lines RQ, ab, are in a straight line. But it has 
been proved, in the cor. to the lemma, that the lines RQ, ab, 
intersect in the point Z, where the tangents PZ, cZ, intersect, 
and therefore, the points X, Y, Z, are in a straight line. 

The last part ol the question is only a particular case of the 
genera! proposition enunciated at page 144 of the last number of 
the Repository, when applied to the conic sections. 

Dr. O'Riordan also answered this question. 
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VII. QUESTION 187, by Laputievsis. 

Lot two fpherical balls given in magnitude and weight, and 
Laving their furfaces perfectly polifhed, be put into a fpherical 
vefTei of a given diameter, whole internal furface is alfo perfectly 
polilhed : required the diflances of the points of contaft from 
ihe loweit point of the veflel, when the balls reft in equtlibrio ? 

Solution, by the Rev. I. Toplis. 

Let OEFe (fig. 103, pi. 5,) be a section of the vessel and 
*pherical balls, perpendicular to the horizon, and passing through 
their centres ; O the centre of the vessel, OF a vertical line, 
OAE, and Oae, lines passing through the centres of the balls to 
the vessel, AMa a line joining their centres. Let AD perpen- 
dicular to the horizon, represent the weight of the ball AEM, 
and DE be drawn patallel, and AC meeting it, perpendicular 
to OAE ; then the force AD may be supposed to be decomposed 
into the forces AC, which accelerates the sphere down the side 
of the vessel, and CD, which acts against the surface of the 
vessel at E, As A a joins the centres of the spheres, it passes 
through their point of contact M, and the force which opposes 
the descent of the sphere AEM, acts in the direction MA : let 
BA represent this force which may be decomposed into two 
others, one parallel to OAE, and the other perpendicular to it; 
the force parallel to OE, is opposed by the surface EF, and that 
perpendicular to it, ought to be equal to AC, in the caseof an equi- 
librium; therefore these forces may be represented by BC and 
CA. If in the sphere M ea, ad is taken perpendicular to the ho- 
rizon, and in the same ratio to AD, as the weight of the ball 
Mea is to that of MEA, and deb is drawn parallel, and ac per- 
pendicular to Oe, the force represented by ad, may be decom- 
posed into cd, which is opposed by the re-action ol the vessel, 
and ac which accelerates the sphere down the vessel. As the 
force which opposes the rolling of the ball, acts in the direction 
Ma, let it be represented by ba, which, in the case of an equili. 
brium, is equal to BA ; then ba, when decomposed into two 
forces, one parallel, and the other perpendicular to Oae, that 
perpendicular to it, must evidently be represented by ca. As 
the lines OE, AE, and ae are given, their sums and differences 
are given, therefore OA, O a, and A a, and consequently the 
triangle OAa are given. 

Put Aa ~ a, AD = W, ad — w, and x — AG j then aG 
a — x, and, by similar triangles, OG : AG AD : AB 

— xW — OG ; also, OG : aG ; : ad : ab ~ (a — x) w -f- OG, 
and since AC zzxb, we have x W -l. OG = (a— x) w -J-OG, 

Ui or 
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•r *W — (a — x) tv ; therefore x — a -4- fW + And 
a« in ilie triangle OAG, AO, AG and /.OAG are known the 
remaining sides and angles may be easily found, and in a similar 
manner the sides and angles of the triangle OCa are known : but 
the angles EOF and FOc give the distances of the points of con- 
tact from the lowest point F. Join FM and in the triangle FGM 
we know MG = AM — AG, GF = OF — OG and AMGF 
*= / AGO, from which wc may find MF, or the distance of 
M from the lowest point. 

Second Solution, by Dr. O’Riordan. 

Let OEFc, (fig. 103, pi. 5,' represent a vertical section of the 
balls and vessel ; A and a the centres of the balls; E and e the 
points of contact with the internal superficies of the vessel: 
draw A a, which will manifestly be equal to the sum of the semi- 
diameters of the two balls, and therefore given; also produce the 
radii EA, ea, till they meet, which will be in O, the centre of 
the vessel. Now the common centre of gravity of the two balls, 
will be a given point in A a, which suppose G; then through O 
and G, draw the right line OGF = the radius EO, and join 
EF, ef. 

When the balls are in equilibrio, the line OGF must be per- 
pendicular to tire horizon, and F’ will be the lowest point of the 
vessel, and EF, eF, the required distances ot the points of con- 
tact of the balls from the lowest point. 

The calculation will be very easy: AOa is a given triangle, 
and G a given point in the base A a • whence we find /. AOG 
— /.FOE; there is also given EO = FO, whence we may 
easily find EF. And in the same manner eF may be found. 
Solutions were alfo lecnvedjrom Messrs. Amicus and Cunliffe, 

VIII. QUESTION 188, by Mr. Ivory. 

Two points being given in the fame vertical plane, but not 
in one horizontal line; it is requiied to determine the pofition 
of two inclined planes fuch, that the time of defeent from the 
higher point to the lower, on thefe two planes, (hall be lefs than 
on any other two inclined planes whatfoever ? 

Solution, by Mr. Ivory, the Proposer. 

Let A and B, (fig. 104, pi. 5,1 he the two points, and AG, 
GB, the two inclined planes required : draw the horizontal lines 
AF and GE, and the vertical lines GD and BE: draw also AH 
perpendicular to BG. 

Let g = 32^ feet, the accelerating power of gravity t Then 
the time of descent on the inclined plane, AG will be = 
(AG GDJ X /(BD-Mj) = t: 

The 
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The velocity acquired by the fall = /(Y-r * DG): 

The velocity, in the direction ot the plane G8, zzz (GH -4- 
GAl x /( 2 g x DG'=V. 

Let r" be the time of descent on the inclined plane GB, then 
V x r -4-(BE-f-BG) x ^r''=:BG: hence 

2 GA'BE • v/ DGx(t /•#)'= B £.- BE: and 


*Vte = lT£! • DG ) -g^V^DG Therefore 


GH 


GH 




DG)- 


Gll 

G.\ 


V L)G 


AO 

'CiD' 


"h TTTxV^ 


If we put AF = b, BF z a, GD = x, and AD = y, the 
expression for (r -+- r) \Zrg, which is to be a minimum, will 
become a function of x and y, for which we may write J (x,y) : 
then the equations for determining x and y, in the case of a mi- 
nimum, will he had by putting the partial fluxions of J (x, y,l 
(the variables being .randy) separately = o: that is the equations 

wm be ^r) = °> and = °* 

But asthepieccdingcxpression for the whole timeof the fall seems 
to be somewhat complicated, in order to simplify it, we shall sup- 
pose that the (ailing body passes from the upper plane to the lower, 
without any loss ot velocity, as in the case of a continued curva- 
ture ; for this purpose, we have only to write t in place of 
GH -f- GA in the preceding expression, and we obtain J (at, y} 

= (BG -4- BE) (v/BF - V'GD) + (BA -f- GD) /GD: 
And if -we put f = BA = /(a* -by*), <’ = BG = yf-fb — y)* 

d- (a — *,*£, then/(ar, y) r= ^—^ ( /a - /*) + L /* ; 


And remarking that 



dy 




_( >-y)' j_. 

(a — xf f ’ 



we shall have according to the method noticed above 

fdf(x,y)\ _ b — v y/a — y/x . y </ x 

V dy j ” f ' ‘ + 7 • — = °* 

f df{x,y) \ _ (b-y)* y/a-y/x yf y/x , / f - f \ , 

V. dx J ^a-xf’ {“ A* * f "U-a .J'/* -0 

whence 
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whence - — — . — — = JL 

t \/a -f- ^ x ( 


Lzl x t-JL x - V* __y v y 

a — x ( y'q+y/.r X f 



Let 9 and 4- denote the angles which the planes AG and GB, 

make with the horizon ; then ^ — C0S J^ 1 L co f ¥ 

a — x sin >p’ x (in 9 

.. f. _ * < lb — y v 

a — x - TmT'T shT^’ i = cos ^ 7 = co.?, 

•Jx 

we have cos 4 X - = cos 

Va -+- y/x r * 

cos * 4 1 ^ y/x cos’ 9 _ , . 1 1 

sin 4/ v' a + V x sin 9 2 ' sin 4 sin 9 

And if we exterminate y/ x -4- (Vq 4- v ,;r )» we shall have 
acos 9 X sin (9 — 4) = sin 9 — sin 4: this equation seems to require 
9 = 'k. which being inconsistent with the equation, cos -4 X 
V* 4" (V & -+- \/x) = cos 9, will give no solution: but re. 
marking that sin 4 = sin (9 — (9 — 4)) = sin 9 cos (9 — 4) 
’ — cos 9 sin (9 — 4), we get by substitution, cos 9 sin (9 — 44 


95= sin 9 ( X — cos (9 — 4)) ; whence — = tan 9 =; 

cos 9 

sin {9 — 4) , , _ 9 — 4, , r 

— r~ rr = tan (go° — It therefore q 3 

1 — cos (9 — 4j 2 ' 


— 4 = x 80*, and cos 4 = — cos 39, sin 4 = — sin 34 : or 
cos 4=3 c° s 9 — 4 cos 3 9, and sin 4 = 4 sin 3 9 — 3 sin 9 : 

-r COS >1/ - •*/ a -4- 4: 

Hence, == 3 — 4 cos 2 p — * — 2 cos 23 — - — 2 - 

cos 9 13 1 T y'x 

put a: — cos 29, then — 2s = y/{a ~ x), and x — a -t- 42*. 


. • x cos 9 . (a— at) cos 4 cos 9 

Again, AD = • — — , and GE = , — ; — - — - — 2- x 

c sin 9 sin 4 sin 9 

(— -4 "■!?]■ therefore 
4 s,n 9 — 3 
cos 9 

Sill 9 ' 4 sin’ 9— 3 


(a — x) f 3 — 4 cos* 9). 


) = b: And because 


a 



sin 9 \/ 1 — 2 . 

cos 9 * 1 ~f z 3 


2 COS* tp9=t + r, a sin* 9 
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t= 1 — r, we get by substituting and reducing 

(l 22-1- 22 s ) 1 (1 4 " 2) = (42* — 42*) 

whence the problem may be resolved by finding the value of 
or cos 2 p, in an equation of the 5th degree. 


IX. QUESTION 189, by Mr. Cunliffe. 

Required the fum of the infinite feries 

4 ~T *(t) + T X iir + T) - T * ( i +T+i) + iX(T + T+HT)"^ c - 

Solution, by Dr . O’Riordan. 

Put z — — (tJ .— - + ({ + !)• — — (i + T+i) • ~r + & c « 

j i 'O 

Take the fluxions and divide by x, then 

M 1 

Multiply by 1 -f x, and take jc* from both sides of the equa- 
tion, then 7 (x + *) — x 2 = x — — ■+- -J-&C. 

* 3 3 4 

x a „j 

Let p be the hyp. log. of 1 x, then p = x 4 

2 3 

" * X 2 

— — 4 * &c. and £ — — — , and by substitution, ■ x* 

4 »+* 9 

= <P. ori rpp + A 5 9 

And taking the fluents, z — iP* + P — x + j**, which needs 
no correction. Let x be taken = 1, then p is the log. of 2, and 
z =: yp* 4 * p — y the sum required. 

Mr. Cunliffe, the proposer, by assuming — X ( x ax* 

4 - bx' — ex* 4 - See.) = 4 **— $IV + iQx* — |R*s & c< 
and proceeding as in his solution to question 160, (pa. 87 of the 
present vol.j obtains the same result as above. 

The sum of the series may also be immediately found from 
Mr. Ivory’s solution on page 1x7 of the present vol. ; for if a be 
taken = 1, then 4 the square of the log. of 2 is=r-£ — ) . 1 

4 - ( 1 4 “ y -J- i) •_ 4 — ( 1 + f ■f t + t)-t+ &c. — to the 
series in the question, together with the series — t -|- y v 4- 

5 — & c. But this last series is evidently — to £ Jog. 2, 

and 
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and therefore the sum of the given series it ~ -f log.* 2 — 
(£ — log. 2,) as before. 

The next-four Quejlions are. feleU'd from the Cambridge Univerfity 
Calendar Jur 1806 . 

X. QUESTION n;o, from the Cams. Um. Cal. 

A given cylindric veflel is fupplied with water by a cock 
at a given rate. Then fuppofe, wlteu the veil'd is full, that an 
aperture of a given area is made in its bottom ; whai is the 
lowefl point to which the furface of the water in the veflel will 
defeend, and alfo the time of its defeent ; the influx of the water 
by the cock being fuppofed flower than the efflux when the 
veflel is full ? 


Solution', by Mr. Cunliffe. 


Let h denote the height, and d the diameter of the vessel; A 
the area of the aperture or hole made in the bottom. Also let x 
denote any variable height of the water in the vessel whilst run- 
ning, g — 1 6 t V ; and suppose the velocity of the effluent water 
to be the same as would be generated by gravity in a heavy body 
falling freely from the height of the surface of the water above 
the aperture in the bottom, and put p — '7834. Then 2 \/gx 
will express the velocity of the effluent water per second, when 
the surface is at the height x above the hole in the bottom : and, 
therefore, 2.\gx will express the quantity of water issuing per se- 
cond, when at the height x. Let 2 Ah denote the quantity of water 
per second, supplied by the cock, and ihenaAy/#.* — 2An:=2A 
X ( y / gx — n) will express the rate of evacuation of the vessel 
per second, when the water is at the height x above the aperture ; 


— d l yx 


will express the fluxion of the 


and therefore , . . 

2 A (/£*— ») 

tim6 of evacuation. The fluent of this exprefflon, viz. 

nd* p , , , , , d* py/jr\: 

~Af x h- !•(✓**-«) ~ 


espressos the time of evacuating to the height x above the hole 
But this expression ought to vanish when x — h, therclore the cor- 
rect expression for the time of evacuating to the height x , will 
be 


i't 


X /£*) — 


nd 1 p 

H 


x 


h.i 


Vs* 



Again 
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Again it is evident, that the surface of the water in the vessel 
cannot sink below the point where the rates of the influx and 
efflux per second, are equal to each other; that is, where 2 A 
V{gx — n) — o, or where x — n* g, in which circumstance 
the preceding correct expression for the time becomes 

which is infinite. 

Whence it appears, that the surface of the water in the vessel 
can never arrive at the point, where the rates of influx and efflux 
are equal to each other. 

Dr. O’Riordan answered this question. 


XI. QUESTION 191, from the Camb. Un. Cal. 

To this question we have received no answer. 

XII. QUESTION J92 .from the Camb. Un. Cal. 

A perfe&ly flexible chain is wound round a cylinder fupported 
with its axis parallel to the horizon. Then, if the weight and 
Himenfions of the cylinder be given, and alfo the length and 
weight of the chain ; it is required to determine the time in 
which the chain, impelled by the force of gravity, will unwind 
itfelf ; a given length being unwound at the commencement of 
the motion ? 


Solution, by Mr. Cunliffe. 

The solution of the following problem will greatly facilitate the 
answer to the question. 

Suppose a cylinder of uniform matter of given dimensions and 
weight, to be at liberty to turn freely about its axis : it is requir- 
ed to determine what weight must be placed at a point upon the 
surface of an hollow cylinder of equal dimensions, so as equally 
to resist the communication of motion by any equal forces act- 
ing at the surfaces of the two cylinders, in directions at right 
angles to the radii. 

Let SRC (fig. 105, pi. 5,) represent a section of the cylinder 
at right angles to its axis, SC a radius thereof; Sa A a circle con- 
centrical to SRC. Put SC zzz r, SA = z, and c zzz 3-1416; 
and let 2B denote the weight of the cylinder. Then zcz =:the 
circumference of the' circle SaA, and aezz = the fluxion of the 
space SaA. And we shall manifestly have r*c : tciz : : 2B : 
Vol. 1 I.Pakt I. X az 
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jfzi B -f- r* = the fluxion of the weight of the circle or cylin- 
der SaA, and the last expression being written for A in the ex- 
pression, art. 395, page 398, vol. ii, last line but two, Dalby’s 
Course; the expression there becomes qz’z B r 4 , which 
is the fluxion of the weight to be placed at C : taking the fluents, 
we have z 4 B ~ r 4 , which when 2 — r becomes B. Hence 
it appears, that half the given weight of the cylinder being placed 
at a point in the surface, would equally resist the communica- 
tion of motion by any force acting at a point C, in a direction 
CP, at right angles to SC, as the cylinder itself would. 


Solution of the question. 

Let aB denote the weight of the cylinder, / the length of the 
chain, and w its weight; and let a denote the length of the part 
of the chain depending from the cylinder at the commencement 
of the motion, and let CP = x, denote a variable part of the chain 
depending from the cylinder whilst in motion, and let v denote 
the corresponding velocity of the end P. 

Then we shall obviously have l : x : : w : wx -f- / z= the 
weight of the part x, and therefore sgwx -f- l expresses the mo- 
tive force urging the system, when the length x of the chain 
hangs trom the cylinder. But it appears from the preceding 
problem, that B -f- w expresses the whole inertia of the system ; 
therefore agzvx -f- / (B -f to) will express the accelerative 
force, when the length x of the chain depends from the cylinder* 

Then, by a well kuown theorem, = vv ; taking the 

correct fluents, by making the resulting expression to vanish 

2gu> (x 1 — a’ J 


when x z=a, we shall have v * =: 
(B -h w) 


l (B -+- w) 


Again, t = ?=✓(- 


)- 


■ = the fluxion 


ugw ' — a *) 

of the time of unwinding to the length *. And the correct flu- 

•'CB . +_d) * sxf+tfi-’J 


ents being taken, gives t = 


agw 


where writing / for x 

/+✓(** — «') 


it becomes y/( 


/ (B -f- at) 

2gW 


) x h.L 


which expresses the time of unwinding the 


chain. 


A solution was also received from Dr. O’Riordan. 


XIII. 
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XIII. QUESTION 193, from the Camb. Un. Cal. 

A cylindrical vefTel, whole height is equal to its diameter, 
is filled with water ; with what velocity mull it be whirled 
round its axis, that hall the water may be thrown out ? 

Solution, ly Mr. Cunliffe. 

I shall first solve the following problem; by means of which, 
an answer to the question will be readily obtained. 

To find the nature of the curve, which the surface of a fluid 
contained in a cylindrical vessel acquires, whilst the vessel re- 
volves about its axis with an uniform velocity. 

Let ABC D, (fig. 106, pi. ,5,) represent a section of the cy- 
lindrical vessel, by a plane passing through the axis EF ; AVB 
a section of the curved surface which the fluid acquires by the 
circular motion about EF. Draw the perpendicular ordinate 
HG, and through the vertex V, draw VR parallel thereto, meet- 
ing HR parallel to EF in R. 

Put EB = r, c ■=. the angular velocity per second, at the 
distance r, from the axis EF ; V R - GH— y, V G = RH ~x, and 
g — 16-ry; then r : y : : c : cy r — the angular velocity at 
R : and hence c ’ y -i- r 1 = the centrifugal force urging a particle 
of the fluid at R, and c*yy -t- r a = the fluxion of the aggregate 
of the forces of all the particles in the line VR; the fluent where- 
of is c'y* -f- 2 r*, which, from the principles of hydrostatics, 
must be equal to the pressure of all the particles in the line HR j 
that is, c*y* -f- 2r* = zgx, or ^r'gx c x — y*, an equation 
expressing the nature of the curve AVHB; and which, from 
thence appears to be the common parabola. 

Solution of the question. 

It has just been proved, that the hollow part of the cylinder 
of water, caused by the whirling motion round the axis, is in the 
form of a conic paraboloid ; and the content of a conic parabo- 
loid is known to be one halt of its circumscribing cylinder. 

Moreover the equation of the curve was found to be qr'gx -£» 
the quantities a , y, j&c. being as specified, and when 
x becomes cc 2r, and y — r, then c* =: 8 rg, or c uV(strg), 
That is, the velocity per second, with which a point of the cy- 
lindrical surface must be whirled about the axis, in the specified 
case, must be equal to that which an heavy body would acquire, 
by descending freely from rest by the force of gravity, the whole 
height of the cylinder, Q. £. /, 

Dr. O’Riordan answered it. 

X a XIV 
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XIV. QUESTION 194, by Amicus. 

Of all the ellipfesthat can beinfcribed in the fame given quad, 
rilateral, required that which approaches the neared to a circle ? 


Solution, by Mr. Lowry. 


Let ACES, (fig. 107., pi. 5,1 be the given quadrilateral, B abd 
the inscribed ellipse, O its centre, BOH a diameter drawn 
from the point of contact B, and OL a semi-diameter parallel to 
BA, and which will be conjugate to BH. Let p be the semi- 
transverse, and q the semi -conjugate axis, then when the ellipse 
approaches the nearest to a circle, p -r q must be a minimum. 
Now -J-tjr 1 — BOM-OL’ ~m 2 , (Emerson on the Ellipse, p. 34, 
and pq—YSO . OL. sin LOB = n 2 (Ibid. j>. 37.) 
or putting p -r q z=z r, we have p 2 = r 2 q 2 
and r 2 q 7 q 2 — m 2 , or q 2 = n ' 
and ra 1 z=z n 2 , or q 8 n 2 -r* r ; 

therefore, rri 2 -4- (r 2 + t ) — n 1 


(r* + 1), 

r, or rm 2 ■=. n 2 r 2 - 


a P m 

and r = - r — = — , 
q 'in 2 


+ ✓( 


m' 

2n* 


— 1), which is to be 


a minimum. 

Produce AS, CE, till they meet in V, and draw IF to touch 

the ellipse at H, the extremity of the diameter BH, meeting AS 

in I, DS in G, and C V in F ; then IF is parallel to AC. 

Put AC - a, AD = b, AV - c, AS = d, SV = e, -AB 
x, and IV =_y; then AB.IH m OL’ :r BC.HF, ibid. p. 
47; or AB : BC :: HF : IH, and by composition, AC : BC 
:: IF : IH = IF x (a — x -=-.a. Also, AB.IH = OL J = 
BD.IG, or AB : BD :: IG : IH ; and, by composition, AD 
: BD : : IG : IH = IG x ( b — x) *r o ; therefore, IF X 
(a — x) -7- a — IG x (b — x) -r b. But by similar triangles, 
AV : AC :: IV : IF — ay -r- c, 

and AS : AD : : IS : IG = b (y — e) -r d; 


therefore (a — x) — — [b — x) ('— j— e ). 

Draw IW parallel to BH, then IH being — (a — x) it -4- c, 
AW is — AB — IH x — (a — x) y -4- c. 

Put s — the sine, and / rr the cosine of the given angle IAW, 
then by trigonometry, IVV 1 (r BH 1 ) — A 1 1 — J— AW* — 2 1 . 

AI.AW; but AI 3 = (c — y AW 1 = ^ (a — x)y-r-c £*> 

S/.AI.IVV — (c — y) X — (a — x)y -r c* , qOL’mqAB 
X 1 H == 4* (a — a)/-— c; and collecting the terms, we have 
BH»+40L l =4«.*— (c — ;/,*+ ^ 4r+(ow)jrr<- — 2 1 \ — — c)j-t - c) ^ 

, Ag4.1i. 
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Again, the sine of the angle AWI, or of BOL, is — * (c— y) 
rr 1 W = \ s ( c — y) -r OB ; therefore BO.OL.sin i. BOL = 

(c — v) y/ j (<* — x ) yx -r c | ~ n 2 : these values of m 2 an! 

. . , . , . , • P to * . , m* , 

s’ being substituted in the equation -x—zzz -^5 — I- v — 1), 

we have an expression for p -f- q in terms of x, y, and known 
quantities. By making the fluxion of this expression = to o, 
we obtain a value of x -r y ; and by taking the fluxion of the 
equation (a — x) y -r c = (b — x) (y — e) -r d } , we get another 
value of x -r y, which being equated with the former value, we 
obtain an equation expressing the relation of x and y, and elimi- 
nating x or y, by means of the equation ( a — x) y -s- c= ( b — x) 
(y — e) t d, we finally get the values of x and y in known quan- 
tities, and then the ellipse may easily be described by known me- 
thods. 


XV. QUESTION t 9 5, by Mr. I. R. 

A parabola, and a point within it, being given in pofition, u 
is required to defcribe another parabola, that (hall pal's through 
the given point, touch the given .parabola in a given point, 
and have its axis parallel to the axis of the given parabola. 

Solution, by Mr. Lowry. 

Let ABC, (fig. 108, pi. 5,) be the g : ven parabola, P the given 

f oint within'it, and PDQ live required parabola, passing through 
touching the given parabola in the given point Q, and having 
its axis-parallel to the axis of the given parabola. Bisect PO in 
I, and draw IE parallel to the axes of the parabolas meet- 
ing the curve in D, and the common tangent to the parabolas 
at Q in E; then, since I is a given point, and the tangent QE 
is given by position, the line IE is given in magnitude ; and, 
therefore, ID (= DE, Em. Par. 20,) is also given in magni- 
tude: Hence the ordinate PQ, and the diameter ID, are given 

to describe the parabola. 

Or we may determine the focus and directrix of the parabola, 
by the following method : let / he the locus, join P/, Q f, and 
PE, and draw the diameters PB, OF ; then EP is a tangent to 
the parabola at P,(Em. Par. 20, Cor. 2,) and bisects the angleBP/ 
(36 ! ; also the tangent QE bisects the angle FQ f ; therefore if Vf 
and Qy be drawn to make the angles EP/, E Qy equal to the given 
angles BPE, EQF respectively, their inteisection will deter- 
mine tile point /; and then, if PL be taken equal to ?/, a line 
drawn through L perpendicular to PL, will be the directrix. 

When 
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When P is the focus of the given parabola, (fig. tog, pi. 5,) 
and B the vertex, EP bisects the angle BPQ, and EQ bisects 
the angle PQF, (Em. Par. 8, Cor. 3 ; ) therefore the point_^is in 
the line PQ, and may be determined by drawing IL/ perpendicu. 
cular to PQ- 

Let the tangent at the vertex of the diameter ID, meet PE in 
H ; draw HK parallel to PB, and join HB, BE; then PH = 
HE ( 20,) and because HK is parallel to PB, the angle PKH is 
rr— BPH rzn HPK ; therefore the triangle PHK is isosceles, and 
PK = HK = ID. Again, because PE bisects the angle BPQ, 
BE is a tangent to the parabola at B, < 36), and therefore perpen- 
dicular to PB ; and since EP is bisected in H, the point H is the 
centre of a circle passing through the points P, B, E; therefore 
the angle BHE is = to twice the angle BPH or = to the angle 
BPQ. From hence we may infer, that if FQ be drawn from the 
focus, to any point Q, in the parabola ABC, and PE bisect the 
angle BPQ, and BH be drawn to make the angle BHE = BPQ, 
and HK be parallel to PB; then PQ is = to four times PK, or 
to four times ID; and the parabola described with the diameter 
ID, and ordinate PQ, will touch the parabola ABC at Q. 

This conclusion immediately leads to the solution of the fol- 
lowing problem: To determine the curve that touches all the 

parabolas described by a projectile from the same point, with 
the same initial velocity at 'different angles of elevation in the 
same vertical plane. 

Let P be the initial position of the projectile, PE its direction, 
and PB the impetus, or the height to which the projectile would 
ascend in a vertical direction, with the given initial velocity. 

Draw BH to make the angle BHE =; BPQ, and draw HK 
parallel to PB ; then it is shewn, by the writers on projectiles, 
(see Dalby’s Course of Mathematics, Vol. 2, Art. 335,) that 
the parabola described by the projectile, will meet the line PQ, 
at a distance from P equal to four times PK : but it is proved 
above, that four times PK is equal to PQ, therefore the parabola 
described by the projectile, meets PQ in the point Q, where 
that line meets the parabola ABC. Also the greatest height of 
the projectile, or the diameter ID, is equal to HK, (ibid ;; there- 
fore the parabola described by the projectile, is the same as the 
parabola PDQ described above, and consequently the projectile 
will touch the parabola ABC at ti. And as a like point of con- 
tact may be lound for any other angle of elevation, it is obvious 
that each parabola described by the projectile, will touch the pa- 
rabola ABC; and, consequently, the curve required is the para- 
bola ABC, whose lulus rectum is = to four times the im- 
pet us. 

Cor. 1. The triangles BPE, PE f, are evidently equal in 

every 


\ 
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\ 

every respect ; therefore, Vf = PB, and BE is the directrix of 
all the parabolas described by the projectile. 

Cor. 2. A circle described with the centre P, and radiui 
PB, or (P/",) will be the locus of the foci of all these para- 
bolas. 

Cor. 3. If we conceive the parabola ABC, to revolve 
round the axis PB, so as to generate a parabolic superficies, it 
is obvious that this superficies will touch all the parabolas that 
can possibly be described by the projectile from P, with the 
given impetus, and in any direction whatever : and the locus of 
the foci will then be a spherical superficies. 

Solutions were also received from Messrs. Cunliffe £? O’Riordan. 


XVI. QUESTION 196, by Mr. William Slender. 

Let there be a right line and a point given by pofition in the 
fame vertical plane : and fuppofe a flexible firing of a given 
length, confidered as without weight, to be faflened at one 
end to the given point, and a fmall heavy body or bead to 
Aide freely thereon ; required the locus of the head, wliilft the 
other end of the firing is carried flowly along the right line 
given by pofition ? 

Solution, by Mr. Cunliffe. 

Let P.ffig. 1 10, pi. 5,) be the given point to which one end 
of the string PQR is fastened; SR the right line given by po- 
sition, in the same vertical plane with P, and along which the 
other end R of the string, is slowly carried: also, let Q be the 
place of the bead corresponding with the point R. 

Produce RS to meet PA, parallel to the horizon, in A, and draw 
PS perpendicular to PA, cutting RS in S. Produce PQ to r, 
so that Qr = QR, and draw the lines nr, NQ, and w»R, paral- 
lel to PA, and terminating in PS in the points n, N, and m re- 
spectively : also, join Rr, and produce NQ to meet it in v. 

Now the end R of the string is, by the question supposed to 
move very slowly along SR, and consequently, the bead Q will 
•lide slowly along the string; therefore the bead Q may be ima- 
gined to be in equilibrio at every corresponding point R, upon 
the line SR. In the last mentioned circumstance it is well 
known, that ^.PQN =: CLrQv = L. RQu, therefore Qv alway* 
bisects, and is perpendicular to Rr, and consequently Rr is pa- 
rallel to PSN. 

Put PS = a, PA = b, the length of the string PQR = Pr 
= /, PQ=r; tang. Z.NPQ=s;/, to radiu* 1, then iu secant — 

V 
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l/O 4 - **). and by the principles of trigonometry, 
y'fi -+- /*) : t : : l : It — y/\i - 4 - t x ) ~ nr = otR, \/{ i 4 -P) 
: t :: / : / -f- x ■+• /*) — Pn ; also, \/(i ■+- /*) : 1 :: r : r -r- 
✓ (« -+•/*) = PN. And because Nr/ bisects Rr, or Not r= Nrr, 
Pot = 2PN — P n, and therefore. Sot = 2PN — P n — PS =: 

(ar — /) -f- /(t + /*) — a = | 2r-/-a £ H- 

V(* “l” <*)• Again, by reason of similar triangles, APS, RotS, 
PA : PS :: otR : Sot, or 


^ 2r — / — 4- whence 

r~\alt -4- l’-\- \a v/(t + P) + [nt+\/( i-W a )M-4/, or 

where n — / -t- b. 

When / = o, r=.\(l + a), which determines the point 
where the curve cuts PS. 

From the preceding equation of the curve, an equation ex- 

f ressed in terms of its own co-ordinates, with lespect to the line 
'SN, u an axis may be easily derived. In order to this end, put 
PN — and NQ = y, then r — V(x x ■+}*), and we shall 
very evidently have 

x-.y::i:y-^-x = t,x: ✓(**+/):: 1 : ✓ (**+/) -f-*=V( 

Now by means of these exterminating r and / out of the said 

equation, and it becomes V (x* + y’’) = — i— 

+ — - ; whence [2x — a) y' (2:’ +> a ) = any + lx, which is an 

equation fora line of the fourth order. 

The area may be determined as follows: 

Let z denote the circular arc, radius 1, and centre P, inter- 
cepted between PS and PQ; then we shall have 1 : r : ri 
— the fluxion of the circular arc, radius r, and centre P, inter- 


f'jr T"* Z 

cepted between PS and PQ, and hence r . — = 


i * 7 (nU x + znt /(* + f r t + <*) + - . 


*(»'+/(* + <*) + y -7^7: 


al 

4 ‘ *~+ 

= the fluxion of the area of 


the space comprehended within the lines PS, PQ, and the 
curve; and the correct fluent o&this expression is 

i % —a z n % , a 7 l , , , . a 7 n , . , aln , , . . 

• g • 2 + -y- (« +*) + — /(*+ O + -jj- X h. l.(i-H’) 

+ X h. 1 . (/ + /(» + <*)) — a — . 

. When 
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When / — an = al ~ b. 


the quantity 


z, will 


manifestly disappear out of the general expression for the area, 
which indicates, that when the line SR makes an angle of 45 0 
with the horizon, the area is expressible independent of circu- 
lar arcs; that is, the area in that case will be expressed by alge- 
braic quantities and hyperbolic logarithms. 

Solutions to this question were also received from Messrs. 

O’Riordan and Swale. 


XVII, QUESTION 197, by Mr. Ivory. 

If there be two concentric ellipses, similar to one another, and 
similarly posited, the proportion of the axes being that of V 2 to 
l ; then, if from any point in the periphery of the inner ellipse, 
any right line be drawn to terminate in the periphery of the outer 
ellipse, the rectangle under the segments of that line, is equal to 
the square of that semi-diameter of the inner ellipse, which is pa- 
rallel to the right line. Required the demonstration ? ' 


Solution, by Mr. I. H. Swale. 

When the axes of the ellipses have the proportion in the ques- 
tion, the outer ellipse will be the locus of the angles of the pa- 
rallelogram, formed by drawing tangents at the extremities of 
any two conjugate diameters of the inner ellipse, as is shewn at 
page 237, vol. 1. Hence, if any line CPD, (fig. 111, pi. 5,) 
be drawn to touch the inner*ellips£ at P, and meet the outer one 
in C and D, and the diameter AB, of the inner ellipse, be 
drawn parallel to CD ; then AB will be = CD, and AQ = QB 
= CP = DP. 

Now let any line be drawn through P, to meet the outer ellipse 
in K and L, and let QR be the semi-diameter, parallel to KL: 
Then, by a well known property of the sections, the rectangle 
CP. PD is to the rectangle KP.PL, as the square of the semi- 
diameter of the outer ellipse parallel to CD, to the square of the 
semi-diameter of the same ellipse parallel to KL; that is, be- 
cause of the similarity of the ellipses, as AQ 2 to QR 2 : but CP. 
PD is = to AQ*, therefore KP.PL is = to QR 1 . 

This property is remarkable for its analogy to a property of 
the asymptotes of a hyperbola; for as the outer ellipse is the lo- 
cus of the angles of all the parallelograms circumscribing the in- 
ner ellipse ; so the asymptotes of a hyperbola are the loci of the 
angles or all the parallelograms formed by tangents drawn to the 
opposite and conjugate hyperbolas : And if any line be drawn 

through a point P in a hyperbola, to meet the asymptotes in K 
Vol. II. Part I. Y and 
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I 

and L, the rectangle KP.PL is equal to the square of the semi- 
diameter parallel to CL, as in the ellipse. 

It was also answered by Dr. O’Riordan. 

XVIII. QUESTION 198, by Mechanicus. 

Required the nature of the curve along which a heavy body 
defeending by the force of gravity, with a given initial celerity, 
shall prefs upon the curve at any point with a force reciprocally 
proportional to the radius of curvature at that point ? 


Solution, by Mr. Lowry. 

Suppose that ABC, (fig. 112, pi. ,5.) is the curve required, 
and that the body begins to descend from B, with the same velo- 
city that it would have acquired by falling through the vertical 
height FB. 

Let C be any point in the curve, and draw BD perpendicular 
to the vertical line CD. Put BD x, DC = y, arch BC = 
FB = a, the radius of curvature at C = r, the velocity of 
the body at C = v, and the accelerative force of gravity = s. 
Then the whole pressure on the curve at C, (the mass of the 

. i jy* i, , . 

body being unit,) is g X —7- -+- — , the part g X — — being 

s r s 

. v* 

the normal pressure arising from gravity, and the part — — , the 

pressure arising from the centrifugal force ; but since the velo- 
city of the body at C, is the same as would be acquired by de- 
scending through the height BF + CDora+y, therefore 

e g [a + y), and the whole pressure = g ( 4 - + — 

But by the question, the pressure is always reciprocally pro- 

n . 

portional to the radius oi curvature, or = to — , where n is 


a constant quantity ; therefore g 
putting 2a — m — 2 b, mrzz n 


(4 + 

t 






4- g ; and multiplying by r, we 


x 

have r X — 
s 

Now when 

j . • . * * 

. ♦ 


+ 2 [b + y) — o. 

j is constant, the general expression for the radius 

of 
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of curvature, is ^r- , which being put in the last equation instead 

X 

• • 

of r, we have -+* a {b+ y)— o, or xy + s(i -j- y) x zz O; 
* . ' 

and dividing by a(i -\-y)*, we have 

a(£ + y ) 2 

Take the fluents, supposing y to be constant, and then ( b +y) T x 
1 1 

— : A 2 y, where A T is a constant quantity necessary for com- 
pleting the integral, and which must be determined from the 
particular data of the problem. 

1 

Let the last equation be divided by (l -4- and the fluent 

I 

taken, then x = aA 2 (b + y) 4- C, an equation to the com- 
mon parabola. 

1 • 

In this equation, when y = o, x is = aA ’ -+- C, but 

I « 

* should then be “ o, therefore C is = — aA T Z» T , and x =: 

aA 2 1 (b -+- y ) T — b' ? , or (* 4- 2A' 2 i' T )* = 4A ( b 

Hence it is manifest, that if 4 A be the parameter to the axis AE, 
and BH be taken = to l, the line HA drawn parallel to CE, 
will meet the parabola at A, the vertex of the axis. 

To determine the value of the parameter, let AI be taken on 
the axis= to HF or then it is obvious that the velocity, 
(and consequently the pressure) at any point of the curve, will 
be the same, whether the body begins to descend from A, with 
the velocity due to the height AI, or from B, with the velocity 
due to the height FB. 

Now -4- is — the sine of the angle which the tangent makes with 
s 

the axis of the curve, and therefore at the vertex of the parabola 

is = 1, and the normal pressure = g. Also the radius of 
s 


curvature at the vertex, is equal 
the centrifugal force = = 

Y 


to half the parameter or {p, and 

sg x AI 2£/n , 

_e__ — . — ja_- ; but since 

ip P 


a 


the 
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the centre of curvature is on the contrary side of the curve with 
the body, it is evident that the centrifugal pressure is opposed to 
the normal pressure, and consequently the whole pressure at A, 


is g — p, which by the question isz:to there- 

fore p is = 4 rti. 

The truth of this conclusion may easily he verified by a 
synthetical process; for let the abscissa AE, be put = v, 

\ * 

and the ordinate CE = a; then u. % is =: pv, u — ^ s = 

2t> 

JL x /ML ± J^ and JL = p* = P*<av 4- p) . 

* V V s ✓<«" + >> (4P+ „* ’ 
But (Simpson’s Fluxions, pa. 76, vol. 1.) -^ V — = r ; 

therefore, -4- =: — — , and the normal pressure is rr: 
s 21 


$ . +_P . A] so the centrifugal force ~ = ; 

— therefore the whole pressure is — 

sr 

g (V - f- p) _ g [jv -f~ 2«1 __ g (p — gw) j[» 

ar ar 2r r 

It is evident from hence, that if the body begins to descend 
from A, with any given velocity, the pressure at any point of the 
parabola, will be equal to a certain quantity divided by the ra- 
dius of curvature at that point. 

Messrs. O’Riordan and Swale answered this question. 


XIX. QUESTION 199, by Mr. Cunliffe. 

Find a feries of numbers, every one of which is divifible 
into three fuch parts, that if to the fquare of each part the pro- 
duff of the other two be added, the three fums thence arifing 
fhall all be rational fquares? 

Solution, by Mr. Cun liffe, the Proposer. 

Let n denote a number capable of being divided according to 
the conditions of the question; and let x, y, and 2, denote the 

required 
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required parts thereof. Then by the question, yz+x *, xz-\-y*, 
and xy-t-z 2 are all to be rational squares: put z— q(x -by), and then 
yz x' — x* + $xy -+- 4 y* = (x -b ay)* = a square, 
xz -b t/ a — 4.** -b 4*y -+- y* = [ix -by)* = a square, 
*y -b ‘a’ = t6x a + 33 xy -b i6y a = a square. 

Assume 477 — 4*, for the root of the last square, that is, 
put i6x a 4 - 33xy + i6y a =ivy — 4 *)* = ‘^r’y* — 3 *rxy-b 
i6x a , which gives x — lfiyfr^ — 1) 4- (3 2r 4 - 33), and* = 
4(x-by) = 4y (t6r a -b 3 2r + 17) 4- ( 3 ar -b 33) ; alsox-by 
-f- z = 5 (x ■+■ y) = 57 ( i6r a -b 32c 4- 17) -r- (3 ar + 33)» 
which put = n : whence 
y—n ( 3 2r + 33)4-5(16^ 4 - 3 2r-b 17), 
x — i6y(r a - 1) 4- ( 3 2r+3 3 )= 16/1 (r a — 1) 4- 5(16^+32^17), 
and 2 = 4y ( i6r a + 3 2r _j. 17) 4- ( 3 2r + 33) = 

Hence it appears, that any number whatever, is capable of 
being divided according to the conditions of the question, and 
consequently, any series of numbers may be so divided, which 
shews the question to be very unlimited indeed. But if we 
confine our attention to such a series of numbers as are capable of 
being divided into three integral parts of the kind mentioned, we 
shall find the scope of the question more circumscribed. Num- 
bers of the last mentioned kind are contained in the form n — 
5 (t6r a +32r + 17), whererisany whole number at pleasure ; 
and the three required parts of this number are x z= 16 (r a — j), 
y — 32 r + 33, and z — 4(i6r a 4 - 32 r 4 - 17), the reason 
of which is obvious from barely inspecting the foregoing con- 
clusions. 

Dr. O’Riordan also answered this question. 

XX. QUESTION 200, by Hypatia. 

Required the nature of the curve, that is, the locus of 
the point in which a perpendicular from the centre of an ellipfe 
meets a tangent to the ellipfe. Required alfo the retlification 
of the curve and its quadrature? 

Solution, by Mr. Lowry. 

Let AB, (fig. 113, pi. 5,) be the transverse, and DH the 
conjugate axis, C the centre, and F one of the foci of the el- 
lipse. Also let P be the point where a perpendicular from the 
centre, meets a tangent drawn to the ellipse, at any point Q. 
Through the focus F, draw FE perpendicular to the tangent, 
meeting it in E; complete the rectangle CPEG, and draw CE; 
then CE is equal to the semi-transverse CB. (Emerson’s Conic 
Sections, B. I. P. 20. Cor. 2.) 

Put 
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Put CB = a, CF — e , CP =: y, the angle BCP, (or it* 
measure, the arc ON, reckoned on the circle whose radius CN 
is i,) = x, and the area of the space BCPB — s. 

Then because CP is parallel to GE, the angle CFG is equal 
to the angle BCPzzzje; therefore CG =CF sin x = e sin x, 
and EG (CP) = y^CE 1 — CG*)= y / (a t — e 7 sin 1 x), 
or y — y/(a* — e’ sin 1 x\, 

the equation of the curve expressed in terms of the vaiiable line 
CP, and the variable angle BCP. 

From this equation it appears, that when x is either to o, or 
to two right angles, y is — ' to a, and when x is eitlier a right 
angle, or three right angles, sin 1 .v is = », and y z=z y ^(a 5 — e’) 
= CD or C H. Therefore it is evident that the cut ve will touch 
the ellipse in the points B, D, A, H, and that it will consist of 
four quadrantal spaces, equal and similar to the space CDPB. 

Let p be a point in the curve, indefinitely near to P, and draw 
C/'t meeting the circle, whose radius is CN in n : also draw pi 
perpendicular to CP. 

Then because On is the fluxion of the angle BCP, or — x, pi 
is = PC x x ; therefore the triangle CpP (= |PC.pl) or the 
fluxion of the area BCPB is = 4TC x x — ly 7 x = La 1 — e 7 x 
sin* x ) x ; that is r — {a 7 x — ie 1 sin 1 xx, and taking the fluents, 
we have 

5 = |a* x — $e 7 x — ie 7 sin 2X, 
which needs no correction. 

And when x is aright angle, s is = * p(a. 7 —ie 7 ), p being the 
fourth part of the periphery ol a circle whose radius is i, thcie- 
fore the whole area, or four times the space CDPB is 
= 2 p(a l — 3 «*;. 

Again, let the arc PB be denoted by z, and then z is : 
^{pV -t- IP 1 ) : But pi is = yx=i\/(u 5 — e* sin 1 x)= i (a 7 — 

t 1 sin 1 *) ~ '/(a 7 — z 1 sin* x), and IP = y = x (<* sin x cos x) 
~ y/(a 7 — e 1 sin 1 x) ; and substituting these value* of pi and 
and IP in the expression for z, we have, after proper reduction, 

x \/ j a* — ( 2 a 1 — e ! ) e' sin 2 x f 

y/(a 2 — f 1 sin 1 x) ' ' 

or putting q — a A -f- (2 a'—e 7 )e 7 ,p = a 1 —- e\and r 1 = 2 a 7 — c' 
rx\/(q — sin 1 x) 

Z ~~ V^p— S‘n lj£ ) * 

The fluent of this expression, may, in some particular cases, 
be expressed by elliptic arcs, but in general it is included in the 
formula H, or the third and most complex species of elliptic 
transcendentals, as will easily appear by making the proper 
transformation according to the method ot Le Geudre. 


If 


( *75 ) 


If a; be put 3 q — sin* x, tho expression for * becomes 


rur.i 


— 7- Or since sin x = 1 / (q — w ), cos x zz 

_ q + w ) 

. . . . flux, sin x — 10 

✓ (l — q + to), and x r r 


COS X 


(q~w){i-y+w) 


we have 


— %rurw 


V(p — ? + w) V' } (9 — w ) ( t — q -f- at) £ 


This last expression agrees with formula 55, table 12, of 
Lan(len’s Appendix, where the ingenious author has shewn how 
it may be resolved into other expressions that arc more simple; 
but the integration by this method is exceedingly troublesome. 
Perhaps the easiest way of computing the fluent is at once to re- 
solve the expression into a series without having recourse to any 
panicular mode of transformation. 

Messrs. Cunliffe, O'Riordan, and Swale, also answered it. 


XXI. QUESTION 201, by Mr. Ivory. 

If straight lines be inflected from the extremities of the trans- 
verse axis of an ellipse, or hyperbola, to any point in the curve, 
and perpendiculars, drawn to the inflected lines from the same 
point, be produced to cut the same axis, the part of the axis in- 
tercepted by the perpendiculars, will be constantly of the same 
magnitude. Required the demonstration ? 

Solution, by Mr. I. H. Swale. 

Fig. 1 14, t I5,pl. 5. Let AR be the transverse axis of the ellipse 
or hyperbola, and let the lines AP, BP be inflected to anv 
point P in the curve. Draw PE perpendicular to AP, and PD 
perpendicular to BP, then by the question, ED is a constant 
magnitude. 

Draw PC perpendicular to AB, then (Euc. VI. 8.) 

PC* = AC.CE = BC.CD, therefore AC : BC :: CD : CE, 
and by composition or division, according as the curve is an 
ellipse or hyperbola, AB : BC :: ED : CE, 
or AB : ED :: BC : CE :: AC.BC : PC* (AC.CE). 

But by a well known property of the sections, 

AB : latus rectum : : AC.BC : PC’; 

Therefore DE is equal to the latus rectum. 

A 
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A similar property belongs to the parabola ; for if a line be 
drawn from the vertex A, to any point P in the curve, and PE 
be drawn perpendicular to AP, and PD perpendicular to the dia- 
meter at P; then the distance ED, on the axis, is equal to the 
latus rectum of the parabola. 

If the lines are drawn from the extremities of the conjugate 
axis, to any point of the ellipse, or conjugate hyperbolas ; then 
DE will still be a constant magnitude, being equal to a third 
proportional to the conj ugate and transverse axes ; and the demon- 
stration of this case will be precisely the same as the preceding. 

This question was also answered by Dr. Q’Riordan. 

XXII. QUESTION 202, by Mr. Wallace, R. M. College. 

Find the length of a curve, the natpre of which is ex- 
preffed by the equation 


where x and y denote the co-ordinates, and e the number of 
which the hyperbolic logarithm is unity ? 

Solution, by Mr. Ivory. 

Put x = e\ then e y = -- -- - = * : therefore x 

e — 1 

— log. z, and y =z log. * or ’ we pUt “ = z — ■ V 

then (z — 1) (a — i) = 2, and a: = log. z, andy = log. u. 
When z increases from l to oc, it is obvious that n decreases 
from oo to l : therefore when x, or log. z, increases from o to 
oo , it follows that y, or log. u, decreases from oo to o. 
Hence it is manifest,’ that the curve has two asymptotes, AB 
and AC, (fig. i 16, pi. 5,) passing through the origin of the co- 
ordinates, and parallel to them. In the case when z = a, we 
bavez = u = v/2-h 1 , and .v — y — log. (v'2-+-i); which de- 
termines the point D where the curve cuts the line AD that bi- 
sects the angle of the asymptotes. And because z and 11 are in- 
terchangeable in the equation (z — 1 ) ( u — -1) — 2, therefore the 
two branches of the curve, on opposite sides of this line, are si- 
milar and equal. 

If, in the equation (z — 1) [u — 1) — 2, z be taken less 
than’ 1, (in which case x, or log. z, would be negative), then 
u would be negative, and soy, or log. u would be the logarithm 

of 
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of a negative quantity, which is an absurd expression : therefore, 
although four curves, all similar and equal, may be described 
in the four angles of the asymptotes, yet these Four curves 
are not connected by the law of continuity as two opposite 
hyperbolas are. For the equation that applies to one of 
the four curves, does not apply to any of the rest, by giving t 
to the variable quantities of the equation all possible values from . 
o to -+- * on one hand, and from o to — coon the other hand, 
while the origin of these variable quantities remains fixt. 

The area ABMN, or curvilineal space between the asymp- 


tote and the ordinate MN, 


or y. 


.=/,*=/£- log. iii 



z 


t 


+ &c.): where C = c(i + -L. -}- ~ 4* - 1 - -f- 8 tc.). 

3 <5 7 

The whole curvilineal space between the curve and the two 

asymptotes, is = C = 2(1 + 4 - 4 - + &c.): there- 

3 <5 7 

fore half this space, or the space ABND, bounded by the line 
that bisects the angle of the asymptotes, either asymptote and 

the corresponding branch of the curve, is = |C e= 1 + — 

3 

*t* -j + — $ + &c. to this let the area of the right-angled 
5 7 

triangle ADE, comprehended by the co-ordinates that corres- 
pond to the middle point of the curve, or ■{■log.* (y'a 4 - t), be 
added, and the whole area, between the asymptote and the or- 
dinate DE, drawn parallel to the asymptote from the middle 
point of the curve, is = £C 4- ^log.* (y /2 4- 1 ): but when 

t — 2 4- 1 , then 2 — 1 == a, and the area ABDE 


C — 2 (a 4- 


—5 4- &c.): therefore, by equating 
1 5 


the two values of the area ABDE, wc get, 1 4 - — \ — f- -i- 

3 5 

4- &c. = 2 (a + ^ + -, + &c.) 4- |log. a (y /2 4- s). 

3 5 

(Vide Landen’s Memoirs, pages u 6 , 117 ). 

Vol. II. Part I. Z The 
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The length of an arch of the curve, as ND, —J \/(dx l -b-dy y ) 



(2 




(because 


the arch DN increases when z decreases) = -> +/4 t 

r dz _ ,z+i 

- ■ = c — 2 + log. J— —J = /a + l - log. 

(/a + l) — e X -f- y. Hence the difference of the ordinate 
MN, (or y,) and the arch ND = */2 + l — log. (y'a -+- i) 

— z = ^ 2 +) — log. 2 + l) — e X : and the excess of 
the whole curve Dtt above the asymptote AB, both continued 
indefinitely, = y/i -+- i — log. (|/a -{- i) — l — y/i — log. 
(/2 + 1 ). 

If we take z = y/ 2 + l — log. (/2 -f- i), or x = log. 
|y2+ 1 — log. (y/a + i)£, a point will be determined in 
the curve such, that the arch DN = ordinate NM. 

Messrs. O’Riordan and Toplis sent solutions to this question. 


XXIII. QUESTION 203, by Mr. Cunliffe. 

To find three numbers fuch, that the fum of every two 
(hall be a biquadratic, and the fum of all the three a fquare 
number ? 

f 

Solution, by Mr. Cunliffe, the Proposer. j\ 

Let* , y, and 2 , denote the three numbers, and by the ques- 
tion, put x + y = a 4 , sc + 2 = b 4 , and y + z — c* ; half | 
the sunt of these equations is jc + y -+- z = + b* 4- c ) J 

which is to be a square by the question. Let each of the assum- 
ed equations be subtracted from the preceding, and there will j 
be had 

x=z{(a*+b* — c'), yz=.\(a'+c'—b'), and z=j(e‘+£ 4 — a*)* \ 
whence it appears, that the question is reduced to finding three ^ 
biquadratic numbers, half the sum of which shall be a square. — 
And that the required numbers may be all positive, it is neces- 
sary that the sum of any two of the three biquadratic numbers l 
must be greater than the remaining one. Now m -1- n, m and n, ■> 
arc the roots of three biquadratic numbers, half the sum of which 
will be a square, viz. («* + mn -+- «*)*. But the sum of the 
two last, viz. m' + n\ is manifestly less than the remaining A , 

one 
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one, viz. (m •+■ n) 4 — m* -+- qm’tt -4- 6 >»’«* 4- 4 mn 3 4- n*, and 
therefore positive numbers to answer the conditions of the ques* 
tion cannot from thence be had. 

In order to obtain positive numbers, put m + n -f- sv = a, 
m~i~ rv — b, and n 4- 1/ (r -J- 5) — c: then 


J + »+ t=£(o 4 +A*+« 4 ) = i | (m+M+TO) 4 +(m+rr) 4 +(«4.r(r +r))«| 
5= (»n* + mn + «*)* + Co X | (»i +«) ) X» + ra J r + «> X (r 4 s) | 

4- 30* x ^ (m 4 - »)’ x s’ 4 - #»V 4 - »* X (r + s)*£ 
+2 V 3 x ^ (ra+n) X i s -fOTr J-j-n X ( M-*) 3 } +»* X ( r a 4-r# 4 - i 1 ) *, 


which is to be a square by the question. In order to abridge the 
calculation, put m* 4- mn 4- w* = A ; ( m + n) ! )t j+si’r 
4- n 3 x(r + t) = B;(t»+ti] , xs’+ mV 4 - n 7 x t r + ■>) 
= C; f»i + n) X J ! + mr 3 4 - n x (r -+- J 1 5 = D; and r 1 4 - 
rj 4 - a* = A’; by means whereof, the foregoing expression to 
be made a square becomes 

A 1 4 *- sBu 4- 3 Cu* 4- aDtA 4 A ' 1 v*. , 

Assume A + (B 4- A) v 4 - AV for its root, that is, put 
A J +2B1/ 4 - .qCzA + 2 Dr/ 3 + A'*z/ 4 = (A 4- (B— A)u 4- AV)* 
= A* + 2B0 4 (B* 4- A 1 )!/’ + AAV + ( 2 A'B 4 - A) t/ 3 4 - A'*v* 
B* 4 - A’A' — jA j C 


which gives v = 
And by writing — 


2 X (A'D — AA'B}’ 
A' for A', we shall have 
_ B* — A 3 A’ — 3 A*C 
2 x (A*D 4- AA'BT 3 


which is another value for v. 

Two other values for v might be found by assuming A'u* 4- 
(D 4- A')v + A for the root of the preceding general expression 
to be made a square. 

A solution was also received from Dr. O’Riordan. 


XXIV. QUESTION 204, by Mr. Lowry. 


Of all femi-parabolas having the fame area, required that 
along which a heavy body will defeend, by the force of gravity, 
in the'leall time poffible t 


Solution, by Mr. Lowry, the Proposer. 

1.T0 find a general expression for the time of descent through an 
arc AB, (fig. 1 17, pi. 6,) of a parabola having its axis in the ver- 
tical line CB. Put BC = a, the height CD fallen through in 

. Z 2 the 
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the time * = *, DE —y, the parameterr:^, the arch AE=/, 
the velocity acquired in descending through the arch AE, or 
through the height CD, — v, and g = 1 6 T V feet the space fallen 
through from rest in one second. 

Then s ~ t z=z u z= 2/ gx, or t = s -r s y/gjc. But by the 
nature of the curve, / = 4 p (a — x), or y ~ 2 y/p(a — x), and 
y — — r /(a — *); therefore s = y/( i 1 + j>*) r= 
*/(i + p ■—[a — x)) xy/ ([p + a — x)^- [a — r)), and 

; = *xs-l£-± i - J >. 

Sy'g'x a — .v 

Put x z= az \ then x = 2<2zz, and x -f- 2^/x = a ’^.there- 


fore, by substitution 


j. . 

. • a 1 z. . p *4- a 

itutton, t = — — \/ i 

A “ — 


— <tz r_ 

az' 1 ^ 


S' 


X 


^-=, the flu- 


,p -h a — az 2 

^ T-S - g ' , _ z* 

ent to be taken between the limits z = o, and z = 1. 

Let e 2 = a ~ {p + a), and E = the quadrant of an ellipse, 
of which e is the excentricity, and 1 the semi-transverse axis ; 

<?Z* 

then E is = fz \/ ^ '* , taken from 2 =zo, to 1, 

«-/ 1 "■ 17 2 


and* = */((p + a )-r-a) x E, the time of descent through the 
arc AB. 

2. We have now to determine the particular values of p and a , 
so that the area ACB may be a constant quantity, and the time of 
descent through the arch AB a minimum, or, which is the same 
thing, that the time may be a constant quantity and the area ACB 
a minimum. 

Now t is = y/ /— + a x E — - xfi - 

a Y a J v 1 — z J 

and the area ACB = ?p^ rf ; 

and taking the fluxion of the first equation, wc have (p -+- a) £ 

-t* W(p + a) + E X y/(p + a) ez o. But to find E, or the 
fluxion of the integral /z /((i - e % i % ) -4- ( 1 — z 2 )), where e 
and z are variable, we must have recourse to the method of dif- 
ferencing de curva in curvam invented by Leibnitz. This me- 
thod consists in finding the fluxion of such expressions asfPi, 
where P is a function of t and z, the quantity e denoting the pa- 
rameter, 
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.meter, excentrichy, & c. of a curve ; and which is supposed 
to be constant in the course of the same curve, but to vary in 
passing from that curve to another which is immediately con- 
tiguous. The general expression for the fluxion of yPz, when 

p 

found by this method, is Pi + e/z (—), where P is taken on 
the supposition that e only is variable. 

t £* 2 * 

In the above expression, P is ;= j-, Pi — » y 

/- — ant ^ P = 77 ‘Ph ; therefore 

i — z y(i — 2*) (i — < i‘) 

• r . .P , • r iez* 

J ~ e C J y/a — z % ) (t — e*z * ) ee x 

f , 7 , . . l — e’z 1 

J t/;i — z‘) (i — and h ~ z v' 7 _ - « * 

r *** , . „ . 

J y/Q i z i , __ e t z 2j '■ but smee E is the quadrant of the 

ellipse, or the whole fluent of z y / 1 f rom z = o, to 

2 = i , it is evident that the first part of the expression for E* is=to 
o, and therefore E is = — ee f —y. £-5 f taken 

J /(i — 2 *j (i — «V)’ ^ laken 

from 2 = o, to 2 = i). 


Ther ' rorc 

°r<> -h a) X E "(/> + »> «y^ Tr= -/,'^ 7 - 7 j T) = e.. 

And taking the fluxion of the second equation, we have 

• I 2 XX. 

( p- 7 ~ 2 p )-a J +$ap a~o, or ap=.— $pa, and p~ — (, 3 p~a)a; 

therefore p + a — (s — 3/? 4- a) a But since e 1 .is = a — 
(a-tp), 1 +e' is= i-t-p + a, or 4 — 3-i- e * = , _ ^ 

~r n, and p 4 - a = (4 — 3 — e J ) a. Also 1 — e* =. p — 
(a p), and ee = ( ap — a^) -2_ 2 (a -H^) 1 = -4- (a + />)>, 

therefore <z[p + a) ee = 4 />a -r (a + />) = 4(1 — J.and by 
substitution, 
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(4 — ^)aXE 4(1 «*)« x/ /(l _ ^ (| _ , V) - «. 

(4^-3) E - 4fi - ') ^/ v /(l _ ^ = 01 


or 

But 


e*z*i 


-zv' 


1 — z 1 

= 0 , 


✓( I — z *J ( » -< V J ) “ V ( » — a*M 1 — «V) 
therefore (42-3) E-4 (i-c 5 ) X [ ^{T-z") ( 1 -TVj +i ' i “ f ’' E= 

or E = 4(1 - O x /^ (| _ 2>) - ( , _V v r 
That is, in series, . p« 4 ~ fi • • |i e * “ &c ‘ 

= 4(* - «*) + £ e * + h • f* e * + b ' 4* • ^ e ' +iT- 

or 3 = |* )e ‘ + &Cl 


1 1 ,7 , * 2.5 _♦ . * 3* 39 ,« 4. L 8* 5 ' 53.8 +& 
or 3 = Tl < + + 9 --4*-6 i '^ e+a ‘ C * 

And by reverting the series, we may determine the value of e, 
and then a and p become known, when either the time or area is 
given. 

The series for e may be found rather differently as follows; 
Let n be = 3-14159, & c. 

Then E is = 2 (1 — «*-£ • £«*-- • |! • l***' 810 ' 

- ” (j _ Ae 1 — Be* — Ce* — &c.) 

2 

and t = ^/((a+p)~-g) x f«(i — Ae 1 — Be* — Ce« — 8ce.) 
Taking the fluxion, we have 

o = Up+d) -r- 2v/(^+a)) X (1 — Ae* — Be* — Cc* — &c.) 
■+■ V(p + a) « x ( — 2A — 4Be* — 6Ce* — 8De® — &c.) 

and substituting lor p + a, and ee, their values, as found above, 
we have 

o r: (4c 5 — 3') ( 1 — Ae* — Be* — Ce® — &c.) 

4-4(1 — e*) (— eAe* — 4 Be* — 6Ce* — & c.) 

or 3= 4 ) 4-8A 

+ 3 A - e* + - 4 A 

— 8 A) + 3 B 


-4- 16B h 

^ T 4 ? y+&c- 

+ 3. L ! 


+ 3 Bt + 3 

— 16B) — 24C) 

That is, 3 = (4 — 5A) e* + (4A — i3B>* + (i2B— 2iC;<» 
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+ See. or 3 





+ See. 


the same as before. 

The problem may be resolved in a similar way, when the arch 
AP, or any function of a and p is given ; and the process will 
not be materially different whatever the nature of the curve may 
be. In a circle, for example, if the length of the arch be given, 
we may find the radius so that the time of descent through the 
given arc, shall be a minimum. Or, which is the same thing, if 
a pendulum vibrates through a circular arch of a given length, 
we may find the length ot the pendulum, so that the vibrations 
may be made in the least time. 

Put r for the radius CD, (fig. 118, pi. 6,) or the length of the 
pendulum, BD = half the given arch, a — DE, and x = DI; 
then the time of descent through BD, is equal to the 


L 


2 V(( 2rv — * ) ( a — x )) 


, between the limits x~a , and x~o-. 


and the arch BD 


— / — between the same limits. 

J y/{zrx — X ) 


By making the fluxions of these expressions = to o, we may 
after proper reduction, obtain the value of r in a series ; 

or,sincef = V~x J \ 

and the arch DB = /(?«)x(l+i.}.^+ M * c ) 


w'e may find r by taking the fluxions of these series and extermi- 
nating a, as we have done in the example above, but the process 
will be a little tedious. 


XXV. QUESTION 205, by Ursa Minor. 

Suppofe a right cone to be cut by a plane, and the curved 
furface of the part cut off to be extended into a plane furface. 
Requi- red the nature of the pla ie curve, formed by the 
common feQion of the cone and cutting plane ? 

Solution, by Mr. Wallace, R.M. College. 

Let V, (fig. 1 1 9, pi. 6,) be the vertex of the cone, APB its 
section by the plane, V C its axis meeting the section in C, A V B 
a section of the cone through its axis, and perpendicular to the 
section APB, ACB the common section of the two planes AVB 
and APB. Draw VP in the surface of the cone to P any point in 
the curve APB, and join CP. Let EQF be a section of the cone, 
perpendicular to ils axis, (which section will of course be a circle,) 

and 
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and let FV (the distance of its circumference from the vertex,) 
be unity. Let this circle meet VB, VP in F and Q, and draw 
FD.QDto its centre. Put VC—d, the angle CVB or CVP — 
a, the angle BCV = 0 . Also put the indeterminate line VP cc 
r, and the indeterminate arch FQ = p. Then because FD = 
sin a, the angle FDQ, (that is the angle contained by the planes 
BCV, PCV ) will be p — sin x — »p, (putting n — 1 -r- sin p). 

Now, consideiing the three planes VCB, BCP, VCP a* 
forming a solid angle at C, and that the plane VCB is perpendi- 
cular to BCP, we have by spherics, tan VCP = tan VCB -j- cos 
FDQ = tan /3 -d- cos np. Draw PG perpendicular to VC; 
then in the right-angled triangle VPG, wc have PG = VP x 
sin PV G = r sin a, and VG = V P x coS PV G = r cos x. 
And in the right-angled triangle PGC, we have CG = PG x 
(i-t- tan VCP) = r sin a cos np-^tan 0. ButVG -p GC= VC 
= d ; therefore r cos a-pr sin a cos np -f- tan /S = d, and hence 


r — 


tan 0 


cos x tan 0 -p sin a cos np 
or putting sin 0 4- cos 0 instead of tan 0, 

sin 0 


x d. 


r — 


X d. 


cos x sin 0 + sin a cos 0 cos np 

Concejve now the surface of the cone to be cut along the line 
V A, and extended into a plane, as in fig. 120, pi. 6. Then the 
surface will form the figure AVAPB, and the circle EFQ in fig. 
119, will become an arc EFQE, in fig. t2o, having its radius 
= 1. Therefore in the plane figure AVA, fig. 120, the nature 
of the curve BPA, is defined by the equation 

sin 0 , 

r = : — - r- x d, 

cos x sin (3 + sin a cos 0 cos np 

where a and 0 denote given angles, d a given line, and where p 
denotes the indeterminate angle BVP, (VB being supposed 
given by position), and r the indeterminate line VP. 

Because d= (sin (a +0) 4- sin 0) X VB, the equation may 
be otherwise expressed thus 

r sin (a + 0) x yg > 

cos x sin 0 + sin a cos 0 cos np 
which again may be transformed to 
tan 0 -P tan a 

r zzz. — ; x V is. 

tan 0 -p tan x cos p 

If the section be a parabola, then pa 0, and the equation 
becomes simply, 

2 X VB. 


1 4- cos np 


XXVI, 
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XXVI. QUESTION 206. by Mr. P. R. 


T wo magnetical poles being given in pofition ; the force ot 
each of which is luppofed to be as the wth. power of the diftance 
from it reciprocally ; it is required to find a curve, in any point 
of which a needle (indefinitely fhort) being placed, its dire&ion, 
when at reft, .may be a tangent to the curve ? 


The following Solution to this question, is taken from the 
Supplement to the Encyclopedia Britannica, Art. Magnetism, 
written by Dr. Robison, who there informs us that he received 
it from Mr. Playfair, of the University of Edinburgh. 

1. Let A and B, (fig. 121, pi. 6,1 be the poles of a magnet, 
C any point in the curve required ; then we may suppose the one 
of these poles to act on the needle only by repulsion, and the 
other only by attraction, and the direction of the needle, when at 
rest, will be the diagonal of a parallelogram, the sides of which 
represent these forces. Therefore, having joined AC and BC, 

let AD be drawn parallel to BC, and make — - — : — - — : : AC : 

AC™ BC m 

AD ; join CD, then CDF will touch the curve in C. 

2. Hence an expression for AF maybe obtained. For, by 

AC™ + ' 

the construction, AD = ; , and since BC ; AD :: 

BC - 


BE : FA, and BC — AD : AD : : AB : AF, we have AF 

TO -4- 1 

AB x AC 

' m + 1 m + 1 * 

BC — AC 


3. A fluxionary expression for AF may also be found in term* 
of the angles CAB, ABC. In CF take the indefinitely small 
part CH, draw AH, BH, and from C draw CL perpendicular 
to AH and CK to BH : Draw also BG and AM at right angles 

to FH. Let the angles CAB <p, and CBA = ^ ; then CAH 

rr f , and CBH = — 4. j also, CL AC x <p, and CK 


— BC x 4- Now HC : CL :: AC : AM = 


and for the same reason, BG = — 
Vot. II, Part I, * »A 


BC* X 4. 
HC 


AC* x i> 

He ; 

Therefore, 

since 
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since AF : FB :: AM : BG, AF : FB : : A — : - 

■BC* v >]/ 

— , and AF : AB : : sin 4 / *9 : — sin 4 <*p — sinf*4; 


wherefore, if AB = a , AF = ^ . 


•4 sin p 7 -+- p sin >4* 

4. If tin's value of AF be put equal to that already found, a 
fluxionary equation will be obtained, by the integration of which 

. _ W + l 

AB x AC 

the curve may be constructed. Because AF = A — — r- 

BC" + '-AC" + ' 


, ■ Ar< a sin 4^ . rtr , a sin 9 

and since AC = — = — - - — -pr, and BC =-* — ^—r, t 

sin (<p + 40 sin (p + 4)’ 


we have, by substitution, AF — 
a p sin 4>* 


a sin 


m + X 


. m + 1 . to 4- 1 

sin p — un 4 

. TO + 1 

. Hence, sin p* x 4 ' sin 4 1 + 


sin p* 4- p sin 4 - 

• . to +3 , •. m + 1 . . m +3 

p sin 4> = — snj 4- 1 * 9 sin 9 -f- p sin 4 1 , and 

• . m — 1 • . m — 1 

therefore, 4> sin 4- = — p sin p ; and also 


• . fn — l • . m— 1 

y%J/sin>J/ sin <p z C. 

5. These fluents are easily found, when m is any whole posi- 
tive number. 

• • 

If wi=i, we have 4 > -+- 9 = o ; and p -f- 4 - = C, 

771 = 2 , we have ■>£ sin 4 ' 4 -p sin 9=0; and cos 9 + cos 4 - —C; 
&c. 

The first of above equations belongs to a segment of a circle 
described upon AB, which therefore would be the curve re- 
quired if the magnetical force were inversely as the distances. 

If the magnetical force be inversely as the square of the distan- 
ce, that is, if 77 i = 2, cos 9 -+- cos 4 ” is equal to a constant 
quantity. Hence, if, beside the points A and B, any other 
point be given in the curve, the whole may be described. For 
instance, let the point E, (fig. 122, pi. 6,) be given in the curve, 
and in the line DE which bisects AB at right angles. Describe 
from the centre A, a circle through E, viz. QER ; then AD 
being the cosine of DAE to the radius AE, the sum of the co- 
sines of 9 and 4 / will be every where (to the same radius)=2 AD 
= AB. Therefore to find E', the point in which any other line 
AN, making a given angle with AB, meets the curve, draw from 
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N, the point in which it meets the circumference of the circle 
QER, NO, perpendicular to AB, so that AO may be the co- 
sine of NAO, and from O toward A take OP = AB, then AP 
will be the cosine of the angle ABE'; so to find BE', draw PQ 
perpendicular to AP, meeting the circle in Q; join AQ, and 
draw BE' parallel to AQ, meeting AE' in E', the point E' is in 
the curve. In this way the other points of the curve may be 
found. 

XXVII. QUESTION 207, by Mr. Wallace,!?. M. College. 

Shew that the reflification of the curve called the line of 
fines depends upon that of an ellipfe, without employing the 
fluxionary calculus, or in any other way comparing the inde- 
finitely little increments of the curves ? 

Solution, by Mr. Wallace, the Proposer. 

Let AEB, (fig. 123, pi. 6,) be half the base of a cylinder, and 
AFB a section of the cylinder through C the centre of its base, 
making with it an angle of 45 0 , and which will be a semi-ellipse: 
Let CEF be a plane perpendicular to AB. From P, any point 
in APEB, the semi-circumference of the base, draw PQ in the 
surface of the cylinder perpendicular to the base, and meeting 
the ellipse AFB in Q. Through PQ, draw a plane perpendicu- 
lar to AB, meeting the base in PD, and the plane AFB in QD. 
Then it is easy to see that DP =PQ, and consequently, that PQ 
is the sine of the arch AP. Hence it follows, that the portion of 
the cylindric surface contained between the semi-circle AEB, and 
semi-ellipse AFB would, il expanded into a plane, form a figure 
of sines, having for its base AEB, the serhi-circumfcrcnce of the 
of the cylinder. Now if it be remarked that CF : CA : : 

: 1 ; it will be evident from what has been said, that the length 
of the line of skies is equal to half the perimeter of an ellipse 
whose axes arc to one another as ^2 to 1, and whose conjugate 
axis is equal to the diameter of the circle from which the line of 
sines is conceived to be generated. 

From what has been shewn, it is also easy to see that we can 
always express any arch of the line of sines by a corresponding 
arch of the same ellipse. 


XXVIII. QUESTION 208, by Mr. Ivory. 

• '.■** ' 1 •' 

T wo points being given in a vertical plane, but not in the same 
horizontal line ; it is required to determine the position of three 
inclined planes, such, that (supposing the body to pass from one 
plane to another, without any lossot velocity,) the time of des- 

2 A 2 cent 
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cent may be less than the time on any other three planes, when 
the line of descent is of a given length ? 


Solution, by Mr. Ivory, the Proposer. 

As the solution of this question seems to require complicated 
' calculations, I shall be content with pointing out the method 
to be pursued. For the greater simplicity, the number of planes 
may be supposed to be two in place of three : then, preserving 

/ 

the notation in question 188, the time of the fall is — — - — — X 


(y /a — y/x) + * y/x, which is to be a minimum; and the 

line of descent, is f + f, which is to be of a given length, or 
equal to a given quantity, A. Let m be an indeterminate quan. 
tiiy, and having multiplied f + by m, let the product be added 
to the function which is to be a minimum, and denote the sum 

b y/(*>iO; that is > ,ct /(*•>) = — ^~ x X (y/fl— yAr) 


+ x 4 - me. The co-ordinates x and y, are next 


to be determined so as to make the function f ( x , y) a mini, 
mum: and, for this end, the equations — o, an<J 

—0, must be resolved, (see question 188). The 


values of x and y, thus found, besides involving the quantities 
given in the problem, will likewise contain the indeterminate 
quantity m: and being substituted in the equation f-+- t — A, 
or /(** + >*) + y/((a — ■*)* + (b - yf ) — A, there will 
be obtained an equation which must be satisfied by taking n 
of a proper value. 

If there be three inclined planes, the function which is to be 
made a minimum, wilk contain four variable co-ordinates; and 
a like number of equations for determining these whll be obtained 
by taking the partial fluxions in that function; in other respects 
the same method ol solution is to be pursued as shewn in the 
case of two inclined planes. 


XXIX. QUESTION 209, by Curiosus. 

Fincf the shortest distance between two given points on the 
surtace of a gpheriod ? 

To (his question we have received no answer. 

XXX 
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XXX. PRIZE QUESTION zio, by Mr. Lowry. 

In a given ellipfe to infcribe a polygon of a given number 
* of fides, fo that each fide may pafs through a given point ? 

Solution, by Mr. Lowry, ihe Proposer. 

Lemma. Let a, b, (fig. 124, pi. 6.) be two point* in an 
ellipse, and let a circle be described on the conjugate axis XY; 
draw al, bK parallel to the transverse axis meeting the circle in 
A and B, and XY in I and K. Join ah, AB, and from any 
point p, in ab, draw pm parallel to al or IK, meeting AB in P. 
and XY in m ; then pm, is to P m, as the transverse axis to the 
conjugate axis. 

For al* : bK' : : XI.IY = IA* : XK.KY = KB*; 
therefore al : iK : : I A ; KB, 

or a 1 : I A : : l K : KB : : pm : P m ; 
therefore pm*: Pm*: :al* : IA’— XI.IY : : square of the trans- 
verse : the square of the conjugate, or pm is to Pm, as the trans- 
verse axis to the coujugate axis. 

Now let abode, &c. (fig. 125, pi. 6,) be the polygon inscribed 
in the given ellipse, so that the sides ab, be, cd, de, Sec. may pass 
through the given points p, q, r, s, t, & c. respectively ; and let 
a circle be described on the conjugate axis XY. Draw aA, I'B, 
1 C, t/D, eE, &c. parallel to the transverse axis of the ellipse 
meeting the circle in the points A, B, C, D, E, &c. and join 
AB, BC, CD, DE, EF, &c. DrawpP,^Q, rR, sS, /T, &c. 
from the given points p, q, r, s, t, &c. parallel to the transverse 
axis, meeting the lines AB, BC, CD, DE, EF, &c. in P, Q, 
R, S, T, &c. and produce p P to meet XY in m. Then by th elem- 
ma, pm is to Pm, as the transverse axis to the conjugate axis ; and 
since p is a given point, the distance pm is given; therefore Pm 
is given, and P is a given point. And in a similar way it is 
shewn that Q, R, S, T, &c. are given points. Wherefore it is 
evident that if a polygon ABCDEF, &c. be inset ibed in the cir- 
cle, so that its sides AB, BC, CD, DE, EF, &c. may pass 
through the given points P, Q, R, S, T, See. thepointsa, b, c. d, 
e. Sec. in the ellipse, may be found by drawing lines from 
the angular points of the polygon inscribed in the circle, parallel 
|o the transverse axis of the ellipse. 

To inscribe a polygon in a circle so that its sides shall pass 
through given points, is a problem that has been often resolved; 
and the solution that I shall give here is not materially different, 
from others that have appeared before, but I shall endeavour to 
put it in rather a simpler point of view. 

And first to inscribe a triangle ABC (fig. 126, 127, pi. 6,) in 
a given circle, so that its sides AB, BC, AC shall pass through 
the given points P, Q, K. 

, J oin 
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Join PQ, and make the rectangle HQP equal to the given 
rectangle CQB, and draw HC to meet the circle in K and join 
AK ; then II is a given point, and the points B, C, H, P are 
in the circumference of the same circle; therefore the angle 
QHC is CBP = AKH in fig. 126, or its supplement in 
fig. 127 (22.3), and AK is parallel to PQ. To the centre O, 
draw HO meeting the circle in N, and AK in I, and join CN. 
Make the rectangle HO. OP' = to the square of the semi-diame- 
ter of the circle, and draw CP to meet the circle in G, and join 
KG; then P is a given point, and (Playfair’s Euclid VI. P. F. 
Cor.) CN bisects the angle GCK ; therefore the arcs KN, NG 
are equal, and consequently KG is perpendicular to HO: there- 
fore the angle ACP, or IKG, is the complement of the angle 
KIH, or equal to the difference between the given angle PHO 
and a right angle. Hence we have this 

Construction: Find the points H and P as in the ana- 

lysis, and on P R describe a segment of a circle to contain an 
angle equal to the difference between the angle PHO and a right 
angle, and let it meet the given circle in C ; draw QCB, CRA 
to meet the circle in B and A , then the line which joins the points 
B, A will pass through the given point P. 

Demonstration. Draw CH, CP' to meet the circle in 
K and G, and join AK, KG and CN; then because HO. OP' is 

ON’, KG is perpendicular to OH as is shewn in the analysis, 
and therefore the angle IKG or ACP' is the complement of 
KIH. But by construction the angle ACP' is the complement 
of PHO, therefore the angle HIK is equal to the angle PHO, 
and AK is parallel to PQ ; therefore the angle QHC is = HKI 
= CRA. But because the rectangle HQP is = to the rectan- 
gle CQB, the points B, C, II, P are in the circumference of the 
same circle, therefore theangleQHC is = CBP,and consequently 
the angle CBA is = to the angle CBP ; therefore the line BA 
passes through P. 

The solution of this particular case, immediately leads to the 
solution ol the general problem, when the polygon has any num. 
ber ol sides whatever. 

Let the points HP' (fig. 128, pi. 6,) be found as before for the 
given points P, O; and join P'R, (the point R being that through 
which the side CD is to pass). OnP'R, produced if necessary, 
find the point H', so that the rectangle PRITmay be equaJ 
to the given rectangle DRC, and produce Oil to P'', so that 
the rectangle P Oil' may be equal to the square of the semi- 
diameter, and join P D meeting the circle in m ; then H' and 
P' are given points, and because the construction for the points 
H', P' as related to the points P' R; is the sameasthc construc- 
tion for the points H, P' as related to the points P, Q; it is evi- 
dent from the preceding analysis that the angle ;;;DG is the 

difference 
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difference between the angle P'H’P and a right angle, and is 
therefore given ; and it is shewn in the preceding case, that the 
angle ACG or ADG is given; therelore the angle AD/n, or 
or ADP" is given. Hence, when the number of sides of the 
polygon is four, or AD passes through a given point S', a circle 
described on P S', to contain an angle equal to the given one, 
will intersect the circle in D, and the construction will then 
be obvious. 

If the polygon has more sides than four, join P"S (S being the 
point through which the side DE is to pass), and find the point 
H" in P S, so that the rectangle P SH" may be equal to the 
given rectangle DSE, and in H' O produced take the point P", 
so that the rectangle H’OP''' may be equal to the square of the 
semi-diameter, and join P "E meeting the circle in n : then H" 
and P"' are given points, and by the loregoing analysis the angle 
P "E m is given, being equal to the difference between the angle 
OH' p" and a right angle; therefore the angle wEn is given, 
and the angle AE m or ADP has been shewn to be given; there- 
lore the angle AEn is given: and, if AE be the last side of the 
polygon, a circle described through the points P' "T to contain 
the given angle will intersect the given circle in E. And in 
the same manner we may proceed for any polygon whatever, by 
joining the point last found, and the point through which the 
next side of the polygon is to pass, and making a similar con- 
struction to that which we have made above. 

Afr.LoWRY is requested to send to Afr. G L E M D I N N I N G ’s for the 
Medal for soloing the Prize Question , 
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Since the preceding sheets were printed off, we have received 
the following solution to question XI. (igi). 

XI. QUESTION 1 9 1 > from the Camb. Un. Cal. 

Bradley obferved that every ftar pafled the meridian farthefl 
fouth when it came about fix in the morning, whatever were 
its pofition with refpeft to the cardinal points of the ecliptic. 
Suppofe then the place of a ftar to be given ; on what day will 
it pafs the meridian of London fartheft to the fouth ; and at 
what hour will it pafs it on that day ? 

Solution, by Astronomicus. 

The greatest apparent distance of a star from the north pole, 
arising from aberration and nutation together, is when the sun’s 
longitude, and also that of the moon’s ascending node, are three 
signs before the star, reckoning according to the order of the 
*igns; and that apparent distance will be greatest 'of all when 
the star is in the solstitial colure; but it does not appear, that the 
period can be accurately determined when such an event will 
take place, for any proposed star. We can, however, calcu- 
late the time which seems to be required by the question, if it 
falls within the limits of some proposed revolution of the moon's 
nodes, or if it is restricted to a given year : Thus, for example, 

let the year be 1809, and suppose the star’s right ascension = 
ao8°, and its declination = 6o° north. Let a great circle be 
drawn, (to the eastward) from the star, perpendicular to the hour 
circle or meridian passing through the star, and it will meet the 
ecliptic in B5 0 41' of libra , which is the sun’s place, when the 
aberration in declination southward is a maximum, (the obliquity 
of the ecliptic being 23° 27' 44",) this answers to Oct. 19, at 
London ; on that day the star comes to the meridian at 22$ min. 
before 6 in the morning. The longitude of the moon’s node at 
that time is 6 s. 23 0 45', and that of the sun 6 s. if 26' ; the 
atar therefore, is very nearly at its maximum distance from the 
north pole, which distance will not sensibly vary during 3 or 4 
days at that time. 
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NOTICES ' 

RELATING TO MATHEMATICS. 

I. Mathematicians lately deceased. 

On the 7th of April, 1807, M. D. Lalande, the celebrated 
French Astronomer, aged 75. He was the Author of many 
Memoirs connected with his favourite Science. His most valu- 
able and best known work, however, is his Astronomicxn 3 vols. 
(Quarto, of which the third edition was published in 1792. 

In July, 1807, George Atwood, Esq. M. A. and F. R- S. 
aged 62. He was for some time Tutor, and many years Fellow 
of Trinity College, Cambridge; and was highly distinguished 
for his Mathematical Acquirements. In 1784, he published in 
one volume, octavo, “ A Treatise on the Rectilinear Motion, and 
Rotation of Bodies, with a description of original Expei intents 
relative to the subject.” At the same time he published, “ An 
Analysis of a Course of Lectures, on the Principles of Natural 
Philosophy, read in the University of Cambridge.” In 1801, 
he published a “ Dissertation on the Construction and Properties • 
of Arches,” and in the course of that year, he also published a 
Supplement to it. Mr. Atwood also, at different times, contri- 
buted several valuable Memoirs to the Transactions of the Royal 
Society of London. 

II. Another New Plan f.t. 

On the 29th of March, 1807, Dr. Olbers, at Bremen, dis- 
covered another new planet, to which he has given the name of 
Vesta, being the second which we owe to the observations of this 
learned and indefatigable astronomer- It resembles a star of the 
sixth magnitude, and is very like in its appearance to the Gcorgium 
Sidus. This planet is found in the same region between Mars 
and Jupiter, in which Ceres, Pallas, and Juno, perform their re- 
volutions round the Sun. Its place, as observed by Mr. Fir- 
minger at the Royal Observatory, Greenwich, on the 22d of 
June, 1807, 10*. 29'*. 48'. mean time was 
App. A. R. App.Dec.N. Longitude- Lat N. 

6*. 4". 23'. 30” — 6". 3C. 3 ' — 6*. 1". 23'. 1 8" — 7". 47'. o". 

III. Transactions of the Royal Societies of 
London and Edinburgh. 

We promise, in future, to give the titles of the papers relating to Mathe- 
matics, contained in the Transactions ot the Koval Society of London, as 
they appear. And we shall, at present, enumerate all those which have 
lieen published ill that work, since the commencement of the present cen- 
tury. 

The Yol. for 1800 contains, I. On the method of determining from the 
real probabilities of life, the nature of contingent reversions, in uiii< li three 
lives are involved in the survivorship. By Win. Morgan, Esq. F. K. S. 
V. On the power of penetrating into space by telescopes, &c. By Or, 
llerschell. 3. A second appendix to the improved solution of a problem 
in physical astronomy, inserted in the philosophical transactions lor 17,1)8. 
By the Kev. John Hellim, li. D. F. It. S. I. Outlines of experiments ami 
inquiries respecting sound. By Thomas Young, M.D. F. K. S. 3 . Ou 
double images, caused by atmospherical refraction. By Win. Hyde, Wol- 
laston, M. D. F. K S. (>. Investigation of the powers of the prismatic co*. 
lours to heat and illuminate objects : with rental ks that prove the dilferent 
retrangihiliiy of radient heat. By Dr. Hcrschell. 7. Experiments on the 
refrangibility of the invisible rays of the sun. By Dr. llerschell. 8. Kx- 
perinuntson the solar and on toe terrestrial rays that occasion heat, Ac. 
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By Dr. Herschell. 9. An account of tlie trigonometrical survey, carried 
on in the years 1797, I79S, and 1799. By Captain Win. Mudge, of the 
It ova I Artillery. r 

The Vol. for ISO I contains, I . The Bikerian Lecture. On the mecha- 
nism of the eye. By Dr. Young. 2. On the necessary truth of certain 
conclusions, obtained bv means of imaginary quantities. By Robert 
Woodhouse, A. M. 3. Demonstration of a theorem by which such por- 
tions of the solidity of a sphere are assigned as admit of an algebraic expres- 
sion. By Mr. Woodhouse. 4. Observations tending to investigate the 
nature of the sun, & c. By Dr. Herschell. 5. On an improved reflecting 
circle. By Joseph de Mendoza Rios, Esq. F. R.!S 
The Vol. for 1802 contains, I. The Bakerian l-ectttre. On the theory 
of light and colours. By Dr. Young. 2. On the independence of the ana- 
lytical and geometrical methods of investigation, and on the advantages to 
be derived from their separation. By Mr. Woodhouse. 3. Observations 
on the two lately discovered celestial bodies. By Dr. Herschell. 4. A method 
of examining refracting and dispersive powers, by prismatic reflection. 
By Dr. Woliaston. 5. On the oblique refraction of Iceland crystal. By 
Dr. Wollaston. 6. An account of some cases of the production of colours 
not hitherto described. By Dr. Young. 7. Of the rcctitication of the 
conic sections. By the Bev. Mr. Heflins. 

The Vol. for 1803 contains, l. The Bakerian Lecture, Ob. 
servations on the quantity of horizontal refraction ; with a 
method of measuring the dipat sea. By Dr. Wollaston. 2. 
Observations on the transit of Mercury over the disk of the sun, 
8 cc. By Dr. Herschell. 3. Account of the changes that have 
happened during the last twenty-five years, in the relative situa- 
tion of double stars, & c. By Dr. Herschell. 4. Account of 
the measurement of an arc of the meridian, extending from Dun. 
nose, in the Isle of Wight, to Clifton, in Yorkshire, in course 
of the operations carried on for the trigonometrical survey of 
England in the years 1800, t8ot, and 1802. By Major 
Mudge. 

The Vol. for 1804 contains, 1. The Bakerian Lecture, 
Experiments and calculations relative to physical optics. By 
Dr. Young. 2. On the integration of certain differential ex- 
pressions, with which problems in physical astronomy are con- 
nected, &c. By Mr. Woodhouse. 3. Continuation of an 
account of the changes that have happened in the relative situa- 
tion of double stars. By Dr. Herschell. 

The Vol- for 1805 contains, 1. Experiments for ascertain- 
ing how *ar telescopes will enable 11s to determine very small 
angles, &c. with an application ol the result of these experiments 
to a scries of observations on the nature and magnitude ol Mr- 
Harding's lately discovered star. By f Dr. Herschell. 2- An 
essay on the cohesion of fluids. By Dr. Young. 3. On the 
direction and velocity of the motion of the sun and solar system. 
Bv Dr. Herschell. 4. Observations on the singular figure of 
tire planet Saturn. By Dr. Herschell. 

The Vol. for 1806 contains, 1 . The Bakerian Lecture. On 
the force of percussion. By Dr. Wollaston. 2- Me moire sur 
les quantites imaginare. Par M. Buee. 3. The application ol 
a method of differences to the species of series whose sums arc 
obtained by Mr. Landen, by the help of impossible quantities. 
By Mr. Benj. Gomperiz. 4. On the quantity and velocity of 
the solar motion. By Dr. Herschell. 5. A new demonstration 
of the binomial theorem, when the exponent is a positive or nc- 
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gative fraction. By the Rev. Abram Robertson, A. M- F. R. 
S. Savilian Professor of Geometry in the University of Oxford- 
6- New method of computing logarithms. By Thomas Man- 
ning, Esq. 7. On the declination of some of the principal fixed 
stars : with a description of an astronomical circle. By John 
Pond, Esq. 8- Observations and remarks on the figure, the 
climate, and the atmosphere, of Saturn and its ring. By Dr. 
Herschell- 

The Vol. for 1807 contains, I. On the precession of the equinoxes. By 
the Rev. Abram Robertson. 2. An investigation of the general term of an 
important series in the inverse method of finite differences. By the Rev. 
John Brinkley. 1). D. F. R . $. and Andrew’s Professor of Astronomy in the 
University of Dublin. 3. Experiments for investigating the cause of the 
coloured concentric rings, discovered by Sir Isaac Newton, between two 
object glasses laid one upon another. By Dr. Herschell. 4. Observations 
and measurements of the planet Vesta. By Mr. Schroeter. 5. Observa- 
tions on the nature of the new celestial body, discovered by Dr. Others, 
and of the comet which was expected to appear last January, on its return 
from the sun. By Dr. Herschell. 

The first part of the sixth vol. of the Transactions of the Royal 
Society oi Edinburgh is now published. As it, perhaps, may 
be agreeable toour readers to have a list of the memoirs relating 
to mathematical subjects contained in this work from its com- 
mencement, we shall enumerate them as follows. 

Vol. I. contains, 1. Biographical account of Dr. Matthew 
Stewart. By Mr. Professor Playfair. 2. On the causes which 
affect the accuracy of barometrical measurements. By Mr. 
Playfair. 3. On the use of negative quantities in the solution of 
problems. By Mr. Wm. Greenfield. 4. An improvement of 
the method ot correcting the observed distance of the moon from 
the sun or from a fixed star. By the Rev. Thomas Elliott. 
5. Orbit and motion of the Georgium Sidus, determined directly 
irom observations. By Mr. John Robison, Professor of Natural 
Philosophy in the University of Edinburgh. 

Vol. II. contains, 1 . Abstract of experiments made to de- 
termine the true resistance of the air to the surfaces of bodies. 
By Dr. Charles Hutton, of the Royal Military Academy, Wool- 
wich. 2. Observations on the places of the Georgium Sidus, 
made at Edinburgh with an equatorial instrument. Bv Profes- 
sor Robison. 3. On the motion of light, as affected by refracting 
and reflecting substances, which are also in motion. By Professor 
Robison. 4. Demonstrations ol some of Dr. Stewart’s general 
theorems. By the Rev. Dr. Small. 5, Remarks on the astro- 
nomy of the Brahmins. By Mr. Playfair. 6. On the resolution 
of indeterminate problems. By Mr. John Leslie. 

Vol. III. contains, 1. Experiments and observations on the 
unequal rclrangibility of light. By Dr. Robert Blair, Professor 
of Practical Astronomy in the University of Edinburgh. 2. On 
the origin and investigation of Porisms. By Mr. Playfair. 

Vol. IV. contains, 1. Four theorems for resolving all the 
cases of plane and spherical triangles. By the Rev. Mr. Fisher, 
a. On the principles ol the antecedental calculus. By James 
Glenie, Esq. . 3. Observations on the trigonometrical tables of 
the Brahmins. By Mr. Playfair. 4. Some geometrical po- 
risms, with examples of their application to the solution of pro- 
blems. By Mr. Wm. Wallace. 5. On the latitude and 
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longitude of Aberdeen. By Dr. Andrew Mackay- 6. Anew 
series for the rectification ot the ellipsis, with observations of the 
evolution of the formula (a 1 -f- 4 s — aab cos. By Tames 
Ivory, A- M. 

Vol. V. contains, i. Investigation of certain theorems re- 
lating to the figure of the earth. By Mr. Playfair. 2. New 
method of resolving cubic equations. By Mr. Ivbry. 3 . A 
new and universal solution of Kepler’s problem. By Mr. Ivoty. 
4. A new method of expressing the coefficients of the develop. 

ment of the algebraic formula ( a 7 -f* b 1 — 2 ab cos. <p)", by 
means of the perimeters of two ellipses; with an appendix, con- 
taining an investigation of a formula for the rectification of any 
arch ol an ellipse. By Mr. Wallace. 5, Rule for reducing a 
square root to a continued fraction. By Mr. rvory. 

Vt>l. VI. Part I. contains a geometrical investigation 
of some curious and interesting properties ot the circle, &c. By 
Mr. Glenic. 

IV. Mathematical Works lately Published. 

Sciiptores Logarithmici, J ol. IT. ^to. By Francis Maseres, 
Esq. F. R. S. Cursitor l\arvn of the Exchequer. 

An Elementary Treatise on Natural Philosophy. Translated 
from the French of El. II. I. Ilauy, Professor of Mineralogy at 
the Museum of Natural History, (Ac. By Olinthus Gregory, 
A. M. of the Royal Military Academy, Woolwich. 2 Ids, 
8 uo. with plate , «. A second Edition of the original French Work has 
also been lately published, and Mr, Gregory has availed himself 
of it in his Translation. 

A Reply to a critical and monthly Reviewer, in which is insert- 
ed Euler's Demonstration of the Binomial Theorem. By Abram 
Robertson, D. D. F. R. S. Savilian Professor of Geometry, 
Foreign Boors. 1 

Journal De L'Ecloe Polytechnique, 1 yth Cahier. The gilt and 
10/4 Colliers, containing the remainder of the. Mechanirjue Philo- 
tophique, by Prony; and the 14/4 Cahier arc in the Pre-r. 

Application De T Analyse A La Geometric, par Mongc and 
Hachette, 2 Parts in Quarto. 

Correspondence stir Le Ecole Pul) technique, 6 Numeros in 
Octavo. 

Essai De Geometric Analytiquc applique aux Courbes el aux 
Surfaces du Second Ordre. Par I. B. Biot. Second Edition. 

A French Translation of the Disquisitioncs Arithmeticx of 
Mr. Gaus has appeared. It is in t Vol, 4 to. and is called 
Recherches Arithmetiqucs. Our readers will recoiled that we 
have already noticed the original work at page 77 of Vol. / of the 
Mathematical Repository, where we have given his formula Jot the 
calculation of the side of a regular polygon of 1 7 sides, inscribed 
in a circle. . , 

Noui ellcMctkode pour la Resolution des Equations Numeriqut * 
d'un degrl quelconque ; D'apres laquclle tout le calcul extgc pour 
cette Resolution se reduit t) Urnploi des deux premieres rigles de 
VArithmctiquc. Par F. D. Budan. 

M moire sur la relation oui existe l litres Us distances de cinq 
points cjutlconques pris dans Vesbace, avee un Es-ai sur la Thtene 
P/ir IVf. Pjrnnf. __ — , 
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ARTICLE IV. 

Solutions to Questions proposed in Number VII. 


I. QUESTION 2i» , from the Bija Goneta, or Hindoo 
Algebra. 

Find two integer fquare numbers whole fum and difference 
diminiflied by t (hall both be fquares ? 

“The RijaGoneta was writtenin Sanscrit hy Bbasker Achari a 
famous Hindoo Mathematician and Astronomer, who lived about the be- 
ginning of the 13th century of the Christian era; and wa* translated into 
Fenian in 1634.” ' 


First Solution, from the Bija Goneta, jr Hindoo 
Algebra. 

Assume 4 x * and 5X* -4- j for the two squares : 

Then^’-t-^’-h 1 — 1 = 9*’ a square: And5* a + i — 4** — 1=:** 
a square : 

Therefore we have to male 5X* 4- 1 a square : Now if we as- 

sume * — 4, then 5 x 16 4* 1 = 81, and 4 X 16 — 64, are 
the two squares: For 81-4-64 — 1 — 144 a square; and 

81—64 — 1 = 16 a square. And if x — 72, the two squares 
will be 25921 and 20736. 

We shall subjoin the three following Questions, with the me- 
thods of solution from the same work, (the Bija Goneta.) 

1. What two integer numbers are those (5 and 6 excepted , 1 
that when 3 is added to twice the difference of their squares, and 
also to 3 times that difference, the two results shall be square 
numbers ? 

Let x = the difference of the squares. Then ex -^-3 —y 1 fa square): 

And 3x4-3 era* (a square): 

9 3 

Since bx 4 3 =>*, x — * *, and 3X 4 3 = — 2 *» 

whence 9 y* = 6z l + 9, and 3 y z=z (6z* 4- g) 1 . If z be as- 
sumed — 6, then jy = 15, and y — 5, and x — 1 1, and the 
two numbers are ,5 and 6, which, by the question, are excepted. 

Now let z — 60; then 3y = 147, and y = 49, whence 
Vol. II. PartI. sC v — 
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x — : 1 1 99 the difference of the two squares. Let m and n be the 
required numbers, or roots of the squares ; then (m -+- n ) (m-n) 
— : 1 *99 • assume m — n i ; then awt — i 200, and m — 600 
one of the required numbers, and n — 599 the other. 


2. To find * and 7 in whole numbers, when x -f-y and **+ y* 
are both squares P 

Assume — *, then + y * = ?* + *>' 

a ' 2 1 J 4 

a square, its root being — . And since x — ~ — , 

» 2 2 

* + 7 is =: - — • Let 2 —^ = a*, then y* -4-7 = sa’, 

or 47* 4- 47 := 8a 1 , and 4 y* + 4)+ 1 = 8a s -4- 1 , whence 

V + 1 = (8a 1 -t- l) 1 . If a = 6, then 7 = 8, and* = 28, 
which numbers answer the question. And if a — 3,5, we get 
49 and 1176 for the two numbers. 


3. To find x and y, when ** + xy -4- y* and xy (*-4-7) + 1 
are both integer squares ? 

First, (x'+ xy +j y>) * 36 ’= 36* 1 -+- 36*7 + 36^* 

Assume the square (6* -+- 37)* = 36**+ 3 6xy + 9 y» 

difference a ^> 


Now = 2 7 y , and 277—7 — 267, and = 1 37. Make 


the root 

6* + 3y = 137, then * = x + 7 = §2, and xy = 5L* ) 

3 3 ' 3 

then **+ *y+y 1 = + >*= ^ and its root = ^. 

Nc«. Hx 

d 0 9 9 9 

be a square : Put --7* 9 — a * 

9 


to 


, then (567* + 9 ) 1 —3 a . Now 


if 7 =6, then a = 15, whence * = 10; therefore, io and 6 
are the values of x and 7. / 

Remark by the transcriber. The method of making,**-p*y-f-7‘ 
a rational square, appears not to be general; for any square, (in- 
stead of 36,) will not answer the purpose. Nor is there any ob- 
vious step in the process which leads to the reason for adopting 

the 
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the root ^ instead of (or xy) in rendering the expression. 

xy (* + y) + 1 a rational square : For the Same value of y 

will result if we use ; thus let x -f- » — t* fa 
3 3 3 

square); then 4 oy 3 + 9 = 9^*; and the expression 40^* + 9 is 
a square when y — 1 , or 6. 


Second Solution, by Mr. Cunliffe, R.M. College. 

Let a 1 ~h tab + b* and a* denote the two squares : Then by 
the question 


2 a 


2 ab ■+■ b* — 1 = c*. 


and 2 ab -+- b 2 — 1 =x d*. 

The sum and difference of these equations, give 
2a 1 ■+• 40b -+- 2b 1 — 2 = c* + d l , 
and 2 a 2 — tA — d* : 

Whence a % -+- 2 ab + b % = (a -f b) x = |(c* + d*) + 1, 
and a 1 = — d*). 

Put d + n — c ; then a* = \(c l — d l ) = |n* + dn = r*n 2 : 

2d , , id i/fa^+i) 

whence n — — - , c — d + 11 = a + — 


c 1 4 - d 1 


2 r 2 — x 2r ] 

dx U r ‘ ■ 


1 + 


*) 


2 r 2 — 1 


2r* — 1 ' 

and by means of these 1 
Put d — s (2 r \ — 1); then 1 + — i+s , (4r 4 + 1) 

2T “■ 1 

2t 

- a square = (rs + i) l =r 4 s 2 \-2is -f- 1 : whence s= ' ^ t tt 

where r and t must be so related as to give s a whole number. 

Take l = 2r l , then s — qr 2 , d — s (ir 2 — 1) = 47-* (ar*— 1), 
n—id-x- (ar 1 — 1) = 8r*, c — A -y- h — tj x (er’-f- t),a* = 
f (c* — </ J )=64r®, and = 64r*4-i6r 4 +i, 

which are the two required squares, where r may be taken at 
pleasure. 

Take r = 1, then the two squares are 81 and 64. 

Take rtr 2, and the two squares are 16641 and 4096. 

This question was also answered by Dr. O’Riordan. 

2C 2 
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II. QUESTION a is, by In vesticator. 

What fum fhould A, aged 30, pay on the event of his furvi- 
ving JB, aged 6,5, for an annuity of 1 000 /. during their joint 
lives, ufing the Northampton table of the probable duration of 
life, and allowing 5 per cent, intercfl of money ? 


Solution, by Investigator, the Proposer. 


A* this question contains in fact two distinct questions, viz. 
1st. To find what the present value is of an annuity of £ 1000, to 
continue during the joint lives of A and B ; and adly. What 
sum is equivalent to that present value, if deferred till the death 
of B, and limited also to the restriction of A's being then alive; 
so the complete solution may naturally be divided into two 
parts, each of which we shall consider in order. 

1. Taking a, b t c,- d, e, &c. to denote the number of the liv- 
ing at the age of A, and at the end of the 1st, ad, 3d, 4th, &c. 
succeeding year; and 6 , q, r, s, t, & c. the number of the liv- 
ing corresponding to tne age of B, to B 's’ age -4- 1, + 2 .- 1 - 3 . 
-+- 4, &c. respectively, as found in Dr. Price’s Northampton 
Table of the probable duration of human life, and putting R for 
the amount of it ina year, (i. e. 1*05 when it is 5 per cent, in- 
terest,) we shall have 

The probability that 

A wiH he aliee ] B will be alive 1 And that both A and B 

at the end of the j at the end of the j trill be aliee at the end of the 



&C & C. ... 1 &C &C. 


Therefore, by discounting the first term of the last rank of pro- 
babilities, namely, foroneyear,(i.c.multiplyingitby R 'j; 

CT • • • • 2 

the second,—, for 2 years, (i. e. multiplying it by R ) ; ths 

ap 

third. 
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dj . —s ' 

third,—, for 3 years, (i. e. multiplying it by R }; the fourth 

for 4 years, (i.e. multiplying it by R ), &c. and collect- 
ing tlie several products, and multiplying the whole sum by 1000, 
the present value of an annuity of .£1000 upon the joint lives of 
A and B, is found to be equal to 

1000 Gjfc + ^ ^ + &C * t0 lhe end 

of the table, or till one of the factors in the numerator becomes 
= 0,) or equal to 

(^btj ■+■ ^ -f- “f* & c 0 ^ r0m which expression, 

the value is readily computed, and will be found to be 3 
.£6447.841. 

a. Let the value of the annuity just found, (<£6447.841,) be 
put = P, the equivalent contingent suns, that is to be paid in 
case A survives B, =: Q, and let the same symbols as in the 
preceding investigation be retained, and we shall have the proba- 
bility of 

A’s being alive at the end of the Jirst year 

A's dying in the first year 

B’s dying in the first year 

A’s surviving Bin, and being alive atthe end of the 1 st year = -(^i) 

d P 

and the probability of their both dying in that year, and B dying 
first, nearly*, = if * --—) (^- fy- 
Again, the probability of 

• c 

A’s being alive-at the end oi the second year, ia — 

l c 

A’s dying in the second year = — — 

B s dying in the second year t. . . . = 

A’ssurvivingBin, & being alive at the end of the 2 d year ) 

* t say neatly, fur although our best writers ou the subject hare, as it were cod. 
lentaoeously, taken this as the txacl chance that is above mentioned, yet, of its 
differing from the truth in many cases, » hen the period of time is so long as a year, 
there cannot be entertained a moment’, doubt. 

and 
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and the probability of their both dying in that year, and B dying 
first, nearly, = 1( ^ - ~ ) 

In like manner, the probability of 

A’s being alive at the end of the third year is — 


A’s dying in the third year . 
B’s dying in the third year . 


d 

a 

c — d 
a 

r — s 

P 


A’s surviving B in, & being alive at the end of the 3d vear=^(-^ ) 
and the probability of their both dying in the 3d. year, and B dy- 
ing first, nearly, = |( 


— ) (— )• 
a ’ ' p 

And also, the probability of 

A’s being alive at the end of the fourth year is . 


A’s dying in the fourth year . 
B's dying in the fourth year . . 


e 

a 

d — e 
a 

s — t 

P 

e.s-t. 


A’s surviving Bin, & being alive at the end of the 4th yearm^f-^ ) 

and the probability of their both dying in the fourth year, and B 

, , fd — e. ,s — t. 

dying first, nearly, =i(— — ) 

&c. See. 

Therefore, taking it as an equality of chance, that the event of 
A’s surviving B, may happen in the first as in th e second half of 
any one year, and allowing the proper discount on the two last 
mentioned probabilities in each of the above mentioned years, re- 
spectively, and collecting the several quantities, there will arise 
the following equation, viz. P=Qx 




aR 


1 — b , 6 - 1 


aaR 


<«> 


a R 
b — c 




V P 


2aR 


* p aaR* P aaR* P 


Or, 
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Or, by taking the sum of the two series, and dividing all by Q, 
P _ (f+jnt^ ib+cKg-r) t (c+ J)(r-s) l (d+e) (s 
2a/>R^ %apB^ aapR 3 2apR s 
And, if we multiply the whole by 20jftR T , L 

^-=WM+ 

and, consequently, 

Q— 2pflpR^-^l'a-4-^)^_y.J_{-(^+ C )Cy' r ) , ( c +^( r - f ) t (d+c){ s.t) 

R R 2 R a 

+ &c.)— ^£ j 2224-69, or £ 1 222 j , 13s. the sum that ought 

to be stipulated to be paid by A, at the death of B, for the annui. 
ty mentioned in the question. 

, ^ c ^ ar k * • It we would avail ourselves of the assistance of 
the tables of annuities upon joint lives, the series that expresses 

the value of when the multiplications are performed in the 

numerators of the several fractions of which it is composW, be- 
comes equal to 

— — rx ( ap + tp.aq-bq+ *1±££^£1 , cj^Jr-c^ds ds+ es -dt.<l 

tap*? ^ y R + R* + R 5 

. , + See.) 

Which series ^evidently equal to the four following, viz. 

W 3 &c ‘ 


<* + + w + 


VP + ~ + &c. 


aapR 7 


L 


cs (it 
pi ”1 pa + See. 


' — ( a Q ■+• — 

v H ^ R ■ R> t £3 

/» , cr , ds et 

~ {b<1 + R + R? '+ xT + Sec.^ 

Let * and tp denote the number of the living corresponding to 'A 
and B.two lives whose ages are less by one year than the ages of 
A- and B and let A B, A’B, 'AB and AB denote the value of 
the joint lives of A and 'B, A and 'B, 'A and B, and A and B 
respectively, as taken from the tables of annuities upon joint lives; 

then, by multiplying the first of the foregoing series by af> , 

«?R T 

the second by the third by — -, and the fourth by R there 
9 R all* 

wilj 
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will be produced 

X (op + ^ + p + £ + &e. 

sa^R * + ‘I + ^ + R* + &C * 

~ ^R x ("7 + R + R» H" ^ &c - 

~ T^R * (*<? + R" + Jf, + R» + &c - 

Of which expressions the first is evidently = j'A'B, the second 
ss |AB, the third r: — 4 A'B, and thefouith = — 4 AB. 
Therefore, by dividing by the preceding factors, &c. Q is found 

to be equal P -f- — ('A'B x ^ 4- A'B X - — 'AB x 

2 dp p ^ 

^ — AB); which is a very commodious theorem for obtaining 

the value of Q by means of the tables of annuities upon joint 
lives and the original table of the probable duration of hurpan life. 

Remark s. The value of Q, if computed by Mr. Simpson's 
Approximation, aided by Dr. Price’s correction, (see Dr. P — ’s 
Revers. Payments, Vol. i, pa. 37 and 38, 6th Edit.) comes out 
= .£12702, exceeding the true value by <£4 77. 6s. ad. If com- 

} >uted by the rule on pa. 40 and 41 of the same vol, it will be 
ound to be .£12535, exceeding the true value by <£310, 6s. 2d. 
If computed diiectly from the Northampton table, and discount 
be allowed on the several probabilities up to the end of each year 
respectively, (the common, though erroneous method of allow, 
ing discount,) it will be found — £12525, differing from the 
true value by £300. 6s. 2d. A certain ingenious calculator makes 
it £13059, differing from the true value by above £834! 

Rem. 3. Were we in possession of tables of the probable 
duration of human life for much shorter periods of time than 
years, and complete tables of annuities answering thereto, it 
would be easy to deduce a more exact value than even that which 
is exhibited by the above theorem, something similar to the in- 
genious method made use of in Art. xi, No. 7, of the New Series 
of the Repository, but considering the vague nature of the sub- 
ject, and the tables now in common use, it is presumed, that 
the exactness of the above method of solution is abundantly suffi- 
cient for all practical purposes, and the ease with which the va- 
lue of Q may he computed by means of the theorem in Rem. l, 
cannot fail of tecommending it in preference to some other / ess 
correct and more troublesome rules that have heretofore been gi t en. 
This question teas also answered by Mr, J. H. Hearding, oj tht 
Globe Insurance Office. 
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III. QUESTION 213, by Mr. Bazley. 

Find a circle whereof the diameter, and the chord, fine, and 
ver fee- fine of an arc of it, are all integers ? 


Solution, by Mr . Cunliffe. 


JLet sz denote the sine, and vt the versed gineof an arc ; then 
will z \Z[v* •+ j*) denote the chord, and z (v* + s’) -7* v the 
diameter of the circle, which will all be rational, when v l -+• 
is a rational square. Put v = 2 mn, and j = m l — n* ; then 
z v'(t' , -+-s’J=:z(w , + n*),andz(uH- s l ) ~v= 

Put z — 2 mn, then sine sz = amn ( m * — n x ) ; versed sine 
vz = chord z y/(td + s*) =: 2 mn ( m * n a ), and dia- 

meter z[v* -+- s*) -l. v = (m* + !»*)*, where m and n denote 
any whole numbers. 

The preceding expressions give only one arc that will answer 
to the same radius ; but any number of arcs of the same circle 
whose chords, sines, and versed sines will be rational, may 
be found as follows: 

Put w* •+■ n* = m * -f- n * = m n -4- «"*, &.c. then by the 
known method of dividing the sum of two squares into two others, 
we may put 


,„ d r = 1 &c. 


where supposing m and n given, p, q; p\ q, &c. may be taken 
at pleasure, but not in the same ratio. Then the diameter will 
be expressed by ( m * + n’J* ; the chords by 2 mn (m 2 4- «*), 
am'n' (ra* -(-«*}, amn" n l ), &c. ; the sines by 2 mn (m* — n x ), 
am rt (m? — am'n" (m" a — n” 1 ), &c. and the versed sines 
by 4 »»’*«’*, 4 m" 1 n ' 2 & C. 

This question teas also answered by Dr. O’Riordan. 


IV. QUESTION 214, by Amicus. 

The ends A, C of two given beams are moveable about two 
fixed points, and the other ends B, D arc connected by a firing 
Vol. II. Part I. 2D of 
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of a given length which pafles over a fixed pully. It is required 
to determine the pofition of the beams when they are in equili. 
brio ; the pully and beams being in the fame vertical plane? 


Solution, by Mr. J. Johnson, Birmingham. 


Let P, (fig. 129, pi. 7,; be the point where the pully is fixed, 
and draw AE, BG, CF, DH perpendicular to the horizontal 
line EPF. Also, PK, PL parallel to the beams AB, CD, meet, 
ing the lines BG, DH, produced, in K and L; and let Q, R, 
be the centres of gravity of the beams AB, CD ; and W, w their 
respective weights. Then, by the property of the lever, the 
force which, acting in the direction BG, would sustain theend 
B, is to the whole weight of the beam, as AQ to AB, and is 
therefore equal to (AQ 4- AB) W ; which being resolved into 
a force acting in the direction of the string BP, is = (BP 4- BK) 
(AQ -4- AB; W. In like manner, the force acting in the di- 
( rection of the string DP is — (DP -f- DL) (RC 4- DC) w; 
and when the beams are in equilibrio, these forces must be equal ; 
that is, 


BP 

“BIT 


AQ 


X W = 


DP 


RC 


x w. 


AB ~ " “ DL " DC 
Put EP — a, AE =3 b, PF = c, CF — d, AB = m, 
AQ — n, DC = r, RC = s, GB — *, PG =y, PH = 
JID == z, and / = the length of the string. Then BP = 
l/(x* + y ’), GK = y (a — b) -r (a — y), and BK = * + 
y (x — b) -f- (a — y) ~ (ax — by) 4- (a — y) ; therefore 

X W is = 

AB ax — by 

And, in the same way we find 
DP RC c — w 


* wi = S: ,< ✓t* , +/> 


DL 


DC 


X w = 


cz 


dw 


v/(w» + z l ) x -j w. 


Therefore, 


"W. 


/(A* + /) = f w 

ax — by r 


* ✓(»*+**) 


ax — Dy ' ' ' r cz — dw 

From this equation, and the equations t/fx’-f-y’) + \Y(w t +z 1 ) 
= /, {« — yY — — b) % — m > , and (c — at)* -f- (z •—</]»= r 1 

the value of the unknown quantities may be determined. 

Solutions were also received jrom Messrs. Amicus, CunliSe, 
and P’Riordan. 
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V. QUESTION 215, by Hypatia. 

This question has, by some mistake, been wrong proposed ; it 
•ught to have been as follows : 

From A, one end of AB, the diameter ol a circle, draw any 
chord AC. Bifeft the arch AC in E, and join BE, meeting 
AC in F, and draw ED perpendicular to AB meeting AC in G. 
The lines AG, GF fhal! be equal. Required the demonftration ? 


Solution, by Dr. O’Riordan. 

Fig. 130, pi. 7. Because the arc AC is bisected in E, the 
angles CAE, EAB, AED are equal; therefore the right-angled 
triangles AEF, BDE, EDA are equiangular, or the angle GFE 
= to the angle GEF, and the angle G AE = to the angle G EA ; 
therefore GF is = to GE, and AG — GE ; consequently the 
lines AG, GF are equal. 

Mr. J. Wallace, teacher of Mathematics, at Edinburgh, sent a 
neat solution to this question. 


VI. QUESTION 216, by Mr. Wallace, R. Af. College. 

Let a circle begivenbypofition, and let A and B be two given 
points ; a point C may be found, fuch, that if any ilraight line 
be drawn through it, meeting the circle in D and E, and AD, 
BD; alfo AE, BE be joined, there is a certain given fpace which 
is a mean proportional between AD* -j- JBD* and AE* + BE*. 
Required the demonftration ? 


Solution, by Mr. Lowry, R.M. College .* 

Fig. 131, pi. 7. Let the line joining the points A, B be bi, 
sectcd in P, and join PD, PE ; then AD* BD* =2AP* q, 
2PD’, and AE* -q- BE* aAP* + 2PE‘. Draw a line through 
P and the centre O, to meet the circle in H and K ; and find th« 
point V, so that 2OP x OV may be equal to the square of the 
semi-diameter OH. Bisect PV in S, and draw DG, EN per- 
pendicular to OH, then S is a given point ; and by a well known 
theorem, PD* = 2OP x SG, and PE* = cOP X SN. 

Make 2OP x SQ to AP*, then Q will also be a given point* 
and AD : BD r — 2AP 1 -f 2PD 1 = 4OP x QG, and 

AE* BE* = 2 AP’ + 2 PE* = 4 OP X QN. 

2 D s Not# 
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Now let 4OP X / be the certain given space mentioned in the 
question, / being a line, the magnitude of which is yet to be de- 
termined ; 

' then 4OP y QG : 4OP x / 4OP X / : 4OP x QN, 
orQG : : QN; 

therefore QG x QN is — /* = to a given space, and therefore, 
the point C must be so situated, that, in whatever direction DE 
is drawn, the rectangle of the distances QG, QN shall be equal 
to a given space. This we know, (from the lemma, on page 125 
of this vol •Will be the case when the point C is in the iinc OQ, 
and when QC 3 = QH x QK is = the given space /’, where 
the point C may be either within or without the circle. Hence 
this construction : Having found the point Q as in the analysis, 
take QC, on both sides ol Q,a mean proportional between QH 
and QK ; then either of the points C will answer the condition! 
of the proposition, and40P X PC will be the given space. 

The demonstration is evident from the analysis, and the lem< 
ma referred to above. 

The same algebraically. 

Bisect AB, (fig. 132, pi. 7,) in F, and join DF, F.F. Draw 
FG to the centre G, and bisect FG in I : Also, draw DH, 

EK, CL perpendicular to FG. Put FG = a, radius DG — r, 
AF — d. CL — l, GL= c, the angle DOC =9, IH =#, 
IK x\ GO = y, and p 3 =the given space. 

Then DF* — DG* = 2GF x IH = ac*, or DF 3 = 2 ax + r\ 
and EF* — EG 3 = 2GF X IK — 2a.r',or EF* e ax'+r 3 ; 
therefore AD 3 -f- BD 3 = 2DF 3 -f- 2AF 3 = 4 ax + 2r 3 -4- 
and AE* BE* = 2EF 3 -+- 2 AF 1 = 4 ax' + er 3 -4- 2</*i 
or if 2r* 4 " a*/ 3 be put = ^ak,we have AD 3 + BD 3 = 4«(A+x) 
and AE*- 4 - BE 3 — qa[h + *'); therefore by the question, 

• 4a (k + x) : p* : : p* : 4a (h + x), 

or, (h + x) (A ■+- x') == (^-) 3 . 

4 a 

Now by trigonometry, OD = y cos p + — y’sin’p), 

and OE — — y cos tp + y/(r 3 — y* sin'll; 
therefore OH = ycos 3 p + cosp v / '( r ’ — >’ sin 3 p), 
and OK = — y cos 3 p + cosp y/(r 3 — y’sin^). 

But 10 is = la — y, therefore 
A -t- x is = A 4 - \a — y sin 3 (p + cos p </(r 3 — y 3 sin 3 p), and 
A + x==A-»- \a — y sin 3 p+cos p y/(r 3 — y 3 sin*p), therefore, 

(A+x) (h+x')={/i+\a—y sin 3 p) 1 — cos’p (r’-y 3 sin 3 p} = (^-)’. 

or 
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or. if m be put = h 4. {a, and e ■+■ 


b cos ip 
sin p 


we have 


GL + LO— y, 


. I cos p , . . ... b cos ©,. . . , p*.„ 

m -zm (c-j — 7 — — (sin p — r -+-r sm* p+(c-f- -1 sin p=(— )*. 

1 sin p ' T ' sin p 4a 


This equation contains all the conditions of the question ; but 
since the angle p is variable, we must determine what particular 
values must be assigned to the constant quantities, so that the 
equation m3y hold true whatever the value of p may be. This 


/)• 

will evidently be the case when b — o, and m' — r’ = ( — )* ; for 

then the equation becomes — sme sin* p 4. r* sin* p + c'sin’p 
= 0, in which p may be any angle we please. Dividing the 
last equation by sin* p, and completing the square, we have r — - 
m + ( m * — r*). 

The result of this investigation, then is, first, that b — o, or 
that the point C is in the line GF, and coincides with thepoint L. 

Secondly, that m 1 — r* = or p' — q<xy^(m* — r»} # 

the given space. And, thirdly, that c or the distance of the point 
C from the centre G, is = to m — — r*), or to m 4- 

y/(»i* — r’), which shews that there are two points C that ans- 
wer the conditions of the question; the one being within and the 
other without the circle. 

Solutions were likewise received from Messrs. Cunliffe and 
O’Riordan. 


VII. QUESTION 217, by Mr. Lowry. 

An ellipfe, and a flraight line, being given by pofitiort ; a 
point may be found fuch, that if any flraight line be drawn 
through that point to meet the ellipfe in two points, and perpen- 
diculars be drawn from thofc points to the ftraight line given by 
pofition, the reftangle of thole perpendiculars lhall always be 
equal to a certain given fpace ? 


Solution, by Mr. Lowry, the Propofer. 

Lemma. If four points A, B, C, D, (fig. 133, pi. 7,) be 
taken in a straight line, so that the rectangle AB x AD may be 
equal to the square of AC, and let AE be taken equal to AC: 

Then 
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Then the line ED is harmonically divided in the points 
E, B, C, D. 

And, conversely, if the line be harmonically divided in these 
points, and EC be bisected in A, the square of AC is equal to 
the rectangle A B x AD. 

Because ABx ADisrzAC’, AB:AC = AE :: AC=AE:AD, 
and by composition and division, 

EB : AE : : ED : AD, 

BC : AE :: CD : AD; 

therefore, EB : ED :: BC : CD, and the line ED is harmo* 
nically divided in the points E, B, C, D, 

Conversely. Because EB : ED :: BC : CD, or EB : BC :: 
ED : CD, we have by division and composition, 

aAB : BC :: aAE = bAC : CD, ■ 
aAE = eAC : BC :: bAD : CD; 
therefore, AB : AC :: AC : AD, and AB x AD zz AC*. 

This being premised. Let EDF, (fig. 134, pi. 7,) be the 
Stven ellipse, and AB the straight line given by position; 
and suppose that the point P is found, such, that if any 
straight line be drawn through it to meet the curve in E and F, 
and EG, FH be drawn perpendicular to AB, the rectangle 
EG X EH may be equal to a given space, which space is to be 
found. 

In the first place let P be within the ellipse, and draw PQ per- 
pendicular to AB : Then since the proposition is affirmed to be 

true for every position of EF, it must be true whe* EF is parallel 
to AB ; and in this case, the rectangle of the perpendiculars is 
equal to the square of PQ ; therefore, EG x FH must be equal 
to PQ’, or PQ 1 must be the given space. Let FE be produced 
to meet AB in L ; then by similar triangles, 

EG : EL :: PQ : PL, 
and FH : FL :: PQ : PL; 
therefore EG x EH : EL X FL :: PQ* : PL*: 
but EG X FH is zz to PQ*, and therefore EL X FL is = PL*. 

On EL produced, takeLM = PL; then by the lemma, the 
line MF is harmonically divided in the points M, E, P, F: 
wherefore if MN be drawn parallel to AB to meet the diameter 
DC, drawn through P in N, the position of the point P must be 
such, that any straight line drawn through it to meet the curve in 
E and F, an;i the line NM in M, shall be harmonically divided 
in the points M, E, P, F. 

Now, we know, from the writers on Conic Sections, that this 
will be the case when NM is parallel to the ordinate of the dia- 
meter DC, and when the points P, N are so situated that the line 
NC is harmonically divided in the points N, D, P, C, that is, 

by 
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by the lemma, (since ON is = OP), when OD x OC is = OP*. 

Secondly, when the point P is without the ellipse. 

In this case the given space may be determined bv considering 
the extreme case, when the line drawn through P is a tangent to ' 
the curve. Let lines be drawn from P, (fig. 135, pi. 7,) to touch 
the curve at K and O, and draw KO to meet PC in N, and PF 
in M. Also, let KV, MQ and OW be drawn perpendicular to 
AB. Then when the line PEF coincides with PK, the points E 
andF willcoincidewith K,and the rectangle of the perpendiculars 
will be equal to KV*. In like manner, when PEF coincides 
with PO, the rectangle of the perpendiculars will be z: to OW 1 ; 
but since the rectangle of the perpendiculars is = to the same 
given space in all cases of the proposition, the square of KV 
must be equal to the square of OW, or K V = OW ; therefore 
KO must be parallel to AB, and the rectangle EG X FH =. to 
MQ*. 

Prom similar triangles, as in the preceding case, we have EL 
x FL = LM‘; and because OK is the line which joins the 
points of contact of the tangents drawn from P, the line PF is 
harmonically divided in the points P, E, M, F ; therefore, by 
the lemma, PM is bisected in L, and consequently PN is bisected 
in I : Also, PC is harmonically divided in the points P,D, N, C; 
therefore, by the lemma, ID X IC is z IN* z: IP*. Hence 
we have this construction for both cases : draw the diameter DC 
so, that its ordinates may be parallel to AB, and let it meet AB 
in I. Take IP a mean proportional between ID and IC; then 
P will be the point required, and PQ* the given space. 

The demonstration is evident from the analysis. 

The same analysis and construction will also apply to the hy- 
perbola ; but it is necessary to remark that the straight line given 
by position, must always meet the hyperbola ; whereas in the el- 
lipse, it must always be without, ana in the parabola a tangent 
to the curve. In this case any point whatever in the diameter 
which passes through the point of contact, will answer the con- 
ditions of the proposition. 


VIII. QUESTION 2tS, by Mr. Lowry. 

9 

If the vertical angle and fum of the Tides of a plane triangle 
remain conltant, what is the equation of the curve to which 
the. bafe is always a tangent ? 

Solution 
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Solution, by Mr. Lowry, the Propofer. 

Let the straight lines AG, AH, (fig. 136 , pi. 7 ,) include 
the given angle, and let GDH be the curve required, such, that 
if a tangent be drawn at any point D, meeting the lines AG, 
AH in B and C ; the sum ol AB, AC may be equal to a given 
line a. 

Draw DE, DF parallel to AH, AG; and put * — AE = 
DF, and y = DE = AF ; then BE is = — and FC = 

— and wc have AB + AC = x — ^ + y -jr — 

yx xy 

or x + y : a — 6, 

y J x 

the fluxionary equation of the curve. 

This equation is of that singular kind that admits of two fluents 
or integrals, namely, a complete or general integral, containing a 
constant arbitrary quantity; and a particular integral into which 
no arbitrary quantity enters, and which is not comprised in the 
general integral*. This class of equations is generally resolved 
by first taking the fluxion, considering the fluxion of one of the 
the variables as constant; thus, in the present case, by taking the 
fluxion of the above equation, considering i as constant, we 
have 

y x 

and by reduction, 4- — v-) V = o; 

J y x 

xit x •• 

therefore, either -f- — r- must be = o, or y — o. 

’ y‘ x 

If — •/— q- 4- be = o, then 4 = — ant * ^ 

y x y y 

-value of 4 - being substituted in the original fluxionary equation 


• On the subject of particular integrals, see an ingenious work by Mr. W ood- 
house, of Cambridge, entitled « The Principles of Analytical Calculation," page 
97 . And “ Lemons sur le Calcul des Fonctious,” par M. Lx Grange.. 

it 


Digitized by Google 


{ ) 


it becomes x + y -f y / — + x •/ — o, from 

whence we deduce y^x 4- y/y = i/a,or (a — x) y ~ %\/ay, 
an equation to the common parabola, and which is the curve re- 
quired. As this equation does not contain any constant arbitrary 
quantity, it is necessarily the particular integral equation. We 

shall now shew how, from the equation y — o, the complete in- 
tegral may be derived ; and here, because x is constant, we have 
by integration, y — Ax, and y = B +• Ax, where B is a con- 
stant arbitrary quantity, (namely, the value of y when x = o,) 
and A a quantity whose value is dependant on that ol B. Now 

when x is = o, y is = — — — — — (by hy- 

3 x • 



pothesis) to B; or if B be put = ~ (to render the 


ovnrnccmne 


homogeneous), 


we 


have 



1 


b — i 


and the complete integral equation becomes y— f—i ** 

b * 

or—— y — by — i (a — x) 1- na = o, an equation to a 


straight line. 

Indeed it is evident, that the straight line BC, will satisfy the 
conditions of the problem, provided it be placed so that A& + 
AC may be equal to a ; that is, if b be tak;n of any value from t 

to oo, and AC be made rr and AB — a • then AB 

b b 

+ AC will be equal to a, and the line BC will be the 
locus of the fluxionary equation x — y -j- + y — 

x _) 1_ — a — o, as well as the parabola GDH. In fact the pa- 
x 

rabola is formed by the continual intersections of the straight 
lines represented by the complete integral equation, when the ar- 
bitrary quantity b is made continually to vary. 

Though the particular integral cannot be derived from the ge- 
neral one, by assigning any particular value to the arbitrary 

Vol. II. Part I. a E quantity 


Digitized by Google 



( *M ) 


quantity b; yet it may be deduced from it by considering the 
quantity b as variable, or a function of x and ij. 

Thus, if in the complete integral equation — - — y - >- by 

b(a — x) ■+- za — o, we take the fluxion, supposing b only to 

vary, we have b — i f this value of b being sub- 

stituted in the given equation, it becomes, after proper reduc- 
tion, 

(a — a:) 2 + 2 y (a — x) 4- y* = qay, 
or \a — *) + y — the particular integral as <fc- 

termined before. 

This question was also answered by Dr. O'Riordan. 


IX. QUESTION 219, by Mr. Wallace. 

_ Let AB, AC be two flraigbt lines given by pofition, and Pa 
given point : it is required to draw a line through P to meet the 
given lines in D and E, fo that AD x AE may be to DP x PE 
in a given ratio. 


First Solution’, by Dr. O’Riordan. 

Suppose that DE, (fig. 137, pi. 7,) is drawn as required, 
and let PI, PH be drawn perpendicular to AB, BC: and AQ 
perpendicular to 'DE; then PI, PH are given lines, and since 
AD x IP = DP x AQ = twice the triangle DPA, 
and AE x PH =1 PE X AQ = twice the triangle PAE, 
we have AD : DP :: AQ : IP, and AE : PE AQ : PH ; 
therefore AD x AE ; DP x PE :: AQ 1 : IP x PH, or AO 1 
has to IP X PH the given ratio of AD x AEtoDF x PE: 
Let this ratio be taken = that of PS to PI„and then AQ 2 is = to 
the* given space PS x PH. Hence this construction: On AP 

describe a semicircle, and therein apply the line AQ = a mean 
proportionaj between PS and PH: and through the points P and 
Q raw ID . 

Second Solution, by Mr. Cunliffe. 

join PA, (fig. 138, pi. 7,) and draw PQ parallel to AB 
meeting CA tn Q. Put AQ = a, QP ~ 5 , AE = *, and 

PE 
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= y : also let the given ratio of AD X AE to PD x PE be de- 
noted by that of b to c. Then because of the parallels QP, AB, 
QE : QP :: AF. : AD = QP x AE 4- QE; 
whence AD X AE = QP X AE* 4 - QE : 

Also QE : PE :: QA : PD = QA x PE 4 - QEj 
whence PD x PE = QA x PE* -f- QE; and iheretore 
AD x AE : PD x PE :: QP X AE* : QA x PE* :: b : c: Whence 
cx QP x AE* cr b xQA x PE*, that is, bex* — aby 1 , or cx*=;ay*. 

Hence it appears, that x to y, or AE to PE have a given ratio, 
which makes the construction very, easy, and may be as follows; 
. Take two right lines Ac and ep in the given ratio ot AE to 
EP, and set off Ac upon AC; from e to AP apply ep, and 
through P draw PDE parallel to pc cutting AB, AC in D and 
E, and the thing is done. 


X. QUESTION 820, by Mr. Lowry. 

If through a given point P on the furface of a fphere, two 
great circles be drawn to interfefl a fmall circle given by pofition 
in the points A, B and C, D; and the points AC, BD be joined 
by great circles which interfeft in Q. What is the locus of the 
point O ? 

• 

Solution, by Mr. Lowry, the Proposer. 

Let 0 ,(fig. 139, pi. 7,) be the centre of the sphere, and ABCD 
the small circle given by position. Conceive lines to be drawn 
from the points A, B, C, D to the centre of the sphere, and let 
the planes of the great circles PAB, PDC, AQC, BQD meet 
the plane of the small circle in the straight lines GAB, GCD, 
AIC and DIB respectively. Then because P is a given point, 
G is also a given point ; and, since straight lines are drawn from 
G to meet the circle in the points A, B and A, D, the locus of 
the intersection I of the lines AC, BD is a straight line given by 
position; namely, the line EF which joins the points of contact of 
tangents drawn to the circle from G. This property of the circle 
is too generally known to need demonstrating here. Let a plane 

f ass through the line EF and the centre O ; then since the point 
is always in the line EF, the planes AIC, BID will always 
intersect in the plane EFO ; therefore the point Q must be in 
the curve formed by the intersection of the plane OEF with the 
superficies of the sphere ; that is, in the great circle which passes 
through the points E, F. And since the planes GEO, GFO 

its touch 
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touch the circle at E, and F, the arches PE, PE, which are 
in these planes, will also touch the small circle in these points; 
therefore if great circles be' drawn from the given point to touch 
the small circle in the points E and F, a great circle described 
through these points is the locus required. 

It is obvious that the great circles joining the points A, D; 
B, C will also intersect in the great circle EQF. 

In the figure referred to, the given point is without the circle, 
but the same reasoning will apply when it is within the circle; 
only the locus will then be on the other side of S. Thus, if Q 
be the given point, the locus of P will be a great circle drawn 
perpendicular to the diameter which passes through Q. 

• t Conceive a plane passing through the points G, O, and any 
point I, in the line EF, to meet the plane of the circle in the 
straight line GSIT, and the surface of the sphere in the great 
circle PSQT ; then it is well known, that the line GT is har- 
monically divided in the points G, S, I, T, or GS : GT :: SI : 
IT ; we shall now shew that the arch PT is divided, so that 
sin PS : sin PT :: sin SQ : sin QT. 

This division may, for the sake of abridging language, be cal- 
led the harmonical division of the arch PT. 

Let lines be drawn from the points S, Q, T to the centre of 
the sphere: Then by trigonometry, 

GS : SO :: sin GOS : sin OGS, 

OT = SO : GT :: sin OGS : sin TOG ; therefore ex aequo, 

GS : GT :: sin GOS : sin TOG :: sin PS : sin PT. 

In the same way, it is shewn, that 

SI : IT :: sin SQ : sin QT. 

Therefore sin PS : sin PT : ; sin SQ : sin QT. 

This harmonical division of the arch PT suggests a number of 
curious properties analogous to those which are connected with 
the harmonical division of the diameter of a circle in plana. 
The following are some of the most remarkable. 

On the great circle AB, (fig. 1 40, 141, pi. 7,) which passes 
through the pole C of a small circle on the surface of the sphere, 
let two points D, P, be taken, so, that sin PA : sin PB :: 
sin AD : sinDB.or which is the same thing, (as is easily proved,) 
that tan PC x tan CD may be = tan’ CA, and through D 'ct 
a great circle EF be drawn perpendicular to AB : 

Then, 

1st. If any great circle be drawn through P to meet the small 
circle in S and T, and the great circle EF in Q, the arc PT is 
harmonically divided in the points P, S, Q, t 7 

ti. 
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gnd. If great circles be drawn through the points S, D ; T, U 
to meet the small circle in G and K ; the angle PDS is — BD 1 ; 
and the angle SPD — DPG. 

3rd. The points P, G, K are in the arch of a great circle. 

4»h. The arch AS is = to the arch AG, and the arch ST = 

to the arch GK. 

5th. Sin PS : sin PT :: sin SD : sinDT. 

and sin PS : sin PK : : sin SD : sin DK. 

6th. If great circles be drawn to touch the small circle at S 
and T, they will intersect in the great circle EF. 

Dr. O’Riordan also answered this question. 


XL QUESTION 221, by Mr. Lowry. 

Find the pcrfpeflive rcprelcntation of a given fpheroid placed 
on a horizontal plane; the relative pofitions oi the eye, tl>e 
vertical plane of the piflure, and the fpheroid being given ? 


Solution, ly Mr. Lowry, the Vropofer. 

Let E, (fig. 142, pi. 7,) be the position of the eye, and C the 
centre of the given spheroid. Conceive a straight line to be 
drawn through the points E, C to meet the surface of the sphe- 
roid in A and B ; and let a point O be found in AC, such, that tlie 
rectangle OC X CE may be equal to AG*. Through O, let a 
a plane be drawn parallel to the tangent plane at A, meeting the 
surface. of the spheroid in the curve IHGF, which, it is well 
known, is an ellipse, except in the particular case when the 
plane is perpendicular to AB, and then it is a circle. Let AGB 
be any section of the spheroid, made by a plane passing through 
the eye, and the centre, and meeting the ellipse (or circle) IGHF 
in G; and join EG, GO. Then because the plane HGOF is 
parallel to the tangent plane at A, it is evident that GO will be 
parallel to the tangent of the ellipse AGB at A ; and since the 
rectangle OC x CE is = to AC*, the line EG will touch the 
ellipse AGB at G, (Hamilton’s Conic Sections, b. 1, p. 48). 
Whence it is evident that the ellipse IHGF is the locus of the 
points of contact of all the tangents drawn to the spheroid from 
E ; or it is the curve of contact formed on the surface of the 
spheroid by the visual rays from E; and consequently its repre- 
sentation on the given plane will form the contour of the perspec- 
tive of the spheroid. Now it is shewn by the writers on per- • 
spective, that the representation of any ellipse, on a given plane, * 

is 
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is a conic section, and therefore the perspective representation of 
fhc given spheroid will also be a conic section; namely, an el- 
lipse when the spheroid is without the directing plane ; a parabo- 
la when it touches the directing plane on the side next to, he 
picture; and a hyperbola when it is cut by the directing plane. 

Though it maybe difficult to describe the ellipse HGFI, on 
the surlace of the spheroid, so that the common rules for putting 
an ellipse into perspective, may be applicable ; yet we may easily 
determine as many points in the curve as shall be necessary lor 
describing its representation on the given plane. 

Let X represent the greater, and Y the less axis of the sphe. 
roid when drawn through the centre, parallel to the horizon ; and 
conceive a vertical plane passing through Land C, to cut the 
spheroid in the elliptic section AFBH: Then because the 

point E, and the spheroid, are given by position, the ver- 
tical plane AFBH will make a given angle with the vertical 
plane, passing through the axis X, and therefore the ellipse 
AFBH will be given in magnitude and position. And, if tan- 
gents EF, EH be drawn from E, we may easily determine the 
points of contact F, H by first describing the ellipse on a plane, 
and drawing the tangents, and then transferring the points ol con- 
tact to the surface of the spheroid. In like manner, if a plane 
pass through E, and each ol the axes X, Y, cutting the spheroid 
in two elliptic sections, the points of contact ol tangents drawn to 
these sections from E, may be found as before, and we shall then 
have six given points in the ellipse IHGF to describe its perspec- 
tive ; and the representation of any five of them being made on 
the plane of the picture, we have only to describe a conic sec- 
tion through these five points and it will be the figure required. 

A solution was also received Jrom Dr. O’Riordan. 


XII. QUESTION 822, by Mr. Bazlf.y. 

It is required to determine the locus of the vertex of a plane 
triangle, whereof the radius of the inferibed circle, and difference 
of the angles at the bale are given ; the middle of the bale being 
a fixed point in a ilraight line given by pofttion ? 


First Solution, by Mr. Bazley, the Proposer. 

Construction. Draw the indefinite right line MN, (fig- 
M3’ pl* 7>) wherein take E for the middle ot the base. Erect 
the perpendicular EF=to the diameter of the inscribed circle and 
make the L. FEQ — } the difference of the angles at the base: 

through 
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through F draw FVS parallel to MN cutting EQ in V; take 
VG (in VQ r=: AEV, and GH, parallel to MN, = ^FV» 
Lastly, to the asymptotes VO, VS, through the point H, de- 
scribe the hyperbola HR, which is the locus required. 

. Demonstration. Take anvpoint C in HR, and draw 
CTOl parallel to EVQ, cutting VS in T, and MN in I; bi- 
sect TI in O, and drop the perpendicular OL on MN : with ra- 
dius OL and centre O, describe the circle OL, and from C 
draw CA, CB touching it, and meeting' MN in A and B. 
Then it is plain, that the triangles IOL, VEF are similar, and 
since IO am ^ITm $E.V, therefore OL := fEF : whence it 
is evident, that in the triangle ABC, OL is the given inscribed 
circle; and it is well known that IOL (=FEV ) — | the differ- 
ence of the angles at the base. Now it only remains to prove 
that E is the middle of AB. 

By the property of the hyperbola VT x TC = VG X GH, 
that is, by construction, El x TC— IO x IL, or El : IL :: IO : TC, 
and by composition, El : EL :: (IO : OC) IL : LK; 
and, again, by composition, El : EL EL : EK; therefore 
by a known property, (whose demonstration tnay be seen at pa. 
285, vol. 1, Old Series of the Repository,) Eis the middle of 
the base AB. 


Second Solution, by Dr. O’Rioudan. 

Let ACB, (fig. 144, pi.”,) be a triangle circumscribed by a 
circle, ILF being the diameter which bisects the base AB in M: 
Draw EC, EB : upon EC take Es xz EB, and draw si perpen- 
dicular to AB. Then the following things are pretty generally 
known; namely, s is the centre, and st the radius of the circle 
inscribed in the triangle ACB ; also \{£_ ABC — X. BAC)=: 
i. EEC = X. hit which is given by the question. Therctore 
put L/ = a, Lf m b, ML = x, and LC — v. Then per si- 
milar triangles L/t, LME, 

L< : Lr :: ML : EL ;= (Lr X ML) -f- ht ■= bx -f- a ; 

whence Er= EB = EL - 4 - Lt = ~~-+-b, EC = LL + LC=-+v. 

a a 

Again, per similar triangles, ELB, EBC, EL : EB :: EB : EC; 
whence ELxEC = EB 5 = Er*, that is ~ x — — ^ x (a -f a)* 

or 
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•r x fix + an) = b (ar -j- a)*, which being reduced, gives vx 
« — ibx ■=. ab. 

Put y = v — ib, and the equation becomes xy — ab, which 
expresses the known property of the co-ordinates of a hyperbola, 
with respect to its asymptotes ; therefore the locus of the vertex 
C of the triangle is an hyperbola: The position of the asymp- 

totes, &c. maybe determined as follows : 

Draw MP parallel to LC, on LC take si z=. rL, and through 
I draw RQ parallel to AB, meeting MP in R. Then RL~ ML 
= x, and /C = LC — /L = v — 2b =y ; therefore xy — ab, 
or R / x 1 C — ht X L s, which is the known property 
of an hyperbola, whose asymptotes are RP, RQ, and centre R, 
Suppose x — y, then xy = y * = ab, or x =r= y — ^ab, 
which determines the place of the principal vertex. 


XIII. QUESTION 223, by 

Let a circle be given by pofition, and let A and B be two 
given points, a point C may be found, fuch, that if any flraigh! 
line be drawn through C to meet the circle in D and E, and AD, 
BD, AE, BE be joined, AD J -f- DB a : AE* + EB* :: DC 
: CE. Required the demonftrution ? 


First Solution, by Mr. I. Pound. 

Analysis. Join AB, (fig. 14.5, pi. 7,) which bisect in G, 
and join DG, EG ; then AD 1 + DB 4 = 2AG* - 4 - 2DG* and 
AE 1 + EB a — 2GE l + 2GB J ; and if GC', (C' being the cen- 
tre of the circle,) be joined, meeting the circle in H and K, and 
GL S = HLK, and DM, EN be perpendicular to GC': Then 
by the 4th Porism of Euclid’s 3rd. Book of Porisms, DG‘=s 
sGC x LM, and GE* = 2GC' x LN. Now make qAG s — 
*GC' X LO, then 2 AG s h- 2DG s = qGC' x OM and aGE’ 
■+■ 2GB 1 =4GC' X ON; therefore OM : ON :: DC : CE, 
that is, drawing RO perpendicular, and DQ, EP, parallel to 
CG', DQ : PE :: DC : CE; but if DE meet OR in R, 
DO : PE :: DR : RE; therefore, finally, DR ; RE ::DC 
t CE. 

Whence it is evident, that C is such a point in OC' that HO : 
OK :: HC : CK. Q. E . I. . 

The construction aud demonstration are evident from the ana- 
lysis. 

N. B.— It is evident that the porism is true forany figure given 
in species as well as squares. 

SECOND 
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Second Solution, by Mr. Lowry. 


By making the same Construction and substitution, as in the / 
solution to quest. 216, (fig. 132, pi. 7,) we have AD* + BD* 

— 4 a (4 -f x), and AE*-4-BE* = 42 (4 + V) ; therefore, by 
the question, 

4 a ( 4 - 4 -x) : 4a (4 4- *') :: CD : CE, 
or 4 + * • 4 + *’ :: CD : CE;, 
and by composition and division, 

( 4 * 4 - x ) + (4 + x) : (4 + x) — [h •+■ x 1 ) " CD + CE ■ CD— CE. 
But it is evident, from the solution alluded to, that 
(4 + *) + (*+*] = a 4 ■+- a — ay sin* 9, 

(4 +- x) — (4 + x') = acos 9 — >* *in* 9) 

CD -4- CE = 2y'(r' 1 — y* sin* 9} 

ai < l \ ‘ 

and CD — CE = — + ay cos®;' 

cos f 7 T 

therefore. 


( 4 - 1 - | — y sin* 9) (y cos 9 — = co$ 9 (r* — y * sin* <p)t 


& O 

or (4 4 - - ) y cos* <p — (4 +- - — y sin* 9) b =• r’ cos* 9 3 


in which equation, the angle 9 must be indeterminate; which it 
evidently will be when 4 is = o; for then y is = c, and the 
equation becomes (4 +- c cos* — r % cos* 9, or (4 * 4 “ 
4a) c — r*. Therefore the point C is in the line GF, and at a 

T * 

distance from G = to 7— — r— . 

4 + ia 


Third Solution, by Mr. CuNLirn. 

Draw the line AB, (fig. 146, pi. 7,) which bisect in M, and' 
draw MD, ME; also, draw MO, to the centre O of the given 
circle. By a known property 

ADM-BD*= 2(AM*+MD*) and AE*+BE*=2(AM’+ME‘) ; 

therefore, 

AD’+ BD’ : AEM-BE’-.-.AkM-MD* : AM*-f ME*:: DC : CE. 

Now a little attention to the more obvious circumstances, of 
the question will be sufficient to shew, that if there is such a 
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point C as that asserted, it must be situated somewhere in the 
line MO; for when DCrrCE, then it is manifest from the pre- 
ceding analogy, that MD = ME, and therefore the angles 
OCD, MCD are right-angles Euc. 3. Ill, and consequently 
the points O, C, M, are in the same right line. 

This consideration will tend very much to simplify the investi- 
gation. Draw the radii OD, OE; also draw Dn, Em perpen- 
dicular to MO. 

Put OM— <2, OC -b, AM =BM=c, OD = OC=r, OX 
= x, and OM = y. Then, Mn = a — x. Mm z=.a + y, 
Dn 1 = r* — x *, E m* = r* — y*, MD* = Mtt 1 4- Dn*= (« — ar)* 
4- r* — x 1 — a* + r* — a ar, 

ME* = Mm*+Em’r((z4-)')*+r' — y , =a , 4 -r , + aay: hence 
AM* 4 MD* r= a x 4 - r* + c* — 2** — j* — 2 ax, and 
AM’+ME’za’ 4 r* 4 c* +2ay ~s* +zay, putting s l z:d , +rH-c i . 
Now, per similar triangles, CnD, CmE, DC : CE :: Cn : Cm ; 
therefore, AM* + MD’ : AM’ + ME* :: Crt : Cm, whence 
Cm X (AM* 4 - MD’JsrrCtt x (AM* 4 ME’), that is 
(b 4 - y) X (i* — 2ax) — ( x — b) x (j* 4 - 2a y)> which gives 
zbs* •+- (s* 4 - 2ab) y 

X 5 / ■ ■ • 

J - 4 - <lud 4 - 4 ay 

Again, per "similar triangles, C«D, CmE, Dn* : Em* :: Crf : Cm 5 ; 


whence 

Da* xCm’rEm* x Cn*,or(r*— x') x (i-f-y)*= (r*— y 7 ) x 


... - 2br 7 -f- (r'-t- b 1 ) y 

which gives x = — 1 — : 


TLerefore, 


a5s*4-(.s s 4 


r* 
2 ab) 


s\ 4- 2 ah 4- \ay 


4 * 4 - 2 by 

— 2 ^ r * ( r> + i 1 } y 

r* 4 - b*~+~%Uy 


~ r* 


which cleared of fractions, gives 2is’ir 1 + V 5 4- b x ) X 

(s* 4- 2ay) y 4- \b' s'y f 2 by' (r l ■+■ 2 ab) = 2 br\ (s* 4- a at) 
4- (r* 4 - b *) (s* + 4- Babr'-y 4- 4^* (r* + 


which equation will, in general, give a determinate value of y, 
but we want such a relation of the other quantities as will make 
y indeterminate; and this will be done by equating the like terms 
qu each side. Beginning with the co-efficientsofy 1 , b (t* 4 ah) 
ir=2ii (r'4-^ 1 ) ; whence b — aar'-t-i*: And the coefficients 

of y being equated, give exactly the same result ; as doalso the 
remaining terms. 


' ' •* XIV. QUESTION 224, by Mr. Ivory. 

Suppofing v to denote any fraflion lefs than unit, it it 
required to aflign the value of the infinite produft (1+ *) 
(t + x J ) (t 4 - x*)(i 4 - x*) &c. ? 

First 
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First Solution,^ Mr.J. Wallace, teacher of Mathema- 
tics, Edinburgh. 

Let P be the product required. Then, by the logarithmic *c* 
ries, we have 

Log. (t+x ) = M(a — I'M- i* 1 — + — £x* + f* 7 — |x 8 &c. 


Log. (t4-x’) = M( +F 

— }x* 

4fr* “4r*&c. 

L>g. (i4-x 4 ) = M( 

4-x* 

— 4x* &c. 

Log. (t4-x*)=M( 


4*x’ &c. 

&c. 

&c. 

&c. 


Hence, taking the sum, we have 

Log. P = M (* + 4* l +T*H'♦* 4 ■4-T* , + &c.) 

But M (* + \x* 4- 4- 4- 4- &c.) is known to be 


the logarithm of — — - — j. Hence it follows that P = - ■ 

Second Solution, ly Mr. Wallace, R. M. College. 

J 

Because (i + x) (i — x) = i — x * 

(i 4-**) (i — **) = i — x* 

(l 4-x*) (t — x 4 ) zzz l — x 1 


(i 4- x u ) (t — *») = l — *2», 
therefore taking the products of the two sides of these identical 
equations, and leaving out the factors common to both, we get 

(i 4" *) (i + **) (i 4- * 4 ) X (1 + *") (*— *) = i— x‘-m, 

and hence, 

(t 4- x) (t4-P) (i +**) x ('+«]=~~ • 

This is true, whatever be the number of factors in the product* 
If, however, we suppose that number to be infinite, so that n is 

infinitely great, then x' n — o, (* being supposed less than uni- 
ty), and consequently, 

(t + x) (l + **} (l + x 4 ) ( i 4- x'} & c. == . 

Third Solution, by — . 

Let f (x) = (t + r) (t + *')(i + x ♦) &c. 
Then/(*’) = (i + x»)(i + *♦) (i 4- *'] &c. 

a F a Therefore 
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Therefore /(*) = (i +#) fix'), 

and (l — x) /(*) = (i — x’lfCr 3 ). 

In dike manner, 

(1 — **) f ( f ) = (i — *«)/(*♦) 

(t — **)/{**) — (»—•*')/ (*“) 

_ {l -*')/(*') = (1 -**V(*“J 

&c. &c. 

Therefore, ultimately, (i — a) f (*) = l, 

and f (x) = — - — . 

J ' x — JC 


Fourth Solution, communicated by Philalrthes 
Cantabrigiensis. 

About twenty years have elapsed since the person alluded tom 
page 56. ofvol. 1, o! the New Series of this Repository, produc- 
ed the lollowing equations, viz. 

Let * be less than 1 , then by multiplying both numerator and 
denominator by equal quantities, we shall have 
1 _ x + x _ (t -t-x) (i+xx) _ (x 4 -*)(x 4 -x*)(x-t-** ) 

1 — X — 1 — XX ~ 1 X* ~ I— X* 

Hence, putting n to denote any power of a, which exceeds 8, 
lire have 

1 _ (1 +f) (1 +xx)(x + **) (1+**) (x -f xxf) . 

t — X — * 

1 Jtxl 

and this equation, when n is infinite, becomes 

= {»+ x ) (x+xx)(x + * 4 ) (t +*’) (1 + *“), See. adittji. 

nitum, the term xxf", in that case, becoming less than any as- 
signable quantity, and consequently the denominator may be 
considered as == 1. 

Carol . 1. It is evident that any power, or root, of the frac- 
tion on the first side of the equation now obtained, is equal to 
the continued product of the same power, or root, of all the fac, 
tors on the second side of it. 

CorSk 
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Corol. a. It is evident also, that the 
Logarithm of — = L. (1+*) + L. (1+**) + L. 

2cc. ad infinitum. 

Scholium. Several other useful deductions mar be made From 
the above equation ; which equation,! observe, may easily be de- 
duced from what was shown by the Rev. John Hellins, in the 
Philosophical Transactions of the Royal Society of London , for 
the year 1798, page *8 5. 



XV QUESTION 225, by Mr. Cunliffe. 

To find integer values for the fides of a trapezium that may 
beinfcribed in a circle, fuch, that Us diagonals, diameter of the 
circumfcribing circle, and area, may all be exprefled by whole 
numbers ? 


Solution, by Mr. Cunliffe, the Propofcr. 

Let ABCE, (fig. J47, pi. 7.) be a trapezium inscribed in * 
circle, AC and BE the diagonal* inteisecting in M, and BF per- 
pendicular to AC. Put AB = w’+s*, AF = m x — n 1 } 
BM = m' 1 -h n \ MF — m ' 1 - n 1 ; BC = m l + CF = 
m ' 1 — «'•* : whence BF = 2 mn — a mn' =■ 2 m"n". 


Take BF = 24, then mn — rrlii—m"ni — 12 x 1 = 4V 3=6 Xa; 
therefore, wemay take — n"=:a : 

thenAB=r»j*-{-n , :=i4 < 5,AF:=TO*— 143 ,BM=:to 
MF — id' 1 — «'f : =7; BC—m^ + «''*=: 40, C F ~ zs 7 — ri~* =32; 
and hence AC = *75, AM =136 and CM = 39. 


And by the property of the circle, EM = 


AM x MC 
BM 


hence BE = BM + ME rr ^ 5 ^ 2 : and per similar 

*5 *5 

triangle*, BMA, CME ; BM : BA : : CM : CE = — M - 


— * 4 , 5*39 «» 3 » 


2 A 


EMA; BM : BC :: AM : AE = 


Also, per similar triangles, CMB, 
BC x AM 40 X 136 


BM — * 


a 5 
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n — Again, by a known property, 

3 


ABxBC _ 145x40 
BF ” *4 


:= zzz the diameter of the circumscribing circle. 

And by reducing the preceding numbers to a common deno- 
minator.and omitting it, we shall have BF = 34 x 75 = 1800, 
AB = 145 X 75 = 10875, BC ~ 40 x 75 = 3°°°' AC = 
175 x 75 = »3 ,2 5. BE =17787, CE =1131 X 15 = 
1696,5, AE = 1088 xi 5 = 16320, and the diameter ot the 
circumscribing circle = 725 x 25 = 18125. 

The area of the trapezium may be obtained as follows : AC 
X 4BF = 13125 X 12 = 157500 = area of the A ABC. 
And it is pretty evident that BM : BE :: A ABC : trapez. 
A „ r r_ BE * A BC _ 17787 X 13125 X 12 _ „ 

AB LL B M — 25x75 , 77 *v 

X 7 X 12= 1494108. 


XVI. QUESTION 226, ly Mr. Cunliffe. 

Suppofe a heavy hollow cylinder, of an uniform thicknefs, to 
roll freely along an inclined plane of a given length and inclina- 
tion : having given the external diameter ol the cylinder 
together with the time of rolling along the inclined plane, it is 
required from thence to determine the internal diameter of tbe 
cylinder ? 


Solution, by Mr. Cunliffe, the Proposer. 

LetSAB, (fig. 148, pi. 7,) be a section of the cylinder per- 
pendicular to its axis; C its centre; CS and CR the external 
and internal radii of the section. Before we proceed to the so- 
lution of the question, it will be necessary to determine the cen- 
tre of oscillation of the section, the point of suspension being in 
the circumference of the outer circle, and the section supposed 
to vibrate in a vertical plane edgeways. 

Let C q be an intermediate circle between CS and CR, and 
suppose O, in the diameter SB, the centre of oscillation of the 
section with respect to the centre of suspension S. 

Put CS = R, CR = r , Cq=x, p - 3-1416, and let /de- 
note the area of the annulus included between the circles, whose 
radii are C q and CR. Then, by Emerson’s Fluxions, page 

311, CO = when * = R. Now, x'-s = x' x zpxi = 

*p*\ 
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spx 3 i, the correct fluent of which is \p X (x 4 — r 4 ) ; also s r= 
t (*• - r*Ji tbtrefo™ 4^' = 

r v " Rs Rp [x'-r*) zR ’ 

which, when x = R becomes that is, CO = — "t*" , 

2R aR 

and SO = SC + CO = R + — 3 

zR aR 


Solution of the Question. 

Let l denote the length, and h the height of the inclined plane, 
and putg := 16-pj; also let t denote the given time oF the cy- 
linder’s rolling along the inclined plane. 

Then, it is well known that hg-~l, will express the distance 
which a heavy body would descend freely from rest upon the in- 
clined plane, in the first second of time. From whence, and by 
cor. a, prop. 6 1, sect, vi, Emerson’s Mechanics, (SC — - SO) x 
{hg — l) will express the distance which the cylinder will roll 
upon tha inclined plane in the first second. 

Then by the law of uniformly accelerated motion, 

l* 


which gives r = g. £. /. 

This question was also answered by S. C. I. 



SC 

So 


M 


l :: i it*; 


, SC aR* 

whence .77 = ~r^ 

SO 3K 1 + 


XVII. QUESTION 227, by Mr. Cunliffe, 
Required the fum of the infinite feries 


+ _J— -t - 3 -, -t- 
» • 3 3-5 5-7 


7-9 


9 • 1 i 


7 Hr &c. 


Solution, by Mr. J. Wallace, Edinburgh . 

The general term of this series is evidently 7 , , ^ 

6 y (2*— t) (ax+s)* 

And, by applying the common rules for the decomposition of 
fractions, we find 

x 1 1 1 t 1 1 

{2A-t-s;(2x-jhi/ ~ 8 * 2A — » 4 * (2* + 1 j a_ # * 

Hence 
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Hence, patting S fat the sum of the given series, we .have 
8 ' 1 3 = f n 


s = 


i i i st, 

— — — • — - otc. 


+ 5<-J . , , 

+ 4 ( ? + ? + 7 * + ? + &C ' 


s = i + ; <? + p + p + p + &e ‘ 

But it is known that 

T =,+ ? + ? + > + 7 +te - 

(Euleri Introduce. in Anal. Infin. § J75). Hence we have 

S^ + i^-.,=i»-|=-.73«6. 


XVIII. QUESTION 238, by Mr. Wallace. 

Find the nature of a curve, fuch, that any normal fhall have 
a given ratio to the fegment of the axis intercepted between it and 
a given point ? 


Solution, by Mr. Lowry. 

Let A, (fig. 149, pi. 7,) be the given point in the axis AC, 
and BC a normal to the required curve BH. Draw ED perpen- 
dicular to AC, and put AD = x, and DB — y ; 

then x : y :: y : = DC, and AC = x + ^ 

Also, BC = /(DB* + DC*) = /(/ + ££) ~y y/(t +£)t 

therefore, if AC have to BC the given ratio of m to ft, we have 
* • # 

x f ^jr = tj d 'vj) for the fluxipnary equation of 

the curve. 

This equation may be integrated in the same manner as that in the 
solution to question 2 18, by first taking the fluxion, supposing^ or 
y to be constant. Thus, if we suppose x to be constant, the 

fluxion 
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4 

fluxion of x + ~ is ~ * + 2- + ^ , and the fluxion of 

X . XX 

i*> m l , £ . yy\ 


t'r'f *&=— f7^ (i+ T+^» 


nx /(t 4- 


therefore* f- 2 — h- — — 

X X 

or (* 4- 4- 4 - 22) ( t _ 


— 1* + £ + 

«* ✓(*+{!) * 




) = o. 


** ✓(* + Jj) 

♦ j '* 

From this equation, we have either * 4- t- 4- 22 ==0> or 


my 

1 — — iy sr o. In the first case, by integrating, 

n i /(> +4) 

* / 
we get* 4 — -r z=: a, where a is a constant arbitrary quantity; 

therefore 2 — a 2, and substituting this value of 2 j n the 

x y ° x 

original fluxionary equation, it becomes a \Z\y* + (& — *}* | , 

7} ^ 

or -j a 1 z= y 1 4- (« — *)’, an equation to the circle whose ra- 

dius is — a. 
m 

As this equation contains a constant arbitrary quantity, it is, of 
course, the complete integral. We shall now show how the par- 
ticular integral is derived from the equation — 

, V : ■*» ✓(*+£) 
V •] 

= o. Here, multiplying by nx \/(t — -2j-), and properly re- 
ducing the equation, wd gdt »* (x* 4- y 1 ) = my 1 , or2_ = 

^ w a_ n , y ; and substitutingthis value of in the original 
equation, it becomes 
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x 4 - 


✓(« 


yn m x y \Zlrn 1 — s’) 

-7 = — y v i -l : ); or ,v— / . K . ■ -• 

— n* » y r m'-riL'’ n 


an equation to a straight line. So that either a straight line, or 
a circle, will answer the conditions of the problem. This indeed 
is obvious, for if a triangle ABC be formed, so that BC may be 
perpendicular to AB, and AC to CB in the given ratio of m to 
n ; then it is evident that either the straight line AB£, which is 
the locus of the particular integral equation; or any circle de- 
scribed to touch that line, and having its centre on the axis AC, 
will satisfy the conditions of the problem. 


The same otherwise. 


Pute = AC; thenBC = — z,y x — —72 1 — (z — xKand 

=-£r zz — (z — *)(* — *). But^ = DC = z — x; 

n 3 

therefore^ =(z— *) x, and (z _*)x = — z£ _ ( z _*) (£_*), 


From this equation we have z = o, or ■ — 

m L 

When z is = o, z is = to a constant arbitrary 
and writing a for z in the equation y 1 zxz z l - 

771 2 
71 1 

becomes y 1 == — r a* — (a — 


z — XzzzO- 
quantity a; 
(z — x)’, it 


or y 1 + ( a — *)* — ~~ a*, the same as before. 

. . , m 7 — n z . m x 

Again, when — ^ z — x — o, z is — — x . 

™ 77l l 71 1 ’ 

and the equation y’ z* — ( z — x )> becomes, after pro- 

per reduction, x = 3 — — — 


XIX. QUESTION 229, by Mr. Lowry. 

T wo equal bodies, connected by a flexible string, are placed 
«n a smooth horizontal table, the string being stretched out in a 

direction 


I 
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direction parallel to the edge of the table. To the middle of thi* 
suing, there is fastened another string, at the extremity of which 
is a given weight that hangs over the edge of the table, in a 
vertical direction, and, by its descent, communicates motion to 
the other bodies. Now, suppofing the weights of the bodies 
and the length of the connecting string to be given; it is re- 
quired to define the motion of the descending weight, and to 
ascertain its place at the end of any assigned time ? 


Solution, by Mr. Lowry, the Proposer. 

This question may easily be resolved by the method used by 
M. D’Alembert, in his Traite Dynamique, where the following 
proposition is assumed as a general principle : “ In whatever 

manner several bodies change their actual motions, if we conceive 
that the motion which each body would have in the succeeding 
instant, if it were quite free, is decomposed into two others, of* 
which one is the motion which it really takes in consequence of 
their mutual action, the second must be such, that if each body 
were impelled by this force alone, (that is, by the force which 
produces the second motion,) all the bodies would remain 
in equilibrio.” 

Suppose that the bodies A, B are at A' and B' (fig. 150, pi. yJ 
when the motion commences, and let D' be the middle of the string* 
Then the point D' will be drawn along the straight line D I, per- 
pendicular to A‘B', by the action of gravity on the descending 
weight W ; and the equal bodies A, B will describe equal por- 
tions of the similar curves A A, B B with the same velocities. 
At the end of any indefinite time /, let the bodies on the table 
beat A and B, and the middle of the string at D ; theu the dis- 
tance D D will be equal to the space through which the weight 
W has descended in that time. Let the velocity of the bodies in 
the curves A'A, B'B = a, and their mass, or weight, := to. 
And the velocity of the descending weight =: v, and its mass, or 
weight, = W. Draw AE perpendicular to D'D; and put a — 
AD n A'D' = half the length of the string, s = D'D, x zzz 
D'E, y — EA, r =: the arch A'A, * — ED, and g = 32^ feet, 
the measure ot the accelerative force of gravity. 

Then, at the end of the time r, when the bodies on the table 
have acquired the velocity a, if we suppose the weight W to be 
disengaged from the string, so that the bodies may be at liberty 
to move freely, it is evident that the bodies A, B would proceed 
with the uniform velocity u ; and in the succeeding instant t the 

descending body W, would acquire the velocity v I gt, and 

2 G 2 the 
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the quantities of motion would then be 
wu, wu and W ( v + gt ) ; 

or zo (u + u — «), a ( u 1- u — u) and W (u 1- v f gt — v). 

But the motions which the bodies really take at that time, are 
w (u + «), zo (u + «), and W { v + i/)j therefore the 
motions 

w ( — «), to ( — u), and W {gt — ») must be such 
that if the bodies were impressed with these motions alone, the 
system would be iu equilibrio; 

that is, zzo ( — u) must be = — - W {gt — v ) ; 

or VsT&t = Wu f 2 w - • But t is — — , therefore 
° v v 

• • / 
gWs z:W -iv + zwttu} and taking the fluents, we get 

2 jWr W»» + 2 zou 1 (t) 

But it is evident that the string AD is a tangent to the curve 

at A, therefore r : Z :: a: z, or r = Also * : — 


or — y = — ; and since a* — y * is = g\ — y is — — ; 

Z y 

. , yx . zz . v’v , . z'i 

therefore - — is = — , z = and x =—5 * ; conse- 

z y z or — z* 

• • 1 • • . y ** o*x <*** r a’z 

,ucn.ly. = » + i =, + ^=^ = -^_ l!J = / C_ l 

= « » >°g- an<l - 7 - = 4 = i, or »■ — 5l£. 

Ur it U y Cl 2 * 

This value of a 1 being substituted in the equation (t), it 


becomes 2gWs = Wu 1 •+- sty 
we deduce - 


from whence 


agWa ,og ‘ T=Z . 

V — txr 1 — •- *u- i— ; and 


Wz* ■+* aata* Wc 1 


awa 


r\ . // Wz * + «*«\ „ wh’+w \ 

“V * — a - 

zgWz 1 a log. — 

la 
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In the particular case when z = a, we have ' 

1,1 ~ and * = * ' / (“^’) a* *ey 0,t ? ht 16 be * 

To find the equation of the curve described by the bodies* 
we have 



* 

y 


/(a* — y 1 ), and 


X = a X log. 


-t- j/(a 2 — v 1 ) 




XX. QUESTION 230, Jy Mr. Lowry. 

A circle and a sphere being given by pofition, it is required to 
determine the perspective representation of the circle on the 
surface of the sphere, and to find the rectification of the curve ; 
suppofing the eye to be at the centre of the sphere ? 


Solution, by Mr. Lowry, the Propojer. 

Let C (fig. 151, pi. 7.) be the centre of the sphere, PQR 
the circle given by position, and 0 its centre. Draw CG per- 
pendicular to the plane of the circle; then G is a given point, 
and CGa given line. Draw GO to meet the circle in Q and R, 
and let P be a point in the periphery of the circle; then if PC be 
drawn to meet the surface of the sphere in p, it is evident that 
the point p is in the required curve. To find the position of this 
point on the surface of the sphere, let GP, Gpbe drawn. Then 
since CG is perpendicular to the plane GPK, the angle CGP 
is a right-angle, therefore if we make a right-angled triangle CGP, 
and take C p — to the radius of the sphere, the distances GP, P p 
will be known : and if with these distances and the centres G, 
P we describe arches on the surface of the sphere, they will in- 
tersect in p. In this manner we may find as many points on 
the surface of the sphere as we please, and the curve de- 
scribed through these points will be the representation of 
the given circle. 

If we conceive the curve to be projected on the plane which 
passes through the prints C, G, O, we may easily describe the 
projected curve. For if pm be drawn perpendicular to the 
plane CGO, the point m will be in the curve. Draw PM per- 
pendicular, and mg parallel to RQ, and join p,g Then it it 
evident that the triangles GFM, gpm are similar, therefore PC : 

pC 
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— r' :: PM : pm :: GM : gm :: CG : Cg, and the 

CG 

rectangular co-ordinates gC,gm are equal to r* X — prr and 


, GM 

r x ~ptJ res P ect,ve 'y* 


The nature of the curve may also be defined by equations as 
follows : put * — Cg, y — gm, z = pm, d = GO, A = CG, 

and r = OP ; then x : y :: A : GM ~ ; therefore OM 

x 

= -^~ — d, and PM* = r 1 — — d)\ 

x ' x ' 


Also A* 


- (4 - dy 


or 2 


— h>i r \ * 4] » 


■ («) 


And, by the property of the sphere, 

z 1 + / + ** = r», (a) 

These equations serve to define the nature of the curve 
on the surface of the sphere; and if we eliminate z, we get 

Hr ~ d)1 \ = r " - for ,he 


equation of the curve when projected on the plane OGC. By 
reducing this equation it becomes (r* - 4 - A 1 — d 1 ) jc* — 
AV 1 -J- idxyk =z o, which is an equation to the common 

AV* 

hyperbola; and when d is =. o, x is = — 7 - 1 | A*j’ an< * 

the projection of the curve is then a straight line. 

Again, if x be eliminated from the equations (i), (2), we have 

vV-A- *•) =tt^ + V\y' - z* - 


for the equation of the curve when projected on the plane GPR. 
When d is ~ o, (y* + 2*) (A* -j- r 1 ) is — r'V', an equa- 
tion to a circle. 


From the above equations we may find the fluxions of *, y, 
and z, in terms of one of these variables and its fluxion, and then 
f v / (v* -|- y f- z') will express the length of the curve: but 
the operation will be much simpler if we proceed in the following 
manner: If the circle PRQ be considered as the base, and the 
point C as the vertex of a cone, it is obvious that the ctlrve in 
the question is formed by the mutual intersection of the cone 

and 
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and spherical superficies ; and if we conceive the surface of the 
cone to be extended on a plane, (fig, 152, pi. 7.) and the arch 
EF described about the centre C, with a distance equal to the 
radius of the sphere, it is evident that the arch EF is the deve- 
lopement of the curve on the plane, and consequently its length 
is equal to the length of the curve. 

Let xu beany variable arch PR, and PP / a small part of the 
arch. Draw PC, P'C to meet the arch EF in p and n, and 
draw PN perpendicular to CP'. Let <p be the measure of the 
arch toon the circle having unity for its radius; put tt = the 
arch E^, and p — CP. Then by similar triangles it — pn : PN 

:: Cp : CP, or u = — y PN. But PN is = /(P'P— P'N’) 


= y/ (to 1 — p'), therefore u 



Now it is evident that p 1 — h l + d 1 + r* — 2 rd cos p, 

* m d sin (D • • 

hence p — rtf X — — . But w — rip ; therefore, by sub- 

. . ” 1 

sutution. 


rrp 


/(i 


vising, , + {T ~ d C0S ^ {. 

~~ T ^ A* + d*-{- r* — ard cos <p 


P P 

and the length of the curve 

y/ ^ h* - 4 - (r — d cos <p)* £ 
— rr fy jy 4. r x — Z rd cos p’ 


For the method of integrating this expression, we shalj 
refer to Art. 54, Memoire sur les Transcendental Elliptiques, 
par Le Gendre. 

It is obvious that most of the properties noticed in the solu- 
tions to questions 220 and 231, will be true for the curve in the 
question, as well as for a small circle. 


XXI. QUESTION 231, by Mr. Lowry. 

If from two given points on the furface of a fphere, two 

? Teat circles be drawn to any point D in the circumference of a 
mall circle given by pofition, meeting it again in E and F: then 
the great circle joining the points E, F will either pafs through 
a given point P ; or a great circle drawn through E and P will 
cut off from the fmall circle EDF, an arch FG of a given length. 

Solution, 
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Solution, by Mr. Lowry. 

t ■ • 

Let A, B (fig. 153 , pi. 8 .) lie the given points on the surface 
of the sphere, and let the planes of the great circles AFD, BED, 
AB and GPE meet the plane of the small circle in the straight 
lines a ED, ZFD, ab and GpE ; then it is evident that a and b are 
given points. 

Also, let the straight line drawn from P, to the centre O of 
the sphere, meet the line GE in p ; and through p, and the cen- 
tre G -of. the given circle, draw a straight line to meet ab in I, 
and the circle in L and M; then, since (by hyp.) P is a given 
point, p will also be a given point ; and because the arch EF 
either passes through P, or the arch EG is of a given length, 
the line EF must cither pass through p, or the angle FE p must 
be a given angle; therefore the point p must be so situated, that 
.straight lines being drawn from the points a, b to any point D 
in the peripheiy of the circle, meeting it .again in E ana F, the 
line EF may either pass through p , or make a given angle with 
a straight line passing thiough that point. This wc know (from 
the solution to quest, ero) will be the case when tbfc rectangle 
a l x ab is equal to the square of the tangent aH drawn to the 
circle from a ; and when the line 1M is harmonically divided 
in the points I, L, p, M; or when IC X C p is = CL’. For 
then the angle FEp is equal to the difference between the given 
angle /;IC and a right-angle; and when ZIC is a right-angle, the 
line EE will pass through p. 

Let the plane which passes through the points I, O, Cmcct 
the surface of the sphere in the great circle QLPM, and the 
plane bOa in the straight line IQO. Also let ZK be drawn to 
touch the circle al K, and through the points A, H ; and B, K 
let arches of great circles be drawn; and join O, H and O, K. 
Then since the planes 0<*H, OZK touch the small circle at H 
and K, the arches AH, BK will also touch the circle in these 
points, and are thereforegiven arches; and it is evident that aH 
is the tangent, and aO the secant, of the arch AH ; and ZK the 
tangent, and bO the secant, of the arch BK. 

Now take A'B' zz the given arch AB, and make A'O', B'O' 
each equal to the radius of the sphere. Take O n' zz to the se- i 
cant of the arch AH, and O'b' rz= to the secant ol the arch BK, 
and join a 1 b 1 . Also make the rectangle I a X a b' r=z tan." 
AH, and draw 1 O' meeting the archA'B' in Q. Then the 
arch A'Q' is evidently equal to the arch AQ. 

Again, since the line IM is harmonically divided in the points 

I, L, p, M; 
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I, L, p, M ; the arch QM is also harmonically divided in the 
points Q, L, P, M (solution to quest. 220); or which is the 
same thing, tan. QS tan. PS is rstan . 1 SL, S being the pole of 
the circle EDF. 

Hence, if on the arch AB, we take AQ = to the arch A’Q', 
and the arch SQ be divided in P, so that tan. QS tan. PS may 
be equal tan . 1 SL, the point P will be that required. 

In the figure to this solution, the given points A, B are taken 
without the circle EDF ; but the same reasoning will apply 
when they are within the circle; or when one is within, and 
the other without; only, when they are within the circle, the 
lines aH, must be drawn perpendicular to the diameters 
which pass through the points a, b\ and the distances a H, aO, 
tK and bO are the sines and cosines of the arches AH, BK in* 
stead of their tangents and secants. 

It is evident (from the solution to quest, aio, and what has 
been done above,) that the proposition may be extended to any 
number of given points A, B, C, D, &c. ; and it is also obvious 
from thence how a great circle spherical polygon may be in- 
scribed in a given small circle, so that each side may passthrough 
a given point on the surface of the sphere. 

Sc ho i tu M. VVe have already remarked that, when the line 
IC is at right angles to ab, the line EF will pass through the 
point p. In this case the sum of the squares of aH and £K is equal 
to the square of ab ; and if the line aF meet the circle again in 
N, the points b, N, E are in a straight line; or if the opposite 
tides ED, FN of a trapezium inscribed in the circle EDF, in- 
tersect in a, the sides ED, EN will intersect in b. Also the 
diagonals DN, EF will intersect in the given point p. These 
properties are generally known when the figure is described on 
aplane (see solution to quest. *qo, Old Series of the Reposi- 
tory), and it is obvious that there are similar properties when 
the figure is on the surface of a sphere. Thus, if the arch AF 
meet the small circle in N, the points B, N, E are in the arch 
of a great circle ; or if the opposite sides of any great circle 
trapezium, inscribed in the small circle EDF, intersect in A, 
the other opposite sides will intersect in B. Also the great 
circles joining the points E, F arid D, N will intersect in the 
given point 1 *. 

Again, let r be the radius of the sphere, then by irigonometiy 
ab 1 = aO* + Ob* — 2aO X Ob X cos aOb 


— sec* AH f- sec* BK — 


2 sec AH sec BK cos AB 


and sH 1 + ^K J =tan 1 AH E tat^BKrrscc’AH-J-sec'BK — ar 1 ; 

therefore, when ab 1 is zz= nil 1 + EK\ 

Vol. II. Part I. 2 II sec 
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sec AH sec BK cos AB 




r 

f 4 

or, r cos AB — ht? - = cos AH cos BK. 

sec AH sec BK 

From whence we have the following properties. 

1st. Let EDF (fig. 1,54, pi. 8.) be a small circle given by 
position, and AmdB two given points on the surfaced a sphere, 
such, that the rectangle of the radius of the sphere, and the co- 
sine of AB, may he equal to the rectangle of the cosines of the 
tangents AH, BK drawn to the circle from A and B, and let 
great circles be drawn from the points A and B to any point D 
m the periphery of the circle EDF, meeting it again in Land F: 
then the arches joining the points A, F and B, L will intersect 
in the periphery of the circle EDF. Also the arches joining 
the points E, F and D, N will intersect in a given point P. 

2d. If the opposite sides of a spherical trapezium inscribed in 
a small circle of the sphere, be produced to meet ; the rectangle 
of the radius of the sphere, and the cosine of the arch joining 
the points of concourse, will be equal to the rectangle of 
the cosines of the tangents drawn to the circle from these 
points. 


XXII. QUESTION 232, by Mr. Wallace. 


Let F be the focus of a conic feftion, and P a given point 
in the axis. Draw FA to any point of the curve ; take PB in 
the axis equal to FA and join AB. There is aflraight line given 
by pofition, which divides AB into parts having to each other a 
given ratio. Required the demon Ilration P 


First Solution, by Mr. Lowry, 

S oppose that LI (fig. 15,5. pj* 8.) is the straight line given 
By position which divides AB into parts (AI, IB) having a 
given ratio. 

Let AE, drawn parallel ro the axis, meet PI produced in E; 
then, by similar triangles, AI is to IB as AE to BP. or AF; 
but AI has to IB a given ratio by hypothesis; therefore AE 
has to AF a given ratio; and, consequently, the point E is in 
the directrix of the conic section. Let the directrix ED be 
drawn to meat the axis in D, and let V be the vertex of the 
axis. Then since El has to IP the given ratio of AEto AF 
(PBj ; that is, ol D V to VF ; and the point E being always in 
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the directrix ED, the point I will be in a straight line LI, given 
by position, and parallel to ED; wherelore DL is to LP as 
DV to VF. Hence, if DP be divided at L, in the given ratio 
ofDV to VF, the point L will be given, and the straight line 
LI, which divides AB in a given ratio, will be given by 
position. 

The proposition, however, is not confined to the particular 
case where PB is taken on the axis, but is true when PB is taken 
on any straight line given by position. 

For, if P (fig. 156, pi. 8.) be a given point in a straight line 
PQ given by position, (which meets the curve at V,) and BP 
be taken = FA ; there is a straight line LI, given by position, 
which divides AB into parts having a given ratio. Let AE, 
drawn parallel to PQ, meet PI produced in E ; then it may be 
shewn in the very same manner as above, that the point E is in 
the directrix of the conic section ; and that DL is to LP as DV 
to VF; therefore L will beagiven point, and the line LI will 
be given by position, and AB will be divided at I in the given 
ratio of DV to VF. 


Second Solution, by Mr, Cunliffe. 

I • 

Let VAF (fig. 155, pi. 8.) be a given conic section, F its 
focus, V its principal vertex, DE its directrix at right angles to 
DVF. Draw AE parallel to DF meeting DE in E, and draw 
PE intersecting AB in I. Lastly, through I draw LM parallel 
to DE, meeting DF in L and EA in M, 

By the known property of the directrix FA = PB : EA :: 
FV : VD, a given ratio. Also, per the similar triangles, EIA, 
PIB.and the parallels LI, DE, 

PB : EA :: IB : I A :: PI : IE :: PL : LD; therefore 
IB : IA :: PL; LD :: FV ; VD, a given ratio. Wherefore 
divide PD in L in the given ratio of FV to VD, and draw LM 
parallel to the directrix ; then LM will be a right line 
given by position, which always divides AB in a given ratio. 

XXIII. QUESTION 233. 

To this question we have received no answer. 

XXIV. QUESTION 2 34 , by Mr. JvonY. 

A point may be found within the bafe of every oblique cone, 
fuch, that if any plane be drawn through the vertex and the 
point found to cut the cone, then the vertical angle of the 
8 H 8 triangl* 
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triangle, which is the common feflionofthe plane and the con 
will be bifetled by the right line drawn from the point found 
to the vertex of the cone ? 


Solution, by Mr. Lowry. 

Lemma. Let a straight line El (fig. i yj, pi. 8.) beharmo- 
nically divided in the points I, F, r, E; and from the points 
t>l division let straight lines be drawn to any point V, so that 
VI may be perpendicular to PV; then the angle EVF is bisected 
by the line PV. 

For through P, draw GPH parallel to IV, meeting VF pro. 
duced in H ; then by similar triangles 

FI : PF :: IV : PH. 
and PE: IE :s PG : IV; 
but, by hypothesis, IF : IE :: PF : PE; 
therefore, ex cequo, IV : PH :: IV : PG; 
therefore PH is equal to PG, and the right-angled triangles PGH, 
PHV are equal in every respect ; consequently the angles GVP, 
H VP are equal, or the angle EVF is bisected by the line PV. 

Now let a plane be drawn through the axis VC (fig. 158, 

? )1. 8-J of the cone, perpendicular to the plane of the base, meet- 
ng the surface of the cone in the straight lines AV.BV. Draw 
VP to bisect the angle AVB; then P is the point required. 
That is to say, if any plane be drawn through PV, to meet th* 
surface of the cone in the straight lines EV, FV, then the angle 
fVF will be bisected by the line PV, 

Let a plane be drawn through V, perpendicular to the line 
VP, meeting the plane of the base in the straight line HI, and 
the diameter AB produced in D; and join VD. Then VD is 
perpendicular to VP (Euc. Xl. 17.) and IDH perpendicular 
to AD (XI. 18.). But since PV' bisects the ancle AVB, and 
VD is perpendicular to PV, it is evident that VlJ bisects the 
exterior angle BVa; therefore AP ! PB :: AV ; BV :: AD 
; BD (VI. 3. A j ; or the diameter is harmonically divided in 
the points D, B, P, A. 

Let DF be produced to meet DH in I, and join VI. Then 
because the diameter of the circle is harmonically divided in the 
points D, B,P and A: and the line HDI is perpendicular toAD; 
any line El drawn through P io meet the-circlc in £ and F, and 
the straight line DI in I, is harmonically divided in the points 
I, F, P and E. This property of the circle is generally known. 
Moreover the plane DIV being perpendicular to VP, the line 
IV is perpendicular to PV ; therefore, by the Jctnma, the angle 
t'V F is bisected by the line PV. 

When 
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W 1 icn EF is parallel to DI, it is obvious that the angles FPV, 
EPV are right-angles, and that EP is equal to PF; therefore, in 
this case, the triangles EPV, FPV are equal in every respect; 
consequently the line PV bisects the angle EVF. 

Carol. The rectangle EV x VF is equal to the constant 
rectangle AV x VB. 

For EV x VF = VP*-pEPx PFzzA’P 1 +• AP x PB=A V x VB, 
(VI. Prop. B.J > • 

* I 

XXV. QUESTION 235, by Mr. Ivory. 

It is required to fhew that the fnrface of a right cone on an 
elliptical bafe mav be found bv the rectification ol the ellipie. 

By a right cone on an elliptical bafe is meant fuch a cone as 
has an cllipfe for it* bafe, and likewife the right line, drawn from 
the vertex to the centre of the ellipfe, perpendicular to the 
plane erf the bafe ? 

Solution, by Mr. Lowry. 

' » . 

Let V (fig. 139, pi. 8.) be the vertex. C the centre of the 
base, CB the semi-transverse, and CD the semi -conjugate axis. 
Let DH — z be a var iable arch of the elliptic base, and HA an 
indefinitely small arch= z. Join VB, VA and CM ; and draw 
HI perpendicular to CB. Put A = CV, the height ol the 
cone; e — the exccntricity of the ellipse, the semi-transverse 
being 1 ; r = VH, the distance of the point H from the vertex 
* — Cl and y = IH. 

From A draw a line perpendicular to VH ; then this perpen- 
dicular will be one leg ol a right-angled triangle, of which z is 

the hypothenuse, and r the other leg; it will therefore be equal 

to t/(z* -f- r*) ; and the fluxion of the conical surface DVH, 

or the area of the small triangle HVA, will be equal to 

Jr y/{z 4- r x ). Therefore, if s be put for the surface of the 
• • 

cone we haver = \r \/(i 4- r a ). 

The equation of the ellipse being y % =(1 — e 5 ) (1 — •**), we 
haveCH* = x’4 -y'—x' + (1 — e*) (1 — x 1 ) = i — e 1 -he 1 * 1 ; 
therefore r*=:CV* + CH*=A* + 1— **4-eV,and r — c'xx-f- r. 

1 - 

Also i is = i therefore, by substitution, 
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r t — ex 
s = —x</{ 


C X • 

t ^ -f- —~f ); and putting for r its value 

*/ A 1 + i — e* + e'x*), and reducing the quantity under the 
radical, we get 


i* ✓( 


**+ t — 


AW 


l ~~ x ' 

But since t — e 1 is equal to the square of CD, A 1 ■+- i e* 
is equal to the square of VD, the line drawn from the vertex 
to theextremity of the conjugate axis; therefore, if d be put for 
that line, we have 

AV t 

1 x 

\di */( j — ) for the fluxion of the conical 

surface; the fluent ol which is obviously \d multiplied by 
the periphery of the ellipse whose excentricity is (A 1 tf) «*, 
and semi-transverse j. 

The same othcrunse. 

Fig. 160, pi. 8. Let a plane, parallel to the plane of the 
base, be drawn through any point E, in the line VC, to meet the 
plane CVB in the straight line EQ. Draw FG perpendicular 
to EQ meeting the surface of the cone in G, and VF, VG to 
meet the plane of the base in I and H ; then the point H will be 
in the periphery of the base, and HI will be perpendicular to 
CB. Put y ~ VE, x = EF, z = FG, and s theconical 
surface bounded by the plane EQG ; then, 

s =//*y ✓(> -f-4r + -Jr)*.; : 

Put A = VC, u — Cl and v — IH ; then by similar triangles 
y : x A : u — hx -x- y, and y : z :: A : v = Az -~y ; 

hence x = —J— and z = — 

A n 

Take fluxions, supposing y constant ; then 

v • y * z 7 / 

i = and i =-* r v; therefore = -r. 

A A xu 


. . vy yu , z __ v , yv , 

Again, 3 = ~~f~ + “J, and -y - 77 + -Jf i but y is *5 

— y — , when x is constant ; therefore 
y u 

* for the investigation of this formula, see Traits E'lrmentaire de calcul 
def. et iuteg. par La Croix. Art, 251. 

2-r> 
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Z 

7 


" h 


uv 

flu 


Whence, by substitution, 

« • 

i =- A \ ffyyi V j A l + A’( j) 1 + (*> j-) 1 )* 

The fluent relative to y, being taken from y = o to y - k, 

• « 

wehave j —kf“ \/ \ b' + h 1 (~r-) % + (» “g")*} 

the surface of the whole cone. 

This is a general expression for the surface of a cone, let the 
figure of the base be what it may: In the present case v x — 


may : 

(7— e l ) (1 — a 1 ); therefore 


»=/(i^-e*)(i — = — uy/(~p),™d[v-Z a)* 

therefore, by substitution, and proper reduction, we get 
A* + i — e l — AV/iV , 

s zz i f u \Z( - ), the same expression 


as before. 


XXVI. QUESTION 236, by Mr. Ivory. 

From a point afTumed without a cone, let two tangents be 
drawn to the same conic surface, or to the opposite surfaces ; and 
let a plane be drawn through the vertex oi the cone and the 
(wo points of contafil of the tangents: then, if a right line be 
draw from the affumed point to cut the plane, and either of the 
conic furfaces in two points, that right line will be harmonically 
divided ? 

N. B. The demonstration of some properties of all the co- 
nic sections readily follows from this proposition. 


Solution, by Mr . Lowry. 

LetP (fig. «6i,pl. 8.) be the assumed point, PQ and PR the 
tangents; and let the plane drawn through the vertex, and the 
points ot contact P and Q, cut the conic surface in the lines 
VQE and VRF, and the plane drawn through P, parallel to 
the plane ol the base, in the line EF. Then any straight line 
drawn from P to meet the plane V EF in I, and either of the 
conic surfaces in H and G, is harmonically divided in the points 
P, H, I and G. For let a plane be drawn through the vertex V 

and 
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and the line PG to cut the conic surface in the lines VGA and 
VHB, the plane VE'F in the line VD, and the plane of the cir- 
cle in the line ADBP; also draw PF and PF. Then since the 
lines PQ and PR touch the conic surface, or the opposite sur- 
faces, at O and R, the planes VOEP and VRFP will touch the 
conic surface in the lir.es VE and VE, and consequently PE and 
PF will touch the circle AEBF at K and F ; therefore (by a well 
known property of the circle) PA is harmonically divided in 
the points P, B, D and A; therefore the lines PV, BV, DV 
and AV are harmonicals, and since PG meets these lines in the 
points P, H, I and G, it is htrmonically divided in these 
points, ( Port and. Lem. t. B. V. Hamilton). 

If PG be parallel to VA, or to VB, then PI is bisected in H, 
or in G, (Part tst. Ibid.) 

Cok. t. A line drawn through any point in VP to meet the 
plane VEF, and either of the conic surfaces, is harmonically di- 
vided. For it will meet four harmonicals. 

Cor. 2, If GH be bisected in K; then (by reason of 
the harmonica! division) KI X KP is equal to KH* or KG*. 


It follows from this proposition, that if two tangents be drawn 
from the same point to any conic section, then any line drawn 
thiough P to meet the section in H and G, and the line RQ 
that joins the points of contact in I, is harmonically divided in 
the points. P, H, I and G. 


If the assumed point be within the cone, we have the follow- 
ing proposition, which is analogous to the preceding one. 

Through any assumed point P within a cone, (fig. »6a, pi. 8.) 
let a plane be drawn parallel to the plane of the base, cutting the 
contc surface in the circular section ABL. Let C be the cen- 
tre of the circ'e, and on CP let the point O be taken such, that 
CQ may be a third pioportional to CP, and the radius CL, and 
let EF be drawn perpendicular to CQ. Then any right-line 
drawn through P to meet the conic surface iu G and H, and the 
plane VEF m I, is harmonically divided in the points G, P, H. 
and I. 

For, let the plane drawn through V, and the line GPI. cut 
rhe conic, surface ir: the lines VAG and VHB, the plane of the 
circle in the line APBD, and the plane VEF in the line VID. 
Also let PV he drawn. Then because CL, the radius of the 
circle, is a mean proportional between CP and CQ, and EF is 
is perpendicular to CQ, therefore (bva known property of the 
circle) the line DA is harmonically divided in the points A, P, 
li and D ; therefore the lines GAV, PV, BV and DV arc har- 
monicals, and consequently the line GI u harmonically divided 
in the points G, P, H and I. „ 
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. If GPI be parallel to VA, or to VB, then PI is bisected in 
Hj or in G ; and if it be parallel to the plane VEF, then GH is 
bisected in P. 

Cor. i. A line drawn through any point in VD to 
meet the plane VEF, and the conic surface, is harmonically 
divided. 

Cor. 2. If GH be bisected in K, then (by reason of the 
barmonical divisonj KP x KI is equal to KH a or KG*. 

Cor. 3. If any plane MN he drawn through P to meet the 

[ >lane VEF in the right-line 10 , and from any point I in this 
ine, tangents be drawn to the conic surface at M and N, the line 
MN that joins the points of contact, will passthrough P. For 
let IP be drawn to meet the conic surface in H and G, and it 
MN does not pass through P, let it meet IG in p: then, by 

what has been already proved, IG will be harmonically divided 
in the points I, H, P and G, and also in the points I, H, p 
and G, which is absurd; therefore MN passes through P. 

Cor. 4. When MN is parallel to IO, it is bisected 
in P. 

From what has been demonstrated it follows : 

That, if on the diameter GH of a conic section, two points P 
and I be assumed such, that PK X KI may be equal to the 
square of the semi-diameter KH(orin the parabola that PH may 
be equal to HI), and 10 be drawn parallel to the line MN that 
joins the points of contact of tangents drawn to the section 
from I : then any right-line drawn through P to meet the conic 
section in R and S, and the line IO in T, is harmonically di- 
vided in the points R, S, P and T. 

Dr. O’Riordan answered this question. 


XXVII. QUESTION 237, by Mr. Ivory. 

It is required to determine the pofition of the axes of the re- 
prefentation of a circle given by pofition in a horizontal plane: 
fuppoftng the place of the eye to be given, and the plane of the 
pifcture perpendicular to the plane of the horizon ? 


Solution, by Mr. Lowry. 

Lemma 1. Let a cone be cut by a plane, PQ (fig. 163, 
•1. 8.), which neither passes through the vertex, nor is parallel 
fou II. Part I. 2 I to 
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the original circle, O its centre, MN the directing line, and VZ 
the director of the eye. Draw OD perpendicular to MN, tak 
OE a third proportional to OD, and the radius of the circle ; am 
DL a mean proporiionaf between OD and ED. Bisect the lira 
LV in U,and draw UY perpendicular to VL, meeting MN it 
Y ; with the radius YL, or YV, and centre Y, describe a circl ; 
intersecting MN in I and K. Draw the lines IWET ant 
KH£C ; then it is evident from the second lemma that, th : 
image of the point E, is the centre C, and that the images o 
the chords TW and GfJ, are the axes PQ and RS, of the ellipse 
which is the representation of the given circle on the plaue ofj 
the picture. 

Let mn (fig. 166, pi. 8.) be the vanishing line of the plane a 
the circle, </ the centre of that line, and Vd its distance. Al'O 
let ab be the representation of the diameter AB, which is per* 
pendicular to the directing line, (its vanishing point being d,Y. 
and 0 the representation of the centre of the circle. Take « t 
a mean proportional between do and dC, and join V/. Bisect:, 
V/ in a, ana draw ny perpendicular to V/, meeting mn in y\ with: I 
the radius yl, or y V, describe a circle intersecting mn in » and i, j 
and join i, /, and l, b. Through the centre C, draw yCP and I 
aCR parallel to il and kl respectively, and they will represent? | 
the indefinite axes sought. This will appear evident when tlie | 
corollaries to the third lemma are attentively considered. 

To find the lengths of the axes. 

Through a, the extremity ol the diameter ba, draw yavpml. 

Jel to the vanishing line mn, meeting the axes in y and v, and > 
draw a « and 0*3 perpendicular to Cy and Cv. Take CQ a mean 
proportional between yCandaC, and CS a mean proportional 
between t/C and /SC ; then CQ and CS are the semi-axes 
sought. 

For since a tangent tp the circle at the point A is parallel to ' 
mn, its image will also be parallel to mn, and a tangent to the 
ellipse at a ; therefore yav is a tangent tq the curve at a ; and by ' 
a well known property of the ellipse, the squares of the semi, 
diameters CO and CS, are equal to the rectangles yC X Ca 
and r,C X m 3 , which they are by construction, therefore CQ 
and CS are the semi-axes required. 

It is obvious that the image of the given circle will be an 
ellipse, a parabola, or an hyperbola, according as the circle falls 
without, touches, oris cut by the directing line. It is the first 
of these cases only that we have considered in the above 
solution. A complete solution, however, of all the cases may 
be found in Hamilton's Perspective, B. III. 

*XVI|I, 
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XXVIII. QUESTION 238, Mr. Ivory. 

Let n be any whole pofitive number, anil put 

g • 4 • ^ • 8 . . . . . ; 2 ”__ • then the whole value of the 
3 - 5-7 -9 ( 2«+0 

•in r dx r dx fx'" + 'dx . 

generated while * increafes from o to 1, is equal to 

® 1 («* + 3 )‘ I^+ 7 T‘ + (2«+ 9 r + &C -^ 

Jff. B. Obferve that the cafe n = o is included by taking Q = j. 

First Solijtion, ly Mr. Lowry* 

It is well known that 

/7iT=rr*) = .-✓(>- *-i 
^ir=7i = T - i-f vc -.•» 

= £ - 7?<‘ + 1>,+ M-* 1 - **> 


&c. 


&c. 


2w + 1 


and in general, that — »* ) “ 

*4 ^ 1 a. 4 2.4.6 2.4 6.. .an ' v 7 

where the first term of each expression is the fluent generated 
while x increases from o to 1. 

. m 2» + 1 

Therefore the double fluent / - — - — p is = 

J V 1‘ -- J W — * a ) 

» r x , . a . 1.3 .. 1.3.5 . .an — x 2 “ .. 

= Q (A - « — + •). 
^ V 2-3 2.4.5 2.4.6. i2»+l 

yV being the circular arc whose sine is x. And if R be put for 

. the 
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the triple fluent ^ — - / / - we 


have 


R 

Bu 


- Q f 1_ (A-v 1. r s « - 3 - 5 -g«-y r gl, +^ 

<7 ✓(.-**, (A 2.3" '2.4./ • •2.4.6.. 


2n + i 

‘—77 r, being = A, thefluentof the first term- — is:r — 

v'li— X‘) b t / ( i-* 2 J 2 ; 

and the fluents f— — - A — f * — — _ / — £JL to 

7 V(t — 7? ./✓(» — *’)’ J 


2* + 1 . 

.r n 


y generated while a: increases from o to t, being 
2.4.6 . . . .2 n 


2 2A 2.4.6 

». r»- 


, to — 


respectively ; we 


3 3-5 3-37 3 - 3-7 2 « + 1 

have, by substitution, 

R = Q ( Al __ , * * I J 

a 3 * 5 1 7 X (m + i) 1 ’ 

A a 1 

But when x = 1, A is a quadrant, and m 1 -4- — -f- 

2 3* 

7T ■+■ ~Zi + &c. continued indefinitely (seeihesolutionto qu.76); 


therefore— 1 — ~ — JL — 

O o l t’ ->» 


3 ‘ 3 * 7 * ” *) a 


must be 


equal to the remaining terms — 

2__ & c . and f—i /' — * f±lll± 

(an -H77 7 t/i*— * )7 Vfi— *%/✓(» - *’J “ 

+ ~ 1 ~ >+ 7 ? + (m+ 9 )* +&£ ^ 

Second Solution, by Mr. Cunliffe. 

Takingthe fluxions and dividing by— — — - givey * ^ 
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= l/<l — * T )X j (?»4 3 ) 0 *'”"*"' + ( 2 » 4 - 5 )i* 2 ' ,+,, +C?a+ 7 )fx 2 " +C + 4 C j 


S» + 1 . 

X X 


Again, taking the fluxions and dividing by — ; — we have 

✓ (!—■*) 

l=(l-*). V ( 2 a+ 2 )( 2 «+ 3 )a+( 2 .+ 4 )( 2 «+ 5 )i* J +( 2 «+ 6 )( 2 »+ 7 )«*+^. ? 

— (a«+3)a^* — (2«-f- 5)bx*— (2«+7)cx® — (2 n + g)dx % — Sea 
By actual multiplication, &c. 

(-*+2) (.n-t-3) a •+- (,'n+t) (2«+5) bx'+ ( 2 a+fi) (2»+7) cx * &c. ~i 

— i — ( 2 <i-|- 2 ) ( 2 »-J- 3 ) ax 1 — ( 2 /r-t-I ) ( 2 «+ 5 ) ix+tS:c. ~ <3. 
— (:n+i,ax l — (2*+;.) bx* See. J 

Making the homologous terms zzz o, a zz= - 

(2«4-a) (a« -H 3)* 

i — (^n -h 3) _ (an +3) ( 2 n + 5 ) 

(2/J h 2 ;( 2 / 2 -V- 4 )(a/a-}- 5 )’ ( 2 » 4 - 2 )( 2 *-HJ( 2 b+ 6 )( 2 »+ 7 )’ 

2n+\ • 

A e aSn f r f f fl 5 - f r ^ i 2 n+3 2»-f5 

l/y K i- x*)J ^1— x*)J x*) + ij: 

2n 1 ] . 

+ «' n+ ' + &C. | _ - -~ r X 5 M» + ix4 + ca« + </iS §C. £ 

the fluent of which generated whilst .r from o becomes i, is Q 
v S l 2n h £ ’ a ( zn-\-2)(in + t \)b ( 2/1-hji )(en + j)(2n + 6 )c 
( ( 2 '» + 3)~*"l 2/r ' f "3i( 2,l +5 1 (?«+3ji 2 »+5)t 2 «+77 + * c * 

2* -j- 1 . 

where Q denotes the whole fluent of * . . (See art. 286, 

vol. 2. Simpson’s Fluxions.) 

\r„,,o_ 2 T 6 (») _ 2.4.0 (a/r) 

^ 1.3.57 ••(") ” 3-57 ••..(««+ 1)’ by "** * 98 

°f the same book. And by writing for a, b, c, &c. their values 
before determined, we get 

0 v < ( 2 ”+' f ) a 4 . (3«±2)(*+4)* (2n4-?K7»4-t)( 0 *4-.71f . „ > 

(r»+3)(2«+i) • (2»+3X-«+3j(-»+7) + &C J 

^ * 2 ( 2 «+ 3 »*** 7 a » + 5 t I + l 2 « t 7 t 1 * + "( 2n + 9 ; , ^~^ tC "^* 


XXIX. QUESTION 239, by Mr. Ivory. 


Let n be a whole pofitive number, and put 
Q 1 . u . 4 . 7 . . . ,{?;r— 1) 

* — 2 ~ 4 . 6~T8 . an 7 ” — : 1 ,cn l ^ e w * 1 °^ e value of the 

triple 
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triple fluent fy- — f - — — — which il 

generated while x increafes from o to 1, is equal to 

|(an+a)‘ (an +4;* "** (an+fi) 1 (an + 81* x j 

where it iithe femi-circumference to the radius 1 ? 

N. B. Obferve that the cafe n = a is included by taking 

P= i. 

. First Solution, by Mr. Lowry. 

Let A = the arch whose sine is x ; then 

= lA-l, W -«') 

&c. & c. 

and in general ^* = 

PA-P(x + ia* + M^ 2 ”-’ 

' ' or < rt 


3-5 


1.3.5.. an— i 


* )✓(!-<’); 


where the first term of each expression, when A = — , is the 


whole fluent generated while x increases from o to 1 . 
Therefore — 

J V [1 — x )J V(' — **) 


P yjAA-Cxx-f- f * 3 

= P(£ - ?! ‘ 

4 2 2 


X*— . 


2.4 . . . .en — 2 s » — 1 . 

— x x 

1.3.5.. an— 1 

2. 4.... an — 2 ** 


)S 
*” )• 


3-4 3.57.... 211 

And if R be put for the triple fluent . 

fv^JA^Jvfr^Y w ' l “ vt R = 

P f—+? f , * — -X 4 . . . g -4 - • v g *— y , ) , 

j 2 y^(w) 2 3.4 3.57 

8“ f^f=iry fsu- y> “ 


fi 53 ) 


— ^tn ^ 

J generated while x increases from o to l, being 


Ll 3 i 5-? t0 i-3-5' 


.2B 1 


tt* i.sr t.Q.ir 

24 a’ 2.2’ 2.4.2’ 2.4.6. 2 2^4.6 ... .2n 

respectively ; we have by substitution, 

r — pf'Ht i. J 1 _1_ l\ ar 

\«4 2* “ 4* 6* 8* •"'(<]' a* 

Bu, ri=^=<* + ?+7+;7+&c.)- (1+ -i- + 

•Jl'+'yi +&c.)= _ 4--I _J_^. _p. & c . continued indeiu 
nitely (see solution to qu. 179). 


Therefore ^ ^ — •• * is equal to 

the remaining term, + &c. 

And f- — i — r . f- — i — . r_^l±_ _ 

J -/(1 — x % )j -✓(! —x‘\J </{ 1 — i j ) — 


•( 


(*» + 2)* (2/t + 4)» **■ (2n-(-6) 5 


&c.) X -f . 


Second Solution,^ Afr. Cunliffe. 


2*4-5 


By wwiqf — t x 

+&c.andproceeding asin qu. 238, we shall gcla zz - 1 

( 2 « f l)( 2 n 4 - 2 ' 

J— (*" f 2) , - (gW + 8 )( 2 B 44 ) 

(2B 4-i)(2n + 3)(2n ^4)’ 7«+ 1 )^«+3)(v«+5Kw»+6)' &c> 

and therefore 

Svi' —**)./✓ U—**) ( 1— X 1 ) * ^ a;f2 ' ,+2 Hh 

lx UJrK +fX £n+ 6 +&C.J * {„*» + bx * + 

cx 6 + &C. j. Now by art. 286 , vol. 2 , Simpson’* Fluxions, 
V01. II. Part I. K the 
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the fluent of ihe last expression generated while x from d 
becomes 1 , is Vq X 

5 (Urtlif (g« -f i)(g»» + 3 ^ (g»+ 0 (g»+ 3 )(g« 4 - 5 ) c ? 

2 (211-4-2) (2/J + 2)(2/H 4) + (g«-f-2)(z« t 4)(g»+6) $ 

x* n * 

where P<7 denotes the whole fluent of — — — $r. And by art. 

y ✓ (»—*) 

*98, of the same book, P q=zq x * ^ f hi” I —? * . 1- 3-5 
* 7 * 2.4.0. 8(«) 3 2. 4.6.. (an) 

where q denotes the quadrantal arc of a circle, radius t. 

Again, by writing the above values of a, b, c, See. P q 

S ( 2 ”+0 a . ( 2n H)(gn+ 3 ) £ , (g«-n)( 2 >l 4 - 3 )( 2 «+j) c ) 

* l (2» 1-2) (2n + 2)(2n-t-4) + (2«-4-2)l2« + 4)(2/t4-6) 

= "f X |(»-*-0 ,+ (»+ 2 ) 1+ l«+3)* ' (n-+“4>* + &C 'ji' 


XXX. PRIZE QUESTION 240, by Mr. Ivory. 


Let a plane be drawn through the axis of an oblique cone, 10 
is to be perpendicular to the. plane of the base; and let a right- 
line be drawn to bisect the vertical angle of the triangle which it 
the common section of the plane and the cone: then, if a second 
plane be drawn through this line (viz. the line which bisects 
the vertical angle of the triangle) to cut the cone, the differ, 
ence of two portions of the conic surface between the two 
planes, and comprehended in opposite angles, may be deter, 
mined by means of a circular area and a rectilineal space? 


Solution, by Mr. Ivory, the Proposer. 

Let CP (fig. 30. pi. D.) the height of the cone zrz h: the 
distance of the foot of CP from the centre of the base, OP, zs 
k: the radius of the base = r: the distance of the point E, 
through which the plane CDF passes, =r x /: the measure 
of the indefinite arc AD, = <J : and the line CD, in the conic 
gurface, = f. Then, CD* = CP J 4- PR 1 -4- RD*; that is, 
in symbols, 

e * = h l -4- (i -+- r co* p)* r* *in*p, 
or f* = /P-4- X’ -4- r 3 -f- 2 rk cos p; 
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The angle AED being denoted by 4-, then 

sin (p — 4 ) — f sin 4 * 
cos (p — 4') = v'ii — f 1 sin* 4-) 
and cos p = cos (i p — 4) cos 4 — sin (p — 4) sin 4 
= cos 4 \/(i — /‘sin 1 4 ) — /sin* 4. 
Again, let AC = a, and BC = A, then 

a* = A 1 -+- [k r)‘ 

A 1 = A 1 -+- (A — r)‘ 

consequently — A‘+A*d r*= -) ( a V 

2 2 12 


= arA = 2 (■ 


/ • (“- 


)• 


2 ' 2 ' 2 
Therefore by substitution, 

* a I A a — A a 1- A. .a — A. r , , 

f ‘=(— )‘+t-^ T -)‘-2(- T - ) 4 

4- 2 ( n — -) cos 4 y/[\ —f 1 sin* 4} 


2 


,a+A 


. r 

) X < 


a — A * a — A, - . „ , 

,+( a -TA)- 2{ z-rA )/sm ^ 


6r > fl =( „ / ~ ] a _ „ 

L + 2 '7~T~^ C0S ' 1 ' W* “ J' sin* 4) 

but, according to the enunciation of the proposition, the point E 
is taken so that/" rr - — - — 7: therefore 


?* = (—7-) X 1 1 +/*— if* sin *4 + 2/cos 4 /(i— /*sm*4j £ 

and, by extracting the square root of both sides, 
f __ — J-- x * / cos 4 + ✓ (» — /* sin* 4) | • 

Because sin (p — 4) = f »in 4 

cos {p -r- 4) = V'^t — /* sin 1 4) 

t/.sin fp — 4) /cos 4 . </4 

cos (p — 4) — 7* sin *4) * 

therefore dp = J^ sm r ^X J/cos4+ v /(i-/ , sin 1 4) J : 

1 „ a — A o + A ,, 

also (because = X/J 


a + b 


we have dp — </4 


d{ = 


2 2 

a — A — <^4 sin 4 


(«- 


therefore by substitution, s ^(r'dp 1 do*) 1=5 

K 9 
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(a 4 - b)r U S(t - sln> . 

2 X •/(* — / 5 a «n* 4) X 

|/ cos 4 + v^(i — /* sin* 4 )^ . 


Now 5 t/(r 1 dp? — df) is double of the fluxion of the part of 
the conic surface bounded by the lines AC and CD*, which 

space is therefore (by putting e — — -) — 


{ 


+ b. 


* J * U co ^ f /( *-/ 1 f - 

In the very same manner it may be shewn that the part of the co- 
nic surface bounded by the lines CB and CF is equal to 




Therefore the difference of the two said spaces is equal 
(a -F b)fr xf <f4 cos 4- */( t — ‘ l sin 1 4') 
f 

or to (a + b)f x — X f cd^ cos 4' \/{ t - 1 - e* sin 1 4') 

or, by making x — t sin 4, to ur* Y.Jdx\/[i — x 1 ). 
Therefore by integrating, the difference of the two parts of the 
conic surface, that stand upon the arcs AD and BF', is equal to 

r* X /(* — *') + Arc (sin =: x)£. 


Where x — — ^ X sin 4 '* 

• 2 r 

This formula suggests the following construction : 

Describe the circle (fig. 31. pi. D.), equal to the base of 

the cone ; in a diameter al, take of, from the centre 0, r: a ~—\ 

a 

draw id through f so as to make the angle ofd = 4 ; and, lastly, 
draw the diameter d: then will the mixtilineal space /e<^be equal 
to the difference of the two conic spaces between the planes 
(fig- 3 0, ph J-M AFBC and DFEC, and comprehended in op- 
posite angles. 

The difference of the parts of the conic surface that lie on the 
opposite sides of the plane CFD (fig. 30.) is double of the space 
ltd (fig. 31. j. For the difference of the conic spaces that stand 
on the arcs AF and BD is equal to the difference of the spaces 
that stand on the arcs AD and BF. 


Mr. Ivory is requested to send to Mr. Glendinninc’? 
for the Medal for solving the Prize Question. 

* See the second solution to question 16, page 39, toL L 
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NOTICES. 


I. Mathematical Works lately published. 

The Philosophical Transactions of the Royal Society of Lon* 
don, for 1H08. The Mathematical Papers contained in this 
vol. are, 

1. On a New Property of the Tangents of the three angles 
of a Plane Triangle. By Mr. Win. Garrid, Quarier-Master 
of Instruction at the Royal Naval Asylum, at Greenwich. 

2. On a New Property of the Tangents of three Arches trisect, 
ipg the Circumljprence ol a Circle. By Nevil Maskeline, O.D. 
F. R. S. and Astronomer Royal. 

I 

0. Observations of a Comet, made with a view to investigate 
its Magnitude and the nature of its Illumination. To which is 
added, an Account of a New irregularity lately perceived in the 
apparent figure of the Planet Saturn. By Dr. Herschell. 

4. Hydraulic Investigations, subservient to an intended Croo- 
nian Lecture on the Motion of the Blood. By Dr. Young. 

The Transactions of the Royal Society of Edinburgh. Vol, 
VI. Part II. contains the following Mathematical Papers. 

1 . Of the Solids of Greatest Attraction, or those which, among 
all the Solids that have certain Properties, attract with the 
greatest Force in a given Direction. By Professor Playfair. 

2. An Account of a very extraordinary Effect of Refraction, 
observed at Ramsgate, by the Rev. S. Vince. 

3. New Scries for the Quadrature of the Conic Sections, and 
the Computation of Logarithms. By Mr. Wm, Wallace, 

An Essay on the various orders of Logarithmic Transcenden. 
tals. With an inquiry into their application to the Integra} 
Calculus and the Summation of Series. By Wm. Spence. 
Quarto, p. p. 128. Price its. 
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II. Mathematical Works in the Press. 


A New awl Enlarged edition of Mr. Professor Playfair’s 
Proofs of the Huttonian Theory of the Earth is in the Press, and 
will speedily be published in one volume, quarto. 

Mr. Renoward, of Trinity College, Cambridge, has in the 
Press a Treatise on Spherical Trigonometry. 

A System of Conic Sections, adapted to the Study of Natural 
Philosophy. By the Rev. D. M. Peacock, A. M. Formerly 
Fellow ol Trinity College, Cambridge. 

Tracts, Mathematical and Philosophical, consisting chiefly of 
original or unpublished Pieces. By Dr. Hutton. These Tracts 
will form about a or 3 Octavo Volumes, and may be considered 
as Dr. Hutton’s select remaining Papers of Inventions, Disr 
poveries, and Improvements in those Sciences, 

• 

Obituary. 

III. Died at Fotheringham, near Dundee, on the 23rd of 
August, 1808, in the 75th year of his age, Robert Small, D.D, 
F. R. S. Edin. One of the Ministers of Dundee. Dr. Small 
has been long known to the World not only as a learned Divine, 
but also as an ingenious Mathematician, and he has sufficiently 
shewn how well he was entitled to this last Character by the cx» 
cellent Demonstrations he has given of some of Dr. Stewart’s 
General Theorems in the 2nd vol. of the Edin. ,Phil. Transac- 
tions ; and more recently by his Account of the Astronomical 
Discoveries of Kepler, published in the year 180^, in ons 
yol. 8vo, 


End of the First Part of the Second Volume, 


W. Glendinning, Printer, Hatton Garden, London. 
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ARTICLE I. 

PtMONSTRATlON oj a Proposition in Mechanics. By A. B. 
To the Editor of the Mathematical Repository. 

Sir, 

If you can infert the following Mechanical Propofition, 
in your valuable Miscellany, without excluding matter of more 
conference, you will oblige 

Sir, 

Your’s, See. 

. ' . A ./i ■ 

’i A. B. 

()th. May, 1806. 
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PROPOSITION. 


If a fyftem of bodies be connected together and fupported 
at any point which is not the centre of gravity, and then left 
to defcend by that part of their weight which is not fupported ; 
4/ multiplied into the fum of all the products of each body into 
the fpace it has perpendicularly deftended, will be equal to 
the fum of all the products of each body into the fquare of its 
velocity; / being equal to i6 T V feet, or the fpace through which 
a heavy body descends in one fecondof time. 


Let A, B, C, &c. (fig. 1. pi. A.) be a fyftem of bodies 
connefted together and fupported at S, and let G, O, be the 
centres of gravity and ofcillation; join SA, SB, SC, &c. Let 
SD be parallel and SL perpendicular to the horizon, and at the 
diftance SO defcribe the quadrant DOL, and put s and c for 
the fine and cofine of the angle OSL to the rad. (1). In any 
fmall time t\ the velocity generated in a bady at O, defcending 
down the arch DL, =: 2 t'ls, and by the property of the centre 
of ofcillation, the velocity generated in the fame time in O, 
is likewife = art x s, and therefore the velocity generated in 

SG 

the centre of gravity G, will r: a t'ls x rrx ; but by mecha- 

. oU 


nics SO 


A x SA» + B x SB* + C X SC» + &c. . 
(A -4- B + C '&c.J x SG 


therefore by fubftitution, the velocity generated in the centre 
of gravity in the time t“, — a t'ls 


„ SG 1 x (A.- 4 - B + C-f- &c.) 

A x SA“ 4- B xSB 2 C X SC* c/ 


But becaufe the velocities of A, B, C, &c. and G, are in the 
fame proportion as their rcfpefiive difbnces from S, and tbefe 
diftances are ol the fame dimenlion in both numerator and de- 
nominator ; if, therefore, for the velocities of A, B, C, & c. and 
G, we write v, u, w, &c. and V, the equation becomes 2t'ls X 


V* X (A 4 - B + C + &c.) _ 


V, or, 2 t'ls x V X (A -f B 


Aw* ■+- B« 2 + Cw a -+- &q.' 

-f- C -+- &c,) ~ Ap*- 4 - Bw 2 -4- Cre 2 + &c. Let 1/, u', tv', 
& c. and V', be the refpeftive velocities of A, B, C, &c. and G, 
injudi/eftion perpendicular to the horizon, then becaufe V : V' 
V' 

hence, sct'lV X (A + B + C+ &c.) 

a ■:.» =?V 


*% 


V = 7 ’ 


.v.onrA/iO“': 
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£: At/* -4- Bu*-H Cto* -f &c. rr b/7 X (— At/' 4 -Ba' + Cto' 
+ &c.) by the nature of the centre of gravity. Suppofe x, y, 2, 
&c. to reprefent the fpaces patted over in a perpendicular di- 
rection in the time /'; then becaufe in equably accelerated 
motions, the fpaces pafTed over arc as the times multiplied into 
the laft velocities, therefore 1* x 2/ : »' X v : : / : *, there- 

fore v — y> and * n like manner u' — — , vi — — , &c. 

hence by fubflitution 4/ x ( — Ax -f- By + Cz -t- &cj — At/* 
■+- B«* -+- C w 1 -1- &c. Now as neither /' nor s enter into the 
exprelfion, the refult is not confined to any particular time or 
pofuion ; it is therefore evident that the equation is general as 
expreffed in the proposition ; for it is Well known to mathema- 
ticians, that if in the conclufion of a problem all thofe quan- 
tities vanifh that reflriiled it to any particular cafe, theft the 
refult, or equation becomes general for thofe quantities Which 
remain ; wherefore the true relation between the fpaces perpen- 
dicularly defcended by the bodies and the fquares of their velo- 
cities has been determined in all cafes whatever. 


Cor. Becaufe the velocity generated in the centre of gravity 

SG 

in a direftion perpendicular to SO in the time/' = a tls X 

the velocity generated in the fame time in a direflion perpeh- 

SG 

circular to the horizon mull be equal if Is 1 X and 2 fl — 

uU 

velocity that would be generated in the fame time by the whole 

SG 

weight of the fyftem (W) ; therefore 8/7 : it Is 1 X :: W 
• • SG 

: s*W x gQ 22 that part of the weight which is not fupported, 

or which generates the perpendicular velocity in the centre of 
gravity. Hence it is evident, that the preffure upon S at that 
inftant is equal to the remaining part of the whole Lody =2 W X 

x !§)- 

Ex. 1. From Simpfon’s Trafls, page 131. 


Suppofe that a thread ACnCA (fig. 2. pi. A.), having two 
equal Weights A, A, fufpended at the ends thereof, is hung over 
two tacks C, C, in the fame horizontal line; and that to the 
middle point of the thread (n) equally diflant from the tacks, 
another given weight B is fixed, which is permitted to defcend by 


a 2 


Digitized by Google 



( 4 ) 


its own gravity, so as to caufe the other two weights to afcend : 
it is propofed to find the law of the velocity by which the said 
weights afcend and defcend, &c. &c. 

Let bn be an indefinitely fmall fpace through which the body 
has defcended, join Cl and draw br perpendicular to Cn ; then 
the velocity ol A : velocity of B :: rn : bn :: Ett : Cn by 
fimilar triangles. If therefore CE = a, Cn — y, E n — x, and 

u =: velocity of B, then the velocity of A = — . The fpace 


afcended by A, A = y — a and the fpace defcended by B z: x; 
therefore, by fubflituting in the general theorem we fhall have 


4/ x (aA a — zA y -+- B*) — 2A x 




-+-B*’; 


hence, the equation reduced gives 

w = 4 b x , and therefore 

u=2y </(l X — = velocity of B. 

The velocity of A, A = " = 2x </{l X 

Simpfon’s exprelhon for the velocities of B and A, when pro- 
sper) y reduced, perfectly agree with thofe given above. 


Ex. 2. Let the weights A and D (fig. 3. pi. A) be un- 
equal, and fuppofe the weight B to defcend in the ftraight line 
EB, E being the centre ot gravity of A and D when placed at 
C and C, and let the feverai lines be exprclTed as is reprefented 
in the figure ; then by fubllitution, in the general theorem given 
above, we have 


qfxBv — Ax(y — a)— D X (z — b) = Ax y,--f-D X 


Reduced, tt* = 4 ly'z 1 X 


B x — A x (y — a) — D X [z — l) 


A + B/z’ -j- Dxy 
If x be given, y and z are known ; E being the centre of gra- 
vity of A and D, A a =D b. 

If in the value of a* juft found, we fuppofe a — b, z = y, 
and A =D, u' 1 will be the fame as in the lalt example. 


Ex. 3. Let a cylinder of ‘heavy metal roll down a plane 
which makes an angle with the horizon whofe fine and cofine 
c=: s and c, and fuppofe the irittion juft fufficient to keep it 
from Hiding ; it is required to find the angle which another 
plane makes with the horizon, fo that the fame cylinder moving 
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tlown it, the fpaces palled over by the Aiding and rolling motions 
in the fame time, may be to each other as n : 1 ; the fri&ion vary- 
ing as the preffure against the plane. \ 

Let S and C = fine and cofine of the fecond plane, w 
weight of the cylinder, l 3= 16-pj feet, t = time from the be- 
ginning of the motion, x - — fpace paffed over by the rolling 
motion, and u velocity generated in the circumference of the 
cylinder round its axis in the fame time; then it is well known 

that ~~ 7= correfponding velocity of the centre of gyration «f 

the cylinder. If the fame body be placed upon different 
inclined planes, the forces down thefe planes vary as the lines 
of the angles which they make with the horizon and the pres- 
sure against them oc the cofines of the fame angles. Hence, 
sw = force down the firlt plane, and the force of fritlion 

= — (fee Emcrfon’s Mechanics, Prop. 6i, Schol.j; therefore 

3 

the friftion upon the fecond plane r: ; but the force down 

3 C 

this plane = Sw, therefore the remaining fore# when that ol 

friflion is fubtrafled =z Szu — — — — w X S'* • hence 

3 C 3^ 

this proportion, as w X 1 1,1 : w X 3£§JZL x t* :: 1 : li * 

3 C 

C s 

X - -- = whole fpace moved down the plane by both the 

Aiding and rolling motions. 

ZVS m 

The force is entirely employed ingenerating thcrotatory 

motion of the cylinder, and may bcconfidered as a weight with- 
out inertia, defeending ihrough the fpace x ; therefore by the 

.1 1 Ctwr n* ox 2 

•theorem 4/ x — - x x = to x g - = mi x for by me- 

chanics v — --. hence /<* x — — - — x — fpace paffed overby 

3 

rolling ; therefore fpace paffed over by Aiding = It 2 x 


/ccS — C« 

1 3 C “ lyT) — U ' X ~ — yT 9 ^’ Hcnce f P acc 

paffed over by Aiding : fpace paffed over by rolling :: gcS 

— 3Cr : 2Cr :: n : 1, by the hvpothefis ; therefore 3 (rS 

— Cr} = 2/tCt, or grS = (zn 3) C,s, and gc’S* — 

Ism 


3 cS — 3 Cr 
3 e 
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(2 n + 3)* X CV = (211 + 3)* X (1 — S‘) X 1* ; reduced 


$* = 


(2 n -f S’!* X s 1 


gcM-(2n-+-3)’ X J 


-.therefore Sr: 


(2«+ 3)* 


✓ |ge , + (s«+3) , *J , J 

Cor. If / be given, the space passed over by both or either 
of these motions will be known ; and if the length of the plane, 
or the space passed over be given, the time l may be found. 

The same theorem much facilitates the solution of a great 
number of difficult mechanical problems, and applies with much 
advantage to a very considerable part of the propofitions in 
Sect. 6. Atwood on Rectilinear and Rotatory Motion. Forex- 
ample, take Prop. 13. 

rut * zzr distance of the centre of gyration from the centre 
of gravity G 5 s rr: space defeended by P in the time /, and 
v err velocity generated in P, the other fymbols as in that 
Prop. 

Then d : x :: v : ^ = velocity of the centre of gyration; 

V t X t 

hence, by the theorem, 4/ X Ps — P X »* + & * -jr 

Pd' -4- wx * 


d ' 


X v. 


But by mechanics v ~ therefore by fubftit ition and re- 

, It'd'P-sd'P 
duGion, it will appear that x r= 


ws 


Pd' It'-s 

X , 

w s 


therefore x — d x — - — ^ — diftance of the centre 

. tv Pd 1 wx' , 

of gyration required. Becaufe 4/r X s X v 


Ptd* 


r= 2 / X 


Pd » 


IP 

- when r — 1 , 


therefore it = 2/ x pjs^, — « - w + 

and is therefore = the accelerating force when the force of gra- 
vity — 2/. But x 1 = id, therefore the accelerating force of P 


or the point D = v = 2/ X 


Pd 1 _ 


P d‘ -+- tdw 


2 1 X 


Pd 
Pd + bw‘ 
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ARTICLE II. 

On the Motion of Pendulums whose points of sufpension are 
moveable. In a Letter from Mr. John Gough. 


To the Editor of the Mathematical Rcpofitory. 


Middlestuw, near Kendal, 
12th. May 1806. 

Sir, 

The Author of the following Propofitions, is not ignorant 
that they contradift a remark made on the anfwer to the 648th 
queftion of the Gentleman’s Diary, by a late eminent mathema- 
tician. The knowledge of this circumftance does not however 
forbid him to hope that his eflay will meet with a candid re- 
ception on the part of your readers, fhould it be thought worthy 
a place in the Mathematical Repofitorv ; becaufe he has endea- 
voured to oppofe a careful inveftigation ot the fubjeft to bare 
affertion; which is of no value when unfupported by demon- 
ftrative evidence, for the greatefl men are fubjeft to error as 
oft as they negleft rigid demon flration, which is the only true 
road to geometrical cyrtainty. — The elementary work quoted 
in the prefent paper, isa Treatife of Mechanics lately publilhed, 
by Mr. Olinthus Gregory of the Royal Military Academy at 
Woolwich, which cannot fail of exciting attention, not only by 
its copioufnefs and the quantity of original matter, but alfo by 
the many valuable and judicious feleftions the author has made 
from the foreign mathematicians. 

I am, &c. 

John Gough. 


PROPOSITION I. 

Ira given pendulum vibrate upon a pin, fixed in the centre 
of gravity of a given veffel, which is fupported by a perfeftly 
fmooth and horizontal plane; the common centre of gravity of 
the pendulum and the veffel will defeend and afeend alter- 
nately, in a given right line perpendicular to the horizon ; while 

the 
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the centre of gravity of the pendulum deferibes a portion of an 
ellipfe, having for its femi-tranfverfe the given vertical line 
properly produced, and for its femi- conjugate the diftance of 
the fame centre of gravity, from that of the fyflem. 


Demonstration. Let the vertical plane AC (fig. q- pi. 
A.) reprefent the velTel, or more properly, that feflion of it, 
in which the pendulum PG vibratcj, P the centre of gra- 
vity of AC ; alfo let PG be a pofition of the pendulum, G its 
centie of gravity, and T the common centre of the fvftem AC 
PG; through P draw FE parallel to the horizon, and through 
T, NM perpendicular to FE. Now the external forces which 
give motion to the fyflem ACPG are, 1 //. the weight of the 
pendulum which atts upon its centre of gravity G (Mechanics 
book t, art. 106); id. the rcaclion of the plane CD, upon the 
point P, which is parallel to the former force, but in a contrary 
direflion ; confeqtiently the refultant of thefc two forces is equal 
to their difference (ibid. 73] ; and by the nature of the centre 
of gravity it a£ls upon the f) (lent ACPG at the point T, and in 
the direction NM. But all the other forces, afting upon T, 
arife from the mutual aQion and reaction of AC and PG; there- 
fore the latter forces do not dillurb the motion of T, their com- 
mon centre of gravity; hence it follows, from the doflrine of 
forces, that T will always be found in the right line NM, the 
pofition of which is thus found. Let p be the place of the cert- 
tre of gravity of AC, when PG is in an horizontal pofition, 
coinciding with FE; make = P F, which is given in mag- 
nitude ; therefore the point N is given, and NM is perpendi- 
cular to FE. Make NM = PI, NK and p& PG; then 
NR = MK = TG; and when P coincides with '/;• G "'ill be 
at R ; alfo when P has moved through /)N = PT, G Vfill be at 
K; hence RGK is a quadrant of an ellipfe, having NKj| or - ' 1 * 
femi-tranfverfe and NR lor its ferni-conjugate (Em. Con. T^'P- 
prop. 30). Q. EP' 


Cor. 1. Let b = the weight of the pendulum, at' = that o 
^hc vefiTcl ; / = PG ,the diflance between the point of fufpenfion 

and the pendulum’s centre of gravity ; and we have ^ 




PT = />N ; hence if w 1 z= o (fig. q, pi. A.). pN = PR 
and G defeends in a vertical line palling through R while P 
moves through the fpacc p R. 

Cou. 2. But if a/ be infinite, *N or its equal 7—^ — -. —0, 

in which cafe N coincides with p, NR = NK; that is, the 
ellipfe becomes a circle and the point ol fufpenfion is lyxedat/ 1 . 


PROPOSITION 
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PROPOSITION II. 

Lf.t PG lie a pendulum (fig. .4. pi. A.' whofc point of 
fufpenfion is P, and let it be urged perpendicular to PG, by a 
force k acting at G, its centre of gravity; then put b = ina'icr 
in PG, r — radius o! gyration of PG to the centre G, q rz: its 
radius of gyration to the centre P; and the rcailion of the pin 

r’/t 

T, perpendicular to the line PG, will be = 2 

Demonstration. For the pendulum, when in motion, 
muff revolve about the points G and P with equal atrgu ! ar veloci- 
ties, confequemly the force k is divided into two lefs forces, 
one a£ling at G and the other at P perpendicular to PG (Mech. 
art. 74.) : put the latter = x, and the former k — or ; then 
the angular velocity, generated in a given time and about the 

< Q p ^ 

centre G by the force x, is in a confiant proportion to — 

(ibid. art. 301, cor. 2, and art. 310.) ; for the fame reafon, the 
angular velocity generated about P in the fame time by k — a 

, . . PG x (i — x) 

has an equal ratio to i - 

. b t 

. • X * 

velocities are equal; hence-, rr 

r'k 


t' 


f + r 

Cor. 
PS = n. 


but the two angular 
; confequently x zz= 
Q. E. D. 


Draw GS perpendicular to FE ; alfo put PG — /, 
r* 4- q' = c\ and that part of b which afcls perpen- 


vb 


dicular to PG = -j =. /: ; hence x : 
'rib 


r'nb 

IF 


therefore k — x = 


^ : hence that part of k — x, which afts parallel to SP, in 
* 

the direfiion NT = /» or *^ e mo, ' ve force of the 

fvftemACPG. Confequently if there he two pendulums PG, 
QI, which are every way equal, and make equal angles with 
the horizontal lines FE,y« (fig. 4, pi. A.), the moiivc forces 
afcding upon T, t, the centres of gravity ot the fytlems ACPG, 
acQI, will be equal; becaufe the quantities b, l, n, q, r, arc 
equal in both cafes. 


Vol. II. Part II. 
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PROPOSITION III. 


If two bodies A, C, (fig. 5. p!. A.) be impelled in the 
right lines AB, CD, by motive forces, which are ronflantl? 
equal to each other, though each foice may be variable in re- 
fpeft of -itfelf ; the fpaces deferibedby A, C, in equaltimes, will 
always be inverfely as their quantities of matter or weights, that 

1 t 
is, as — to 


Demonstration. Put y, z — thefe fpaces; t, v, the 
correfponding velocities of A, C; then fince the motive force 
of A is always equaj to that of C, the motion generated in A 
will always be equal to that generated in C in the fame time. 
But the velocity is inverfely as the matter when the motion is 




given ; hence t : v ; : — : v; ; but as / : v ;; y : £; therefore 
A L 

y : i ; confcquently y is to z as — is to ^ (Emer- 


fon’s Fluxions, prop. 2, feet, t.l Q. E. D- 

Cor. If two fpaces, AB, CD, run over by two bodies, A,C, 
impelled as above, he inverfely as their quantities of matter; 
thefe fpaces are deferibed in a’qrial times. For if CD be not 
deferibed in the same time with AB. let fome other line as CE 
be the c< ntempotary fpaee, which is greater or lefs than CD 
by an affignabie magnitude EC. Then we have by the pro- 


pofition, as AB : CE :: ~ : A, and by hypothecs, as AB : 
A L 

CD :: -A * A» hence CE = CD which is abfurd; confe- 
A L 

quently AB, CD, are deferibed in equal times. 


PROPOSITION IV. 

Bet PG, OT, (fig. 4. ph A.) be two equal and fitnilar 
pendulums, which are fufpended as in prop. 1, at P, Q, the 
centres of gravity of the vcflels AC, ac ; aTo let them begin to 
delcend at the fame moment from the fituations PG, QI, i» 
which they arc equally inclined to the horizon, and parallel 
to each other: they will artive at the vertical pofttions NM, nm 
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in the fame time, whatever be the weights of the two vefTels ; 
that is, their times of vibrating through equal angles are equal. 


Demonstration. Let T, f, be the centres of gravity of 
the fy items ACPG, acQI; put the common weight of the 
pendulums = b ; weight of AC = w ; that of ac ; the 
lines PG, Ql — l ; NT — S ; nt — s : now the points T, f, 
will always be in the right lines MN, mn, by prop, i ; alfo NM 

=: PT, and nm = Qf, ibid. ; hence PT or NM = b \ 7 v’ 


and Qf or nm 


hi 

~ b -+-W 


(cor. i,prop. i.); therefore, as PT 


: Of :: v— - — : — i— : that is, PT is to Of invetfelyas the 
u ~T Xu 0 -f- VV 

quantities of matter ACPG, acQl, which are to be moved 
through the right lines TM, tm. Moreover the angles TPN, 
tQn, are equal by hvpothefis at the commencement of motion ; 
therefore the motive forces a&ing upon T, f, in the lines NT,^^ 


nt, are equal (cor. prop. 2.): hence 


as a : s 


b + W 


(prop. 3.) : but the triangles NPT, »:Qf, are similar, being right 


angled at N, n ; hence alfo, as PT : Qf :: NT : nt :: 


1 

b"+"u' m 


j ~- 1 - — ; consequently as PT : Qf :: S -+• S 


s +■ s ; that is. 


the motive forces afling upon T, /, will con’inue equal between 
theinfelves, becaufe the variable triangles, NPT, «Qf, will al- 
ways be fimilar; 'but NM — PT, and nm ==. Qf; therefore 


as NM : nm :: NT : nt ; hence, as TM : tm 


1 

b + ui 


yj . Now when PG,OI become vertical, the points T, f, co- 
incide with M, m, after moving through the (paces TM, tm; thefe 
fpaces are therefore d Ten bed in the tame time (cor. plop. 3.) ; 
that is, the pendulums vibtaie through equal angles in equal 
limes. Q. E. D. 


Cor. If W be infinite, I the centre of gravity of QI vi- 
brates about the fixed point Q (cor. 2. prop. 1.); confequently 
the pendulum PG is fynchronous to the pendulum Of, 
which being equjl and fimilar to PG has its point ol lufpcnfiou 
fixed. 

b 2 PROPOSITION. 
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PROPOSITION V. 

Let the vertical plane, CVD (fig. 6 . pi. A.), reprefeot a 
fruftum of a fphere, which is fupported by a horizontal plane 
touc ing it at V ; let P be the centre of the fphere, G the ceil- 
tre > gravity of the fruftum; alfo through P draw the horizon- 
tal linepR, and make GR perpendicular to RP, in which, take 
RK = PG : the point P will move over the fpace PR while 
the point G defcends to K ; and this will happen while a fimilar 
fruftum of an equal fphere vibrates on its fpherical centre, 
through an angle equal to - VPG. 

Demonstration* Complete the fpherical fuffacc AVD, 
which will be fupported by the reaftion of the touching plane 
at V, exerted along VP ; tlrerelore, AVD is a velfel without 
weight, upon whole centre of gravity P, the pendulum PG 
revolves ; confequently, G will defeend from G to K, while P 
moves through PR ; that is, while the radius PG deferibes tlie 
angle GPV (cor. i, prop. j). Let now the weight of AVD 
become infinite, and G will deferibe the angle GPV in the 
fame time (cor. prop. t.J. Q. E. D. 

Cor. Since the angular velocity of G about P is the fame 
whether P be fixed or not : let v denote the velocity of G in 
the circle GL, when GR is its diftance from PR, which velo- 
city may be found from the fixed pendulum; then becaufe GP, 
GR, are perpendiculars to a tangent at G and to PR, we lave 

as GP : GR : : v : — ■ = contemporary velocity of P 
in PR. 


aaroezxr 


ARTICLE III. 

I 

An ocular demonjlralion of the forty -seventh propoflion of 
the frfl book of Euclid. By Mr. II. Douglas. 

Lf.t BfcL be a tight angled triangle, having the right angle 
LBE ; the fquare DELM deferibed upon the fide LE, is equal 
to the fquare / BEF defenbed upon the fide BE, together with 
the fquare BIQL deferibed upon the fide BL. Pig. 7, pi. A. 
Produce AB to C making BC equal to AB, draw CG pa* 

jallel 
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ralle! to BE meeting FE produced in G: then BCGE is a 
fquare and equal to the fquare ABEF. Join Cl, CD, and pro- 
duce DE to K j draw KH parallel to LE, and MN perpendi- 
cular to CG. 

In the triangles BEL, KEF; the fide BE is equal to the 
fide EF, the angle LEB to the angle KEF, and the angles at 
B and F arc equal becaufe they arc right angles, the third angles 
are therefore equal, and the triangles equal in all refpcfts ; KE, 
therefore, is equal to EL the fide of the hypothcnufal fquare, and 
KF to BL the fide of the lefTer fquare. The remaining fpace 
zAKEB of the fquare AFEB is therefore equal to the fpace 
LEGC ; and in the triangles, AHK, CLP, the fides AK, CL, 
and the angles AKH, CLP, being refpeftively equal, and the 
angles at A and C right angles, the triangles are equal in all 
refpefts; the fpace EBHK is therefore equal to the fpace 
GELP. Again, in the triangles LBE, GED, the fide BE is 
equal to the fide EG, the fide LE to the side DE, and the angle 
BEL to the angle GED, the triangles are therefore identical 
and equal in all rcfpeQs ; the fide GD is, therefore, equal to the 
lide LB, and the angle EGD to the angle LBE, that is, the angle 
EGD is a right angle ; therefore the points C, G, D, are in a 
straight line. 

Again, the triangle MND is equal to the triangle LBE, be- 
caufe LE and MD are equal being fides of the fame fquare, the 
angles at B and N are right angles, and the angle MDN equal 
to the angle BEL, the third angles arc therefore equal and the 
triangles identical ; MN then is equal to BL the fide of the 
fquare BIOL, and the triangle MDN equal in all refpefils to the 
triangle ElvF. 

The triangles GDE, CBI, having the fide GE equal to the 
fide CB, the fide GD to the fide B1 (or BL), and the angles at 
G and B right angles, are equal in all refpefts; the angle ICB 
thcrelore is equal to the angle GED, that is, equal to the angle 
PLC ; therelore Cl is parallel to LP, and LO to CP; where- 
fore the figure COLP is a parallelogram, and the triangle OLC 
equal to the triangle C LP. 

Now the triangle CBI is made up of the trapezoid IBOL 
anil the triangle COL or the triangle CLP; the triangle GED 
is therelore equal to the trapezoid IBOL and the triangle 
CLP; or if the triangle ERS be made equal to the triangle 
COL (which is equal to the triangle AKH), then the trapezoid 
IBOL is equal to the trapezoid GRSD. 

Again, the triangles PNM, IOQ, having the fide MN equal 
to the fide IQ or BL, and the angles MPN, QOI, (each equal to 
the oppofite angles CPL, COL, of the parallelogram COLPjare 
equal, and the angles at N and O (right angles) alfo equal, the 
triangles are therefore identical or equal in all rcfpe&s. 

/ The 
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The fquare of the hypothermic then contains the trapezoid 
GRSD, the trapezium LEGP and the triang'cs RF.S, MND 
and PNM which are together equal to the fum of the (quarts 
AFEB and IBLQ. 


ARTICLE IV. 

An invejligation of fome theorems which are of ufe in obtaining 
the fums of certain infinite ftrici by means of circular arcs. 

By Mr. James Ccnlitfe, R . M. College. 

1 - - cx 

1 . Let be expanded in an infinite feries. 

1 2CX -f x~ r 

Put — — = i + Ar+ Bar -f- Cx J - 4 - Dx 4 + Sec. 

I — 2CX “T" x 1 n 

multiplying the expreflion by 1 — 2rx •+■ x % gives 
» — cx = 1 + Aar •+• Bx l ■+• Cx 5 ■+* Dx 1 + &c. 

— 2cx — fie Ax* — erBx 3 — 2rCx 4 — &c. 

■+■ x- -f- Ax* + Bx 4 + &c. 

whence 

0 — Ax + Bx* -4- Cx 3 - 4 - Dx 4 -}- &c. 

— cx — fir Ax 1 — 2cBx 4 — acCx 4 — &c. 

+ x 1 + Ax* Bx 4 + &c. 

making the coefficients of the like powers of x = o, weget 
A = c ; B = 2rA — i ; C — 2 cB — A ; D = 2t C — B ; &c. 

Let c be the cofine of a circular arch z, radius t ; then by a 
known theorem B =: 2c 5 — 1 — cof. 2 z ; 

C — 2cB — c — cof. g z ; D = 2rC — B = cof. qz, &c. 

Therefore — — — 1 + Ax-bBxM-Cx 3 -4-Dx 4 + &c. 

1 — arx + x 

— t+x . cof. cof. 2c+ r 3 . cof. 3c + x*. cof. 42 + &c. 

2. Tale 
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2. Take i~i, then — — — - = — — 

1 — 2C* + X 2^1 -c) 

4=1-** cof. Z + cof. 2Z -f. cof. 32 +■ cof. \z ■+■ &c. 

or, — i— cof. z ■+* cof. 2z 4. cof. 32 -f- Cof. 4Z + &c. 
multiplying this expreffion by z and taking the fluent9 

— ~ = fin. z 4. - 4 - fin- 2Z ■+■ f fin. 3Z + 4 fin. 4s -+. Sec. 

Put q — the quadrantal arc of a circle, radius 1, then when 
z — iq, t!ie fines of z, 2z, 3 z. 42, & c. will be each o, 
therefore the corretl equation of the fluents will be 

q — ^ — fi° - z + t fi°- 22 -f- ? fin- 3 Z 4 ~ i fin. 42 + See. 


Takexr; — 1, then 


1 — cx 


1 -f- c 


1 — 2 cx - 4 - a 1 — 2( t — c) ~ 
? = 1 — cof. Z ■+- cof. 2Z — cof. 32 cof. 4; — &c. 
whence by tranfpofuion 

-3- = cof. z — cof. 2z -f cof. 3Z — cof. 4Z -f- See. 
multiplying this expreffion by z and taking the fluents 


2 = fin- 2 — t fin. 2z + -j fin. 32 — £ fin. 42 -f- &c. 

Taking half the fum of tjie preceding expreffion and that 
deduced at art. 2, and we fhall have 

2 = fin. z -j fin. 3Z -+- | fin. 52 -f- &c. 


Alfo taking their difference 

q — z — fin. ez + \ fin. 42 + ^ fin. 6z •+■ Sec. 

The foregoing theorems are obtained in a different manner 
at the beginning of Latiden’s ^th. Memoir. 


ARTICLE 
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ARTICLE V. 

An invefiigation of feme theorems which are of ufe in obtaining 
the Jams of certain infinite feries by means of hyperbolic 
logarithms. By Mr. James Cunliffe. 


1. Let the expreffion : be expanded in an in- 

I — 2CS -f i* r 

finite feries. 

Put — — - = j + A.r-f-Bc’-+-Ct J 4 -Dx*4~Ei 4 4-Rc. 

1 2 C.C -b x z 

and multiplying both (Ides of the expreffion by I — 2cc 4 - .i : , 
At 4 - Bi* 4 - C.c 3 4- Dr* + Er J 4 - Rc. 

— 2 CSS — 2cAx‘ — 2fBr J 2f C 4 — 2cD-* s — &C. 

4 - st* 4 - A * 3 4 - Bt* 4 * CX54-&.C. 

making the coefficients of the homologous terms r: o ; 

A — 2 sc; B — 2cA — s; C = 2cB — A; D — 2Cc — B, Rc. 

Now if s and c denote the fine and cofine of a circular arch 
2, radius i : then by known theorems 

A rr 2 cs — fin. 2z ; B =r qcA — s — fin. 32 ; C = zcB — 

A ~ fin. 4Z ; D z= acC — Bz fin. gz, & c. 

and therefore = a-l-Ar4 Br : 4 -Cr 3 4 ~D** + &c. 

1 — 2 cx 4 x 1 

= fin. 24 -r.fin. 2 z 4 -r a .fin. 3 z 4 - J, -fin. 4 z 4 - i3 " , -fin. 5 z 4 &c. 

2 . Take •> = 1 , then 

s s 

; — ; — : = — — — =:fin.z4-fin.2z4-fin.3z4-fin.4z4- &c. 


7 — k — UII.4-T 1 -T" lill 

1 — 2C1+J 1 2(l — C) 

and it is well known that 5 — z 

s 

multiplying the former expreffion by this 


— t C c j = — z x (fin. z 4 “ fin- 2 z 4 - fin. 32 4 * fin. 4*2 4- Re- 
taking the fluents 

y x h. 1. ^ ^ r: cof. z~h yCoC. 224-7 cof. 3 Z + i cof. 4-4 Re. 

But when c — o, then the cofines of z, 32, $ z, Rc. 

will each o ; and the cofincs of 2 2, 42, 62, 8z, See. 
•will be — i, 4 - t, — i, 4 -i, &c.; therefore the correfl equa- 
tion 
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tion of the fluents will be 

* v . , / 1 \ S cof.z+icof. 22 + \ cof.gz + icor. 4 z4-&c; 

__ i cof. z 4 - 4 cof.22 + ^-cof.3r +i cof.^z + &c* 
i + { X h. 1 . a ; 
whence, by transpofition, 

4 X h. 1 . f - 1 — ) -i X h. 1 . a = 1 X h. I. —i * = 

\1 — CJ 2 (l C) 

cof. z 4- 4 cof. az 4- 4 cof. 3 z 4- 4 cof. 4 z + &c. 

3. Again, take * — — l, then. 


r-?= -7 nfin. z— fin. 2 z+fin. 3z— fin;4z+ &c; 

i — acx+x* 2(i+c ° 1 

multiplying thii expreflion by - = — s, gives 

' a ( t C _4_ ' T ) ~ — * X(f'n.z — fin. az+ fin. 3 z — fin. 4Z + &c.) 
and taking the fluents 

% xh. 1. (i-f-c)=:cof. z — 4 cof. 2 z 4* 4 cof. 3Z — 4 cof. 4z4-&c. 
But when c—o, the cofines of z, 32, 5Z, &c. will be each =0; 
and the cofines of az, 4Z, 6z, 8z, &c. will be — 1, 4- 1, — 1, 
4- i , &c. ; wherefore the correft equation of the fluents will be 

•xh 1 / 1+£ )- = S cof - z — 4cof. 2z4-|cof.3z— icof.4z + &c. 

_ ^ cof. z — ^cof.az + ^cof. gz — 4 cof. 4 z Hr &c, 
l — 4 X h. 1. 2 ; 
therefore, by tranfpofition, 

.4 x h. 1. (1 + c) 4- 4 X h. I. ! = 4 X h. 1. ^ 2 (i4-e) | = 
cof. z — 4 c <>f. 22 4- 4 c °f. 3 2 — 4 c °f- 4 2 ■+■ &-c. 

And from what has been deduced before 

4 X h. 1. r =cof.z+4cof.2z4-4cof.3z+4cof.4z4-&c. 

2 X (1 — c) 

half the fum of thefe two expreflions, by the nature of loga- 
rithms, is 

i X h. 1. (^-0 = cof. 2 + 4 cof. 32 4- 4 cof. sz 4- &c.: 
alfo, taking their difference, 

i X h - '• 4(i?) = h- 1 = cof - 2z coT> «•+*«*«* + kc: 

The above theorems are obtained by a method materially dif- 
ferent in Mr. Landen’s 5th. Memoir, Art. 16. 

c ARTICLE 


Vo l. II. Part II. 
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' ARTICLE VI. 

i&vlution of a Dynamical Queflion. By Mr. John Barry. 

.... 

To the Editor cf the Mathematical Repofitory . 

" * . * „ * 

'Sin, 1 

• In Art.' 6, part 2, of the fir'd vol. of the Repofitory, 
there is an ingenious dilution by Mr. Ivory of a problem in 
dynamics, fir It propofed by Mr. Simpfon in his Mifcellancous 
graft's, and afterward* introduced by Mr. Ativood in his 
Trcatife on Rectilineal Motion, pa. 289, as 1 a particular cafe 
of a general propofition. This gentleman’s folution differing 
fo widely from Mr. Simplon's, induced me to confider hu 
invedigation ; and I find that his error proceeds from a wrong 
application of his own general theorem in afeertaining the 
ratio of the fecond fiuxions of the quantities x and y. 

Should you think the following folution of Mr. Atwood’s 
•general propofition (pa. 285, of his laid treatife on reflilineal 
motion), from which I have ealily deduced a folution to Ms. 
Simpfoti’s problem, deferring of a place in your valuable work, I 
requed you will do me the favour to publiih it. . 

. . ^ : I am. Sir, your’s, & c. 

Limerick , . John Barry. 

July. 29, 1806. 


Proposition, by Mr. Atwood. 

Let AFC, BGC (fig. 8, pi. A.), be two curves, the planes 
of which are vertical ; and let a line, ACB, be flretchcd over 
a fixed pully.C, by two given weights A and B,of which B pr<- 
ponderates agatnft A, and defeends along the curve CGB: it is 
Required to alngn the velocity of B, when it his defeended through 
a given perpendicular altitude, and A has attended through a 
given altitude in the fame time? 


Solution, by Mr. Barry. 

According to Mr. Atwood, let BL be the perpendicular 
altitude through which B lias defeended, and let AH be the 
perpendicular altitude through which A has afeended in the 
• ■ ■ fame 
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fame time; and let BL = v, AH = q. Suppofe the weight B 
to defcribe in its defcent the evanefcent arc bB,- and during the 
fame time let the other weight A rife through the arc aA; 
Through b and A draw bo and Al parallel to the horizon ; alfo 
through b draw bn perpendicular to CB, and Am perpendicular 
to Ca, and let CB := x, Bn ~ Am, Bo =y, Bb — s, 
Aa rzz: r, and al ~ q. 

Now Mr. Atwood has truly found in his faid treatife, pa. 286, 
that the whole force by which B is urged in tire direction bB, is 

— and lie has alfo fliewn in page 287 that the equi- 

valent inafs, which being accumulated inB, when A is removed, 
will refill the communication ol motion in the fame manner as 

Ar r 

the mafs A afeending by the force of B is — -r-.r- 
• s s 

Let v — the velocity of the defeending weight B, w = the 
velocity of the afeending weight A, t = the correfponding time, 
and l = 193 inches. 

* * \ • • • • 
Then, by the laws of motion, s — v X t and r — w X t\ 

and fince the evanefcent arcs aA and bB are deferibed in the 

fame time, we have s — v x rand r — w X t ; therefore, by 

r , A rr A ww 

fubflitution, -T-7- = r. 


s s 

accelerates B is 


Confcqucntly, the force which 


B y — A q / c AffinA 

f \ LI) * 


VV 


H cnee, by the laws of motion, 

(B y — Aq\ vv 


( By — A q) vv 
s (Bt/y -+- Awtv) 


= b X s X 


j(Byy •+- Aataj 


, ( B y — A q) vv 

- D X : — • 

Byy •+• Azwv 


Therefore b (B/ , - t - Aq) — Byy -f- Aww t 
and taking the fluents 

■ Bt/ J Asu* ‘ : . ‘ ' 

l y — A q) ~ — - 1 4- — * d, d being the neceflary 


correction. a 

a , , zbAq 

Hence v — 2 by 


,u . 
Aw' 
B 


a. o 

2 d. 


w 


It is obvious that this' equation is general* whether the bodies 
jve in right or CUrvedlincs. • 


c 2 


Co* 
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Cor. It is evident that v : w :: Bb : Aa :: s : r{ 
• • 

hence = t/V* — j*. Therefore, by fubflitution, we get 


. itbAq A w*r* 

= - -rr 


And therefore 


„ = • — A ? ) + e^B 

V Br a + Ar a 

In order to apply this general expreflion for the velocity of B 
to the folution of Mr. Simpfon’s problem, which Mr. Atwood 
exprefTes in the following manner, fee pa. 289 of the treatife on 
Re&ilineal Motion. 

Let two equal weights. A, A, (fig. 9, pi. A.) be faftened 
to the extremities of a line which goes over the fixed points 
E and C, which are horizontal : when the line AECA is 
ftretched by the equal weights A, A, let a body D be fixed to 
the middle point D, it will defcend from reft at D in the diteflion 
D8, perpendicular to the horizon, at the fame time elevating 
the weights A, A. Suppofe it were required to aflign the 
velocity of the defcending weight B, wlien it has defc riled any 
fpace DB. 

Let ED — a, EB = y. and DB =— *. Then by fub. 
ftituting in the expreflion for the velocity in the corollary, 
x for y, y for q, x for s, and y for r, we have v, or the velocity 

, Of B = i , where 2A is written 

for A, becaufe each of the weights A, A, afts in a firailar man. 
ner on B. But in the prefent cafe y — — . Hence, by fubftitu- 


/2b (Bx — aAy) + 
tton, v = yyf B/ + ' Ax » * 


Let B -f- 2 A = *, 


and put y % — a* for its equal x a , then we have 


v =y 


ibmx — 2 by 


, which correfponds exafily 


u . — v a / —7 : : i wwsivswvstuo v-abm. 

J V [m + 1 )y* —ar r 

with Simpfon’s expreflion for the velocity. 

Since the motion commences from the point D, then v being 

« t >. 1 1 bci 2 bo A • 

s= o, when x = o and y — a, we find a — — , m 

ffl £» 

which cafe, 

. , , , , „ .. B* — 2A /(a 1 x*) -f- 2a A 

;\n + ,' A< v — 
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If this value of »* be put = o, we get x = •^ < ^^ 1 = the 

greateft diftance through which the weight B can defcend 
before its whole motion is dellroyed by the weights A, A. 




ARTICLE VII. 

Some properties of parallelograms, with the application of them 
to the moments of forces. By Mr. John Gough* 


To the Editor of the Mathematical Repofilory. 


Sir, 

Mr. Gregory has given a beautiful theorem re fpe filing 
the moments of forces, in his Mechanics; but the analytical 
plan of his work having induced him to derive his demon- 
{{ration from the arithmetic of lines, I flatter myfelf the Englifh 
reader will not be difpleafed to fee this interefling propofuion 
in the geometrical drefs, which I have endeavoured to give 
it, in the following efTay. 

I am, &c. 

Middlejhaw, John Go UG«. 

August 22<f, >806. 

PROPOSITION I. 

Let ABCD (fig. 10, pi. A.) be a parallelogram, and BD 
a diameter of it ; lake any point T in BD, or in BD produced, 
and join AT, CT. The triangle ATB {hall be equal to the 
triangle CTB, and the triangle A I D to the triangle CTD. 

Draw the diameter AC, which will be bifefted by the diameter 
BD in the point M. Therefore, the triangle ATM is equal td 
the triangle CTM, the triangle ABM to CBM, and the triangle 
ADM to CDM ; for they have equal bafes, two and two, and 
the fame altitudes (Eu.i. vi.). Therelore, by adding equals 
to equals, the triangle ATB is equal to the triangle CTB; and, by 
taking equals from equals, the triangle ATD is equal to the 
triangle CTD. 

PROPOSITION 
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PROPOSITION II. 

; Let ABCD (fig. 11, 12, 13, pi. A.) he a parallelogram of 
which 'fiD is a diameter,. produce AD, CD, BD, to a, e, b: 
from any point S which is not i:i the line Bb, draw SA, SB, SC, 
SD, to the angular points of the parallclogiam ; I fay, if the 
point S, be in either oT the angles ADc, CDa, which are not 
divided hv the diameter Bb, the fum of the triangles SCD, 
SAD, will be equal to the triangle SBD ; but if the point S 
be either within the parallelogram, or in the angle aDr, the 
difference of the triangles SDC, SDA, will be equal to the 
triangle SDB. 

Case I. Let S be in the angle ADc, which is not divided 
by the diameter. BD. Fig 11, j > 1 . A. 

Draw' ST parallel to AD or BC. Then, as S is not in the 
parallelogram ABCD, ST will meet BD produced, fuppofe 
in T ; join AT, CT. Now, becaufe T is in BD produced, 
CD divides the angle TCS, and D is in the parallelogram, while 
T is without it * therefore the point D and the line SD 
arc in the triangle SCT, and therefore the triangle SCT it 
equal to the three triangles SCD, DC F, TDS ; bntthc trhngln 
SCT, SBT, arc equal (Euc. 37.1.), therefore the triangle SBT 
is equal to the three triangles SCD, DCT, TDS, and therefore 
taking the triangle TDS from each, the two triangles SCD,‘ 
DC F are equal to the triangle SBD. But the ti tangle DC T 
is uqyal tgithc triangle DTA (prop, i.), that is to the triangle 
DSA (Euc. 37, i.j. Therefore the fum of tin: tr. angles SCD, 
DSA, is equal to the tiiangles SBD. 

Case II. When /the point S is within the parallelogram. 
Fig. ta, pi. A. 

, Draw, ST parallel toDA or BC, which will incetthe diameter 
BD within {be paiallelogratu ; let it inept it in T, and draw AT, 
CT., The triangle CDS is equal to the three triangles TSC, 
DTS, TCD, but ibe triangles TSC, TSB, are equa', becaufe of 
the parallels TS, CB, (.Euc, 3 7, i.l; tbc-reiore the triangle 
CDa is equal to the two triangles DSB, TCD. Since Tisin 
BD, the tiiangles 1 CD, TAD-, are etpyal (prop, i.); and fince 
PA, TS, arq parallel, thq Umigles TAD. ASD, are alfu 
equal (Euc. 37. t.J. Thcrelqrc the Lriqiigle CSD is equal to the 
two triangi(es; DoB, ASA. h Ai|(i thqrpl,crc, the. excess o> lilt- 
triangle CSD above the triangle $SD A equal 10 Uw triangle 

Dsn- 

; 'i 

Case III. Let S le in the angle aDc, Fig. 13, pi. A. 

Make 
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Make aD cq»al to DA and cD to DC, and complete the 
parallelogram aDi bj alio draw Sa, Sb, Sc. Then tbe excef* 
id the triangle ScD, above tbe triangle SaD, is equal to the tri- 
angle SbD (cafe it.). Rut (Euc. i. vi.) tbe triangle ScD is 
equal to the triangle SCD, the triangle SaD to the triangle 
SAD, and the triangle SbD to the triangle SBD. Therefore, 
tfie exccfs o£the triangle SCD above the triangle SAD, is equal 
to. the triangie SBD. , < 

Colt. Draw SP, SO, SR, perpendicular to AD, DC, BD, 
Then fi nee the area' of a parallt Ingram is double the area of a 
triangle having the fame bafe and altitude, what has been proved 
in this propofition concerning the triangles SDC, SDA, SDB, 
is alfo proved of the reftangleg under, D A, DC, DB, and their 
refpeftive perpendiculars SP, SQ, SR. 

Definition t. Let DB (fig 12, pi. A.) reprefent a 
force in magnitude and pofit on, from a given point S, draw 
SR perpendicular to DB ; and the reftangl ■ under D 3 , SR, is 
paljed the moment pf that force (Gregory s Mechanics, pa. 1 j, 
art. 31.). •> in .. ' ; 

I Definition 2. If AD. CD, (fig. 10, pi. A.) • reprefent 
two torces, ailing from A and C, upon the point D, and the paral- 
jebigram of forces be completed, AD, C D, are called component 
forces, and BD their equivalent (ibid. pa. 14, art. 29.). 

Definition 3. But if the force at C afl in the di- 
rection DC, while that at A pifs in the direilion AD, (he 
former is faid to be negative to the latter. 

Scholium. A negative force is converted into a pofitive 
one, thus : In CD produced (fig. to, pi. A.), take cD m CD, 
and fuppofc c to he the place of a force aiting upon D, in a 
direilion cD, and its ell. ct upon D will he equal to that of the 
force at C: confeqtiemly Db will be the equivalent of the 
forces at C, A. Her.de, if t lie in urtents of the forces cD, DA, 
are to be referred to the point S, and if.we defirc to have the 
point S without the parallelogram of forces, take the force 
DC Dc, then complete the parallelogram AC, and the 
thing is done. 


PROPOSITION III. 

Let BA, CA, DA, EA, FA, /'fig. 14. pi. A.) reprefent 
ar y number of ferees ailing upon the point A in the fame plane, 
alio let RA be their equivalent : .from any point S draw Sb, 

Sc, 
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Sc, Sd, Sc, Sf, Sr, &.c. perpendicular to thefe lines rcfpeQively. 
Then the moment Sr x AR will be equal to the excefs of the 
fum of the moments Sb X AB, Sc x AC, Sd x AD, lying 
on the fide of AR contrary to S, above the fum of the moments 
Se x AE, Sf X AF, lying on the fame fide of AR with S. 

Let AG be the equivalent of AB, ACj'AK the equivalent 
of AG, AD, that is of AB, AC, AD; and AH the equivalent 
of AE, AF : then fince AR is the diameter of a parallelogram 
under AK, AH, and S is in the angle RAH, Sr x AR = Sk 
X AK — Sh x AH (prop. ii. and cor,}: But Sk x AK = 
Sg X AG + Sd X AD (prop, ii.) ; for the fame reafon Sg X 
AG = Sb XAB + Scx AC, and Sh x AH = Se x AE 
+ Sf x AF; therefore Sr x AR = Sk x AK — Sh x AH 
— Sb x AB + Sc x AC + Sd x AD — (Se x AE 4- Sf 
X AF), that is, the moment Sr x AR is equal to the excefs 
of the fum of the moments Sb x AB, Sc x AC, Sd x AD, 
lying on the fide of AR contrary to S, above the fum of the 
moments Se X AE, Sf X AF, lying on the fame fide of R 
with S. And what has been proved of five forces may be proved 
in like manner of any other number. 

Cor. i. If all the component forces BA, CB, DA, and 
their equivalent KA, be fo difpofed that the point S (hall not 
be fituated in the angle KAD or that vertically oppofite to it, 
the moment of the equivalent KA is equal to the fum of the 
moments of the components. This is proved in the demon* 
first ion. 

Cor. e. If fome of the forces in a propofed fcheme be 
negative, they are to be converted into affirmative ones by the 
preceding fqfiolium. 




a 


i 
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ARTICLE VIII. 


To the Editor of the Mathematical Repofitory. 

Sir, 

The folutions of the following problems being con. 
fiderably facilitated by making ufe of the mechanical propofitioa 
demon (1 rated in No. ri. (art. i. part ii. of the prefent volume) 
of your Repofitory, bv inferting them, when it is convenient, 
you will oblige. Sir, Your’s, &e. 

A. D. 


Problem I, 

If a body be connefted with a horizontal plane by any point 
in it, and in fuch a manner, that white it defcends by the force 
of gravity, the conitcfled point may Aide freely along the plane 
without iriftion or any obflrufiion whatever : it is required, lor 
any pofttion of the body, to inveftigate general exprefltons for 
the velocity of the conne&ed point, ^nd for the velocities of the 
centres of gravity and ofcillation, as likewjfe for its preflurc upon 
the plane. 

Fig. tg, pi. B. Let QBD be the horizontal plane, Q, the 
point of contafi at the commencement of the motion of the body, 
and G and P the centres of gravity and ofcillation, q, g, p their 
pofttion at any other time. Then (by prop. 1 11. art. 2 d. part 2 d, 
of the pn fent vol.) the point G will defcribe the llraight line 
MGB, and the point P, the arc of an ellipfe. Suppofe the 
whole body, W, to be divided into two parts P and Q, and in 
fuch a manner, that P : Q :: QG : GP, then it the part 
Q be placed upon the plane at Q and conneficd with P by an 
inflexible line without weight, it is evident, that thefe two bodies, 
thus circumflanced, will move in the fame manner, and with the 
fame velocities as the correfponding points of the given body. 
For the diftances of the centres ot gravity and ofcillation from O, 
as well as the inclination of the line palling through them, to the 
horizontal plane, are the fame in both cafes ; wherefore the 
above mentioned velocities mud be equal. 

Let QP — L, QG — a, BG = d, G g — x, qH — y ; r, v' 
and V the Velocities, refpeftivcly, of O, G and P, when they 
arrive at q, g, and p, and / cr lft-j-V feet. It is well known that 
the velocities of q and g, are to each other as B^ : </B, hence 

Vox.. II. Part II. d v : 
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Let fall the 


-o : v' : : d — x : y, therefore v = v’ X 

J 

perpendiculars PC, J>c, then by the propofition 4/ x (CP — cp) 
X P = Qv * •+■ PV’, Let pn be a fmall particle of the curve 
defcribed by p, in a given moment of time ; refqive it into pa and 
na, perpendicular and parallel to QC, then thefe lines will be a$ 
the velocities of p, in their refpefHve directions. By the property 
p 4- O 

of the centre of gravity — . v' z== velocity of P in the 

the direction pa, and , v = -p- . t/ X - * jx z its ve- 

locity in the direCfion na ; hence 

„ Jir+Qr+Q-.iip^t -v. 

confequently 4/ (CP— cp)—$l. — .P-Q.t/ 1 X 4- ~ 

a y r 

x |(P+Q) , +Q a x Bpt P : Q :: a : L-a, 

L a LP 

therefore Q ,e= . P, and P 4 - Q = — , whence, by 

ci a 

fubflitution and reduction, it will eafily appear that v n — 4/* x 

. 

-= TTj — — i » • For y 1 , in the denominator, fuhflitute 

(L — a) {d — xy + Ly r J 

its value a 1 — [i — *)*, at)d we have v n = 4/x . 

and therefore v = 2\/lx . hence v — 

/L a—(d—xf 

= wi ‘ ■ ind 

^ L*a — (2L — a ) — [d — *)’ 


a\La — (d — jrJ’J 


Put PC — h, then L : a : : h : d — if therefore x — d, 
or the body has arrived at the fjtuation y'BD, then v = 

2 y / 1 X X y/ ~ Wlk , the fame velocity which 

a body would acquire in defending freely through the fpace 
PC. But when x ~ d, y — a, therefore, when the body iHn 

the 
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the above mentioned fituation, v' =. 2 ^ / x ~ X — 7=- r=a 

Li y la 

Lk X -j—, and it is evident then that v = o. 

When x is very {mall or evanefeent, let y — e, then we have 
if* = 4 lx . — — t ; but when the body and fpace defeended 

are given, the accelerating force varies as the fquare of the 
velocity generated, wherefore 4 lx : 4/jc . j— :: W (P+ 

Q) : W x ji = that part of the weight of W which 

is not fupported ; hence, W X — La-^-d* ) ~ P re ^ ure 
upon the plane. 

Cor. Let s and c — fine and cofirte of the angle QGB for 
any pofnion of the body whatever, theny = sa, and d — x =z 
rad. = 1 , wherefore, by fubftitution, v' — 2y/(lx) X 

* s ^ T^TTa' w — 2/(/ ^ 

x 7 (L = W{ - lx) x c V and v = 2 /(^) 


L* — (aL — a ) . c*a 


. In the very fame manner it will ap- 


* V La - c’u 

pear,thatthepre{fureupontheplane=Wx (t — ^v) = ^ 

= Wx ( 1 - (L-^ T 11 » 

evident that when the body defeends below the plane, c, will be 
negative, or the point Q will move in a contrary direSion to 
what it did before. 


Ex. 1. Suppofe the body to be a (lender cylinder or rod } 
then if R — its length, it is well known that a = -jR- and L =: 
tR, therefore a = $L ; hence, by fubdituting for a, its value, 

in the cor. it will eafily appear that 1/ = 2 7 0 X ) • s 

v = e/(£r) . c a/ 2 —; and V=av^(/a?) X 4/ 16 — - >5C 

r . y 4 — 3c . V 1 a — 9c* 

Hence when the rod arrives at the plane, and confequently, 

. d fi r— j, 




4~ 3 C 
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» = t, e = o, »nd i si x, we have o' sr *^(td) X = 

= ^(3^). » =<>» and V = 2 y/ (Id) x */* = 4 \/ ~ • Like- 

3 

wife the prefTure upon the plane — W x ia ; j — W 

* _ c = j ? e ) "* w * (*- r ^ ? )=wx 

yi ) = W X T when 5 — l and c = o. 

Ex. 2. Prize Queltion, Gentleman’s Diary, 1791. 

If a given fegment of a globe greater than an hemifphere 
/ touching an horizontal plane perfeGJy poliflied, with its furface 
at the edge ot its feflion or bafe, be thus put in motion by the 
force of uniform gravity ; how far will it move along the plane, 
what is its velocity, and with what weight does it prefs againft 
the plane at every point during the time of one titubation ? 

Let SQPg (fig. 16, pi. B.) reprefent the pofttion of the feg- 
ment when its motion commences, SP, QT, two diameters of 
the globe perpendicular to and parallel* to the horizon; draw 
RC perpendicular to Sg and produce it to O, the centre of 


oicuidituii ui me lcgiueiu, wnen c,, me centre 01 tne gioDe, is 
the point of fufpenfion. Let G be the centre of gravity of the 
fame fegment, and through G, draw G d perpendicular to the 
horizon, it is evident that the point G will defeend in this line, 
and that the point C will move in QT. 

Put SC = r, CR — CG = a, Ca = d and CO = L. 

ah 

By fimilar triangles we have, r : b : : a : d = -p- f hence, by 
cor. o' = a /(/*) X jy/ V ~ 2 W*)Xcy^ 

and V = 2 /(/*) X V /I ^^L - °a r ; Iikewife ** 
prclTure upon the plane =: W x 

When G cornea to a., then r = 1 , c = o, and x < — d — 
therefore in that pofuion, z/ — a (' x v) * V r 

~ 8a */vL' v = 0 ’ V =*\/ (/ X -fMx y/± = 

~y~t and the preflure s W X (t — 

Whea 
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"When C arrives at a, in that pofilion we (hall have s — o, 
c — i, x = a ~ zzzar[r + b), and then it will appear that 




L* — ( 2 L — a) .a 
(L — a) . a 


, and the preffnre upon the plane zsz W 


X t. The values of a and L are eafily found by the ufuaJ 
methods of calculation. * 

It may be obferved, that when N comes to P, or its greatefl 
altitude ; the rotatory motion of the fegment will be the greatefl 
poflible , but it will continue to move the fame way till it 
arrives at N', being at the fame di (lance from the horizontal 
plane as when it begun, when it will entirely ceafe to move; it 
will then begin to move the contrary way, and fo continue to 
vibrate for ever; The fpace palled over by the centre of the 
globe, forwards and backwards, in one titubation is evidently 
= fiCG, the greateft diftance on each fide of a , being — CG. 

In the very Tame manner, by a proper fubftitution for L and a. 
the values of v', v and V may be found for any body whatever; 
as likewife its prefTure upon the plane, its pofition, or the valuej 
of s and c, being given. 


Problem II. 


Prop. xxiv. left. vi. Atwood on Reflilinear and Rotatory 
Motion. 

Let A, B (fig. 17, pi. B.), be a (ingle moveable and a fixed 
pully, by means of which the power P elevates the weight W ; 
having given P and W, together with the weight of the cylin- 
drical pullies, A and B, it is required to aflign the fpace which 
the descending weight P deferibes in a given time, the weight 
of the moveable pully being included in the weight W. . 

Let v — velocity of P, then ~ — velocity of W, = ve- 
locity of the centre of gyration of the pully A, and - ~ 

— velocity of the fame centre in the pully B. Let s = fpace 
defeended by P in the time t ; then we have the following equa- 
tion, viz. 

4/ ( Pf - W -‘})= Pr ’ + W - T +Q *fi + ?) = Pol + W T + Q - 5 '7' 

“ but 
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but 


v - j, therefore 4/ (pj — W . £j = i£i_ 4. W . 1 - -f- 


r (f * 

Q . 2 — therefore s 
^ 2 1 


4 ft* x (aP - W) 

8P-+- aW •+• 

N.B. O equal the weight of each pully. 

Problem Ilf. 

Prop. xxv. fe£l. vi. Atwood’s Tfeatife on Motion. 

In a fyftera of pullies in which the fame firing goes round all 
the pullies contained in two blocks : having given the power P 
and the weight W railed by it, together with the number of the 
pullies and the weight and figure of each, it is required to afligu 
the force which accelerates the defeent of P, the weight of the 
lower block being included in the weight W. 

Let t — any time, v = velocity generated in P in that time, 

and s = fpace defeended ; then by mechanics-^- = velocity of 

W. The velocity of the circumference of the floweft pully =3 

that of W= — , the velocity of the circumference of the next 
fl 

floweft = — , of the next, = & c. to — j and the velocities 


of their refpeftive centres of gyration = 


iv 


3 V 


ny/a’ s/s’ n y/a 


• Hence this equation 4/ ^I\r — W . — PiP-J-W. 

^5 + Q. j^ifX (* + 4 + 9 «*)£• For t, fubftitute v l, 

tliena/if x(t2Pn*-i2Wn) = | jaP/p-f 12W+Q x(an , + 3» , +»)| 

, f iaP«* — taWn 

X v ; therefore v = a it x — =rr — v,r , ; — ; j — 

i2p« 4-12W-+-Q . (an , + 3 »i , 4 *)’ 

Make l=i, then this expreffion will reprefent the force 
which accelerates P, when the force of gravity =z 2/. 

N. B. The fum of 1 -t- 4 +9 .... n* = f;an’ ■+■ a). 

O = the weight of each pully, which are fuppofed cylindrical. 

ARTICLE 

— — * t 

Errata. 

In page 4, vol. 2, part a, line it, from the bottom, 
for A X f-D x read A X ~ +B«*+Dx ^ 

■r * 


**«* 
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ARTICLE IX. 


A Diophantime Problem. By Mr. Cunliffb, 

To find values for the fides of a triangle in rational numbers 
fuch, that the lengths of three right lines from the angles to 
the middle of theoppofite fides may be exprcffed by rational 
numbers. 


Solution. 


Let ACB {fig. t8, pi. B.) reprefent the triangle, CD, AE 
andBF Tight lines from the angles to the middle of the oppofue 
fides: put ADrrDB — x, AF=FC=y, and BE=EC = z. Then 
by a known property of triangles AC* + BC*— aAD*=2CD*, 
or^fAC 3 -} - BC*) — AD* = ay* +az*-x*= CD* = a fquare. 

In like manner 2** 4- 2z* — y* — BF* — a fquare; 

and 2x 3 -+- 2 y* — z* = AE a ~ a fquare. 

Put x -f y — n = z, then ax 3 2 y* — z* — ax* -+- ay* — 
(*-f - y — n)* = x*— 2 xy 4-y* 4- 211 (x 4 - y) — n* — a fquare; 
and ax 1 4 - az* — y* — 2 x* 4 - a (x •+■ y — «)* — y 1 = 4X 3 4- 
4 xy 4- y* — 4 It (x + y) -f an* = a fquare. 

AfTume x — y 4- s for the root of the firft, and ax 4-y — r 
for the root of the fecond of the preceding cxpreffions: then, 

** — axy 4-y*+ 2«(x-+-y) — n l = (x—y + s t *= x* — axy + 
y* 4 -a s (x — y) + s*;- and 4X 3 + 4xy 4 - y* — 4/1 (x -t -y) 4i 
2B 3 = (2 x 4 -y — r) 1 = 4x*4-4xy4-y 1 — ar fax 4 -y) 4- r*; 
from the former of thefe 

__ w 1 -f j* — ay (n 4 j) an* -t- — 4y (p 4- j) 

a in — s) ^ (n — s) * 

j r li r* — a« J + 2/ (a n — r) 

and from the latter x = r— — - ; 

4(r — n) 


_ an 3 4 - as* — 4y fn 4 - s) r*— e»* 4 - ay (an — r) 
eiore v ~ >■ ~ / > • 

4 l» — -0 4(r — «) 

ing the numerators and denominators equal to each other, 

4- ar 3 — 4^ (n 4- j) = r* — an* ay (2n — r), 

1 "hence y= And 4 (n - r) = 

4(r - n), 
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4 (r — n) ; whence s = |(r + J), by means of which 

6r * + 4 rs _ ti 1 -f- s * — gy(n-^-j) r 1 -f- 3 rs — g> a 

y ~~ 4( r + 4*)’ *“ T(«— j) 4( r +4') ’ 

j 1 — (42* + 3 r? + r * 

and z = Jf + y — n= y — 5 • 

4 (r + 4^ 

Now as only the fquares of x, y, and z are concerned in the 
problem, it is manifcft that either pofitive or negative values of 
ibefe quantities may be taken ; wherefore, rejefting the common 
denominator 4 (r *4- 4»), we may put x — r* 4- 3 rs — ar’, 
y = 6 i x -f* 4 r *> and 2 = r 1 -+- 3 rs 4- 4s*, and thefe being 
written in the remaining expreflion to be made a fquare, viz. 
ay 1 + 2 z a — a* it becomes r* 4- 6r 3 r+ 6irV4- t^rt’ + ioor*. 


Affume r* — roi 1 for its root, that is, put 

r 4 -j- 6r 5 r + 6irV + 1,56^* .+. 100s 4 = (r* — 5HI1 __ ior*)* 

5 

— r4 — ? 8r i + ( V)* X rV — aorV 4- lehrs' + too s*\ 
5 

which, after proper reduftion gives, r = — it!. 


Take » = 15, then r = — 14, x t=s — ^ 884, y =r 510 and 
z = 466 : and as thefe values are all even numbers, they will 
exprefs the ftdes of a plane triangle that will anfwer. 


Let us now examine the refult of a general method of pro- 
ceeding. Jn the preceding part of the folutioq we obtained the 
equation 

an* -f as* — 4y («- +-«) r*— aw* ~4~ ay (an—r) 

4 (n — s) 4 ( r _„j * 


from whence we have y = 2 ” ( r *) + n(^4-»* 

2 J n (4* — r) — ys J 

and by means of this 

— r 1-2 « 4 -4- ay ( a n— r-) _ n*(r + a») — n(r* 4. at*) — r.,(r-.» ) 

4 (r n) 2 | n (4s — r) — 3 r* J 

and zzzx+y- « ~~Jl\ ( 4 * — 0 + 6™, — rs (er + s) 

2 S»(4 ? — 0— 

And as only the fquares of x, y, and z are concerned in the 
problem, it is evident that either pofitive or negative values of 
thefe quantities may be taken ; therefore rejecting the common 

denominator 2 ! n (q» — r) — 3 rs| we may take 
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x = n* (r -f- 2j) — n (r* + 2i ’ ) — ri (r — i), 

= at*’ (r — r) — n (r* 4 - 2 4 - rs (r + gs), 
z — ri 1 (4s — r) — 6 rsn ■+- rs (ar -f j) ; 
and thefe values being written in the remaining expreflion ta» 
be made a fquare, viz. 2 y* -4- 2 z* — **, it becomes 

9 (ar — r) I -}- 2 n 3 (« 2 j , — 54 i 1 r-+-i 8 ir J — 3 r 5 ) + n*(r , —34r , j + 
i5or*i*4-68rj , -t-4i 4 )+2n(3r 4 J— 2i7- J i* — 6 r 7 s* + 6 rs*)+gr 7 s* 
(r -j- s) 1 = a fquare. 

The foregoing expreflion might manifeftly be made a fquare, 
generally, by well known methods, but the calculation would 
be tedious. 

It may be obferved, that in the preceding general expreffiong 
for x, y, and z, any two of the quantities n, r, and s, may be 
taken at pleafure, by which means the folution in particular 
cafes will be rendered much more Ample. 

Example. Take s =1 and r= — 1, then x ~n 7 — 3 n — a ,y— 
— 47*’ — 3 n — I* or, y — 4 7t’ + 37*4- t.andz = 57**4- 6 ti + 1 ; and! 
hence 2y* + 2z* — x 7 — 8i7i 4 -4-i747i’-t-i2i7i , 4-24/i = a fquare. 

AlTuine 971* -j- 33 H for the foot ; then 8 m 4 4 - 174 «’ 4- 12171* 
3 

•+- 24/1 = (9 n * 4- — 8 in 4 4 1747*’ 4 «’ (^ 2 )*, which 

3 3 

after proper reduftion gives n — ~~~> whence X— 

, = !&-. and * = - ii 6 : 

' 96t 9OI 

Rejefting the common denominator 961, we may take X — 
1318, y — 1366, and z — 416 : and as thefe are all even num- 
bers they will denote the fides of a triangle that will anfwer. 

Again, put m — 1 = n t then 8in 4 4 * 17471’ 4 * t2in* -J- 
2471 — 81771 4 — i^otn 3 4- 85771’ — 20771 +4= a fquare = 

^^4- 2)* = 8 1 77t 4 — 15077*’ 4- m x _j_ 26m 7 — 
3 9 


(9«* 


77 * 1 —= 


,= - 4 £ 


8 

23’ 


77* 4 - 4, from whence m — --- , n z 
3 *3 

, v = 8 - 231 , and . 

529 5 2 9 5 2 9 

Rejefting the common denominator 529, and doubling the 
numerators to make them even numbers, we fhall have 884, 466, 
and 510 for the (ides of a triangle that will anfwer, being the 
fame as were found in the firft part of the folution. 

Vol. II. Part II. • 
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From what has been done, it will be plain how other anfweri 
may be obtained, if any one thinks it worth the trouble of calcu- 
lation. 

It will be recollefied that there is another folution to the fore- 
' going queftion vol. i, part ii, art. x : but befides fome difference 
in the methods of folution, one of the fets of numbers here iound 
is confiderably fmaller than thofc found in the article alluded to. 


ARTICLE X. 

The Theory of Amicable Numbers. 


To the Editor of the Mathematical Repofitory. 

Sir, 

The Theory of Amicable Numbers is a fubjeft which 
has been al mo (l overlooked by the Mathematicians of this Coun- 
try ; and for any thing I know to the contrary, the mere Englifh 
reader might have remained ignorant, both ot the name and 
nature of this fpecies of numbers, had not Dr. Hutton briefly 
explained their properties in the firft vol. of hrs Mathematical 
Dictionary. The Article, here alluded to, is profelfedly taken from 
a Traft, by F. Van Schooten, entitled “ Ratio inveniendi nume- 
ros ainicabtles,” or the method of finding amicable numbers. It 
is certain that this writer borrowed his knowledge of the numbers 
in queftion from Des Cartes; for he has preferved a rule for find- 
ing them, invented by this great mathematician. As for his own 
enquiries they are confined to particular cafes, his intention be- 
ing to difeover a feries of amicable numbers increafing pro- 
greflively ; and this appears to be the reafon, why be gives the 
Cartefian rule unaccompanied by a demonflration. I flatter my- 
felf that the following effay will be found to contain a more 
comprehenfive view of the fubjeft, derived from confiderations 
of a more general nature : at the fame time I have not the vanity 
to pronounce it a complete Treatife. The piece compnfes 
feveral limits and general properties relating to Amicable Num- 
bers ; which may lead to a perfeft Theory in abler hands. 
Perhaps this may have been done by fome of the Foreign Mathe- 
maticians ; but Van Schooten is the only writer on the fubjefil 
who has come to the knowledge of 

Your’s, & c. 

MidJlrfhaw, near Kendal, John Gough. 

March 19, 1807. 

Article 
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Article I. Definition. When two numbers are foconfti- 
tuted, that each of them is equal to the fum of the divifors of 
the other, they are called Amicable Numbers, which name was 
probably invented by Van Schooten. 

Example. 284 and 220 are Amicable Numbers; for the 
fum of the divifors of 220 = 1 + 2 + 4 + 10+ it + 

20 -4- 22 -4- 44 -+- 55 •+- 1 10 = 284 : alfo the divifors of 284, 
taken colleftively, ~ i-f- 2-4-44-71 + 142 = 220. 

2. Let ax and ayz be two Amicable Numbers confiding of 
a common meafure, a, multiplied by the primes x, y , and z, to 
find the relations of thele primes. 

Put q = the fum of the divifors of a ; then 

ax — a 4 - q 4 - (a 4 - q) y 4 - (a 4 - q) z 4 - qyz (art. 1.) ; 
for the fame reafon ayz = a 4 - q + qx. 

Invert the latter equation, and add it to the former, and 
(a 4 * q) (1 4 - x) z=z [a 4 - q) ( 1 4 * y 4 - z 4 - yz) ; 

Hence (1 + x) = (t +y) (1 — ; and = (y + z) +yz . 

3. Suppofe adx, aryz, See. to repreTent a pair of Amicable 
Numbers, confiding of a common meafure a, combined with a 
greater number of primes than thofe of the form in art. 2, and 
by art. 1, we (hall have the two following equations, 

(a 4 - q) (1 4 d -f x) -4- qdx — aryz, and 

adx — (a 4-?) (1 -+- r 4 - y 4- z -f- ry -f rz -j- yz) -f- qryz : 

Hence ( 1 4 - t/) ( 1 + *) = ( 1 + r) (1 + y) ( 1 4- z). 

And the fame may be proved of any other number of primes. 

Hence it appears, that if a pair of Amicable Numbers be 
divided by their greated common meafure, and the prime 
divifors of thefe quotients be feverally increafed by unity, the 
products of the two fets thus augmented, will be equal. 

4. If ax, ayz be a pair of Amicable Numbers, we have 

a + q ■+■ qx — ayz (art. 1.). 

Hence, as a : q :: 1 4 x : yz — 1 :: (1 4 y)(i +z) : yz— lfart.a.). 

Again, if adx, aryz, &c. be a pair of Amicable Numbers, 
we have (a -4- q) (1 d + x ) -*-qdx —aryz (art. 3.). 

Hence, u«:y.:(i + i)( t-t-*) : ryz — ( » -4-^4-*) ::u + r) 
(i -by) ( * 4 - z) : ryz ( t + d -f xj ( art. 3.), which may alfo 
be proved of any other number of primes. 

v Hence, if a be given, q is given, but q mud be lefs than a ; 
and it two fets of primes, namely, d, x, and r, y, z can be found, 
which will make (1 + d) (1 4- x) — (1 -f-rj (i 4 -y) (1 -f z),&c. 

e 2 and 
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and alfo give the following proportion, as a : q : : ( 1 Ad )( * + x] 
: ryz — (i d + jc\ then will adx , aryz be Amicable Num- 
bers, which i$ a general pr roerty. But the fequel of this el Tay 
will be confined to the Cartefian form, ax, ayz. 

5. Since qAqx~ayz — a, (art. 4.) = qy-$- qzA qyz (art. 3.), 

, a A- a A Qy , a A- ay 

We have z — —■ — --- — and z •+- 1 — 


ay — qy 


ay- 


a -t- az 


qz — q ' 


for the fame reafon y — — and y-f- 1 = — 
az — qz q az 

e . . . , . , a A- q 4 - ay A-qy + ay x 

but x = y A- z + yz (an. 2) — — = 

ay— qy — q 

- ~ ^ aZ — ; hence if a, and either of the 

az — qz — q 

primes y or z be given, the other with x may be found, i( 
the data will allow them to be prin.es; alfo, we have 


* 4 - 1 = 


M, 




+ y'V (» + *) (* 


qy—q 


az 


— qz — q 


6. Since (i + *)=(i 4 -^J(i -fz)(art. 3.;alfo(t4-y)= 

a + ay 


a A- az 


and (i+z)- 


a y—qy—q 

cation and fubllitution (1 4- x) cr 


az -qz-q 
(art. 5.), we have by multipJi. 
* -+- a'x 


(az -qz—q) (ay - qy - q)’ 
therefore (az — qz — q) {qy — qy — q) = a 1 ; consequently 
(az — qz — q) and (ay — qy — q) are feverally divifor* of a 1 . 

7. Let ybe a divifor of a 1 and put ay — qy — q — J\ then 


_ /+ 

y — 


a—q 


- ; but az-qz - q — 


ay -qy-q 


(ait. 6.) = —j- ; and 


z = 


hence y + 1 — and z + 1 — 


/ 

a 1 


if. 


"f -/? ' 


<** +fq . 

4-Jq ' " ’ a ~q 

Hence, as y + t : 2 -+- 1 a. 

8 . Befides the relations which have been Ihewn to obtain 
among!! the fafitors ot Amicable Numbers, other conditions and 
limits remain to he pointed out. In the firft place then, no two 
of the primes x, y, and z can be equal, or in other words, x, j , 
and z mud be three different numbers. For if they be not, y 
mull be equal to r or x : firft, put yzzzz, then * — y 4 - z 4 - zy, 
that is, x = gy -f- y 2 , or a prime z to 3 compofitc number, 
which is abfurd. Again, put y — x, then x + 1 = (y -+• 1) 
(z -«- 1) = t* ■+■ 1) (x •+■ »); hence (t+ 1) = t, and z = o, 
which is alfo abfurd ; therefore x,y, and z arc different primes. 

9 * 
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9, No one one of the three primes x, y, z can be equal to 2, 
If the contrary be maintained, the abfurdity ol the fuppofition 

inay be proved thus : let y be lefs than z or z ; then if 2 be one 

*>f the three primes, y — 2 ; but ^ ay ^ y— q — * +■ 1 ( art< 5’) 

~ — an even number ; that is, — -- — = an even number ; 

therefore a nr an even number ; confequently a may be re- 
prefented by a p, ip, &c. 2 pq, 4 pq, & c. where p, q, &c. are 
prime* ; put a — up ; then the Amicable Numbers are 2 p >c af, 
and 2 p x 2z — 4 p X z, and we have (by art. 2.) 1+*; 
(1 + 2) Cl 4- z) = 3 -t- 32 : but by colle&ing the divifors of 
each number, as in art. 1, we get 1 4. 2 4. p + 2p 4- x + 2z 4. 

p* = 3 + ZP + 3* + P x — \P Z » and 1 + 2 + 4 + *P + \P + 

t + 2Z 4- 4* 4 - P* 4- = 7 4 - 7 P + 7 l + SP* = *P * ; hence, 

by adding the equations, we get 7 4. qp 4. 72 + qpz — 3 + 3^4. 
3* + 3/tx, that is, (7 + 7/> (1 4- z) ~ (3 -h 3 />) (14- x): but 
we have Ihewn that 142=3+3:; copfequently (7 + 7 p) 
(1 4- 2) = (9 + gp) (t + 2 \ an abfurdity; therefore 2 canDot 
be fubftituted for x,y, or z. 

10. a is not a prime. For if a be a prime, q — 1, and f % 

in art. 7, = a or 1 : if f a, we have 7+1:24-1 ::a;a 

by that art.; that is y — z, which is impoflible (art. 8.) : again, 

let f — 1, and y — - ; that is y — 2 or 1, but 7 can- 

U q 

not be = 2 (art. 9.), and 1 is not a number; hence a is not 
a prime. 

H. In the next place it is necelTary to find the limits of the 
value of q relative to a, which may be done thus : it is evident 
from the proportion in art. 4, that q is lefs than a ; but to find 
a part of a which is lefs than q, proceed as follows. We have 


an affirmative number z 4- 1 = a ( art> 4 ) 

ay — qy — q ' ’ >' 


but 


z is odd (art. 9 ) ; confequently z 4 - 1 may be exprefTed by 2 n 

an even number ; hence y — — a — : but » i s a whole 

2na — a — 2nq 

number; therefore a nq 4- a is greater than 2 nn — (a + any' • to 
each add 2 nq — a, and 2 nq is greater than na — q ; therefore 


en 


—will be greater than — ; but — — 
1 b q n — 

a 


cannot exceed 


confequently q is greater than 


12 ' 
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12. If a, be a power of a prime r, namely a = r ”, then 
7—^— — j. For t/ = t + r + r* + . ...r”~ *. Hence, if 
r = 2, q = «— t, and, it r = 3, f = -§•{* — 1). 

13. Let a = r n t r being a prime; and 7 = * (art. 12), 

which is greater than — (art. it.); therefore 4a — 4 is greater 
4 

than ra — a: hence (5 — r) a is greater than 4 : therefore a is 
greater than — - — : but a is affirmative ; confequently the 
prime r = 2 or 3. Put r = 3, and q=.\(a— 2) (art. 11) : 
hence a ? = ; confequently 2 + 1 = ~ 

but 2 is an odd number greater than 3 ; therefore 2 — 1 


— ...1? (2 4 - V }_ __ an eyen num ber = 2 m, and 

ay ■+■ y + 1 — a 

v = - ,na <la ~ il±^L, in which expreffion the denomi, 

J ma 4 - I + m 


nator is greater than half the numerator, that is, y is a fraftion 
lefs than 2, which is abfurd ; confequently a is a power of 2, 
univerfally in the Amicable Numbers of Des Cartes. 


14. Since a = 2", in which expreffion n is greater than 1 
(by art. 10, 13. J; andj(, in art. 7, is lefs than a, and a divifor 
of a*, it lollows, thaty isalfo a divifor of a; confequently we 
may write /’/for a, and pf — 1 for 7; hence y = f + 7 —f + 
pf — 1 (art. 7.), and y + 1 z=f + pf-. but as y + 1 : 2+1 
: :/ : pf ; therefore 2 -t- 1 =pf(p + 1), and x + 1 = (y + 1) 
(2 4- 1) = pf 1 (p+ 1 )* : now if the three values of y 1, 2 + 1, 
and x + 1, feverally diminiffied by unity, happen to be primes, 
the expreffions pfx — ax, and pfyz = ayz will conflitute a pair 
of Amicable Numbers. 


j 5 . Put p~ 2, then 7 = 3/— 1, 2 =6/— 1, x = i%f* — 1, 
which is the fubltance of the rule given by Des Cartes, (vid. 
Francifci a Schooten Math. Excercitationes, Leyden, pa. 423, or 
Hutton's Dictionary, vol. t, pa. 105). 

But there are flrong reafons to believe that Amicable Num- 
bers of the form ax, and ayz exift, which cannot be deiefted by 
this rule, namely, when p — 2", n being greater than unity. In 
thefe cafes, however, x,y, and z will be high numbers, particularly 

the 
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the firft ; and few perfons would be willing to undertake the 
trouble of determining whether they are or are not primes : I 
fhall therefore conclude this effay with the following obfer- 
vation. 

16. If the primes x, y, and z be given making x 4- i ;r 
(y + i) (z + i), to find if they can conftitute a pair of 
Amicable Numbers. Divide z • t- t by y + 1, and call the 
quotient p ; then, if p be not a or a power of a, the thing is 
impoffible : but if p be fome power of 2, divide.? + 1 by p + t, 
and put the quotient = /; then, if f be not 2 or a power 
thereof, the thing is impoffible : but if J — 2", the common 
multiplier a = pf. 


ARTICLE XI. 

A New Solution of a Problem in Infurance of Money on Lives : 
in which it is demonjlrated, that the tables for that purpofe 
now in ufe are defeient by about a 6 -jth. part of the whole. 

By Philaletiies Cantabiugiensis. 

1. The late increafe of the number of offices in London for 
granting annuities, and infuring fums of money, on lives, has 
occafioned my refuming a lubjeft which I had laid a fide for 
many years. 

Such offices, (when their number is not too great, and) when 
their tables are conftrufted on right principles, and their affairs 
are conduced with integrity, mult prove very beneficial to the 
public, at the fame time that the proprietors derive from them a 
reafonable profit ; but, when their calculations are erroneous, 
either the public mult be injured by paying too much, or the 
proprietors mult, in time, be ruined by receiving too little : 
and, in the latter cafe, many of the purchafers, or their widows 
or children, mult be deprived ot that benefit which they ex- 
pelled. 

On a perufal of the works of the latefl and moll celebrated 
writers on this branch of the mathematics, my furprife has been 
excited at finding that many of their calculations are grounded 
on an erroneous principle ; (viz. taking that to be annual chance 
which is momentary, and allowing as much difeount of money on 
the value of the chance in the firfl moment of the year as in the 
lajl moment of it : J in confequence of which the refults are 

deficient 
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deficient by about a 67th. part of the whole. This, I doubt not, 
will appear to every competent judge of thefe matters, who fhall 
perufe the folution of the following problem. I have only to 
add, by way of preface, that, although I have never had any 
perfontl acquaintance with the writers above alluded to, and 
am under no fort of obligation to them, yet I omit their names ; 
fuppo ng that the caufe of truth will be fufficiently ferved in 
this inftance by the calculations and obfervations which here 
follow. 


Problem. 

t. A perfon of a given age, and in good health, is defirons 
of infuring to his executor a lum ot money denoted by S, to be 
paid at his death, whenever that may happen : it is required to 
find P, the prefent value of that fum, according to any table of 
the probable duration of human life, and at any given rate of 
interell. 


Solution. 

? |. This is evidently a momentary chance ; and although no 
es of the probable duration of human life, that I know of, 
have been publifhed for fhorter periods than years, yet a folution 
accurate enough for common ufe may be obtained from them. 
It will be fufficient alfo, in moft cafes, to confider the decrements 
of life as uniform for the /pace of a year , at all age;, above 7 
years. Laflly, all the accuracy requifite in thefe matters may be 
obtained without the ufe of fluxions, by dividing the year into 
feconds, and ufing common algebra. 

4. Thefe things being premtfed, let the number of perfons 
living at the given age be denoted by a, and the number living 
at the ages which exceed the given one by 1, a, 3, 4, and 5 
years, by b, c , d, e, and f refpeflively. Let q denote the 
interell of £ 1 for one year, and R (= 1 + q) the amount of 
£t ma year. Let m denote the number of feconds in a year, 

and r the amount of £ 1 in one fecond, i. e. let t*" z=z R~ 

1 + q. 

Now, fince the decrements of life are {bppofed to be uniform 
during the year, and lincc the number of perfons of the given 
age that die in the whole of the lirfl year is a — b, the number 

that will die in the «th part of that year will be - ■ ^ ; and the 

.chance which the perfon has to die in that part of the year, 
whether it be taken at the beginning, at the middle, or at the end 

of 
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— b* 


The number of thefe 


am 


of it, will be exprefled by 

equal chances in the whole year is evidently = m ; and the 
prefent value of the fum 5 , to be received on all thefe chances, 

a “ b S, 8 c c. 


is the fum of the feries -S + * J -S 


arnr 


amr‘ 


amr 3 


continued to rn terms, = - — - 5 x (- + "V + — 7 & c * to ~ / 

am \r r* r 3 T m J 

— - -S x ( — - — — ; which expreflion, 

am \r — 1 r m X ( r — 1 )/ 

by writing R for its equal, r m , and reducing the fraftions to a 

, , a-b _ R — 1 a-b 0 R — 1 

common denominator, becomes 5 X — = — -S X — ; 

am R(r-t) uR m K r-i J 

5. Again, (ince the number of perfons that die in the fecond 
year is b — c, the chance of one perfon’s dying during that 

whole year is - — — , and of his dying in any wth part of it 


will be denoted by 


b — c 
am 


; and the prefent value of receiving 


b — C b — c 

the fum S on m fuch chances will be = amRr $ amRr*^ 


b — c 


amRr 
ceding art.) is = 


y S, &c. to m terms, the fum of which (by the pre- 


amR 


Sx 


ii(r — 1) aR 


•SX 


In 


* This may be illustrated, for the satisfaction of those who are not well 
acquainted with the doctrine of chances, as follows: According to Dr. 
Halley’s observations, out of 427 persons living at the age of 42 years, 
10 die in the space of 1 year. Therefore, by the hypothesis, 1 will die in 
the 10 part of a year; and the chance which a person of the aforesaid age 
lias to live the first 10th part of a year is expressed by the fraction 
certainty being denoted by 1 ; and the chance which he has to die in the 
first 10th part of the year is expressed by the fraction T $ 7 . Again, since 
his chance for living to the end of the first 10th part of the year is ex- 
pressed by J5® ; anilout of 426 persons living at that age 1 will die in the 
next 10th part of the year, the chance which lie lias to live to the beginning 
of the second 10th part of a year and to die before the end of it, is express- 
ed by x = rb- And, by a similar argumentation, it will appear 
that the chance of the persons dying in any one 10th part of the year will 
be expressed by the fraction j( T . And, in like maimer, the chance 
which the same person has to die 


in 10000th. J 
Ac. 

Vol. II. Part II. 
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In like manner, the present value of all the chances of re. 
ceiving the fum S, during the third, fourth, and fifth years. 


will be found to be - n f s x 
aR * 

. e —f „ R — 1 

and — pf- S X — -, 

aR 5 m [r — i) 


R — l d — c — « 

m(r-iy aR * * — *)’ 

refpeftivcly. The law of con- 


tinuation to the end of the table of probable duration of human 
life is very evident. The terms of the ferie* which thus arifes 
are as follows : 


For the iff. year — -^—5 x ^ 1 

2d a R*~ S * 

3 d 1 ip- s * 

*' h 


m(r — 

-tf 

R — 

t 

m (r — 

- D* 

R — 

t 

m(r — 

-O’ 

R — 

1 


5 th S x „ j r &c. to tLe 

end of the table; i. e. till one of the fraftional faflors be- 
comes = o. 


ft , 

6. Now, fince the faflor — r - — (which, for the fake of 
m (r — i) 1 

brevity, I denote by F t ) is common to all the terms, as well 
as the faftor S, if we can find any eafy way of computing the 
fum of the finite series 



£ d d ~ e | «—/ o, 

aR* + 7 R r + ~^rT’ &c * we 


(hall readily obtain the present value of all the chances which 
the executor has to receive the fum 5. But the fum of this 
feries is evidently equal to the difference of the fums of thefe 
two feries, 

* lz ' + + ^ + aR'’ &C * ^ till the nu- 

b 4 r Vmerator be* 

and — s ■+■ -4-= + — u- _£_ + JL... \ come* = O. 

aR ^ aR*^ aR* ^ aR* + aR^ u ) 

The firil of thefe feries is manifeftly 

X x + A + Hr + &c.) = i * 

Ci 4- A) 
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t> 4 - A), the letter A being put for the value of an annuity 
of on the life of the perfon propofed in the queilion. Ana 
fince the fecond feries is obvioufly = A } we have their diffe- 

^nce = *— — A, and thence P, the value fought, = FS 


& 


- (R—i)A 




i—jA 


7 - Here it is worthy of remark, that the theorem now in 
general ufe is P — S x ^ A). Whatever ratio there- 

fore, F lhall be found to bear to j , fuch will be the ratio of the 
true value of the infurance to that which is given by the rule 
now in ufe. 

8. But the value of F (= — — — : — —J is eafily obtained 

t 1 


thus : fince r = R — i + $, we have r — R m — » — j 


m 


m . 2 m 




m 


2 m 


m . 2 m 


3 m 


■r + 


m 


2 m 


i . 2 m 
l — m 


X — — j 4 , &c. and m [r — i) — q -f 

3 m 4 m 2 m 


1 — m 


1—2 m 


? 3 -f 


l — m i — 2 m i 

X — X — 


3 m 


2m ' 3 « ' ’ 2m n ^ ^ 4 » 

&c. which exprefhon, as m is greater than 31000000, is fo 
nearly = 7 — 4-'?* -+- 77' — that the difference, in 

this cafe, is inconfiderable. And this feries is known to be zi the 
hyperbolic logarithm * of 1 -f- 7, or R, which logarithm may 

be denoted by L. We therefore now have F = ^ ~ ~ *, by 

which expreffion, and a table of hyperbolic logarithms, its 
numerical value may quickly be obtained, when the value of R 
is given. Its value may eafily be found alfo by feries, as 

j 

follows : F =5 L - ■ — q (? — — 4f«, & c .) 

= 1 “f-Tf — iVf* +tV 7 3 « which feries, as q is a fmall 
quantity, is evidently greater than 1. It will indeed be nearly 
equal to, but always fomewhat greater than, y/ 1 y — y/ R, 

9. The general folution of the problem being now completed, 
an example or two, by way of lllullration, may be proper. 

Example 

* See the Scripiores Logarithmici, vol. i. pa. 2+4 anti 24i,^ 
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Example i . Let it be required to find the numerical value of 
F, when R — 1*03, which is he common rate of intereft 
allowed at the offices of infurance on lives. 

Here R — 1 = 0-03 ; and the hyp. log. of R = 0 029558 
=: L ; and (f? — 1) -7- L is = 1*0149.16, the value ot F 
required. 

The fame value of F may be found by the feries given for that 
purpofe in the preceding article, without the ufe of hyperbolic 
logarithms, thus : 

1 -f- \q = 1*0150000, 

-j- tV? 3 = o'ooooou. 

The fum = 1*0150011, 

— x^qq =-0*0000750, 

The difference = 1*0149261, the valueof Frequired. 

If we now divide 1 by 0*014926, the quotient will be 66*997, 
or 67 very nearly; which (hows that F exceeds 1 by fomewhat 
more than a 67th part of itfelf. The lofs to ihe offices, there- 
fore, by the erroneous rule now in ufe, is fomewhat more than 
upon every j£ 67 which they receive; it is indeed full 
£ 1 49 51. upon every £ 10000. 

If the rate of intereft allowed were greater than £ 3 percent. 
the error of the rule would alfo be greater than that which has 
been now computed. 

Example 2. Let it be required to find the prefent value of 
£ 1000 to be received at the death of a perfon now 50 years of 
age, and in good health, taking the probable duration of human 
life to be fuch as is ffiown by the Northampton table, and 
allowing 3 per cent, intereft of money. 

Here A — 12*436, = R — 1-03, and S = 1000; from 
which we have qA = 0*37308, 1 — qA — 0*62692, (1 -q. 4 ) 
-f- R = 0*60866, and S x (1 — qA) -±-R = -£608*66, the 
anfwer required, by the rule now in use. 

The value of the annuity here ufed, viz, 12*436, is taken 
from Dr. Price’s Obfervations on Reverjionary Payments, Edit. 
6th, vol. ii. p. 315, where the numbers are continued to no 
more than three places of decimals, in confequence of which 
the laft figure in the above calculation could not be depended up- 
on, if it were not found by a different computation by the fame 
erroneous rule. Now if we multiply the number 608*66 by 
1*014926, we ffiall have the true anfwer (vtz. FS x (1 — ?A) 
-r * F,) ==£617*744, which exceeds the erroneous anfwer 
by ^9*084, or =£g ji. 8</. 

Remarks. 
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Remarks. 

t. This error defer ves the attention of the direftprs of offices 
for infuring fums of money on lives. It is indeed faid, that the 
proprietors of an office, in which a table of rates, grounded on 
the Northampton table and computed by the atorefaid erroneous 
theorem, has been ufed for the Ipace of twenty years, have made 
confiderable gain by it. This may be true : and it may be 
accounted for by obferving, that the expectation of human life 
is, in general, fomewhat longer than is fhown bv the Northamp- 
ton table; and that the intereft of money, during that period, 
has been more than 3 per cent , which is th<- rate allowed to. 
thofe who make infurances at that office. But Jhll their gain 
is ntl fo great as they imagine. 

The prefent competition of offices of this kind, for the 
favour of the public, may poffibly induce fome of them to offer 
lower rates of infurance, grounded on a table which fhows the 
duration and gradual wafte of human life to be fuch as it gene- 
rally is in this Ifland ; and ffiould fuch tables be conftrufted by 
the theorem which has long been in ufe, that ts. on tlie erroneous 
principle which 1 have now pointed out, the confequence muft, 
an time, be ruinous to the proprietors, and to a multitude of 
widows and orphans, who muff be deprived of that fupport, in 
the hour of diftrefs, which was purrhafed for them by their 
hulbands and fathers. Thofe proprietors therefore, who pay a 
due attention to juftice, and to their own permanent intereft, 
will not lower tne prefent rates of infurance, without con- 
futing fome very able mathematician, who alfo has had much 
experience in calculations of his kind. 

j>. I muff not omit to mention, that the fame erroneous prin- 
ciple, which is above pointed out, has been ufed in conftrufcling 
the tables of rates for infurance of fums of money when more 
than one life is concerned ; in which cafe the effeff of it varies 
with the number of lives. 

3. I ought alfo to add, that I have neither private intereft to 
ferve, nor perfonal enmity to gratify, on this occafion. The 
Courfe of my ftudies led me to an acquaintance with the doBune 
of annuities and infurance on lives in my youth ; and the many 
applications which have been made to me, of late vears, by 
friends and acquaintance, for my opinion ot the valuation ol in- 
furances on lives, have induced me to examine the principles 
on which the table; that have long been ufed for that purpofe 
are conftrufted ; and the examination has led me to the difco- 
very of the error which is above demonftrated ; a difeovery 
which I take to be of no fmall importance to many individuals, 
if not to the public at large. 

PlIILALETHES C AN T ABR I G I E NS 1 S. 

ARTICLE 


Digitized by Google 



( 4* ) 


ARTICLE XII. 


An mvejligation of Theorems for fn ding the sums of certain 
Infinite Scries, &c. By Mr. James Cun um. 

It has been (hewn at art. 5, page 16, that 

— = (in. z+x fin. 2z-f-x* fin. 32-t-x* fin. 42-1-&C. 


1 — 2 cx + x’ 

where s and c denote the fine and cofine of the circular arc *, 
radius 1. 

t. Multiplying the preceding expreflion by x, and 
taking the fluents, f — S * j_- ^ = R =: * fin. z + 4 ** 

J 1 2CX v 


fin. 22 •+- ■§■** fin.3z Jx 4 fin. 42 -4- &c. where R de- 
notes the length of a circular arc, radius 1 and tangent 

0r Cne Sit-nx+ iry 

2. In the place of c in the laft expreflion write — e, and it be- 
- =:S=:xfin. 2 -^x*fin. 22 +TX , fin. 3 z-^fin .42 


comes 


fw, 


sx 


■ 2 cx-hx* 

+ &c. where S denotes the length of a circular arc, radius 1 


and tangent 


sx 


1 + ex’ 


or 


fine 


sx 


y[x -+- *cx + *’)’ 


3. Half the fum of the exprefiions 1 and 2 is 
*(R +S)=xfin.2+ ^x J fin.32-4-ix»fin. 52-+- fx’fin. 72-f Sic. 
where R and S are as before dated ; or R + S denotes the 


2 SX 

length of a circular arc, radius 1 and tangent or 

fine — 77 —• 

V > l4-2x*x(i-2c’) + x*j y J t-|-2x I x (»$-»)+*< I 

4. Again half the difference of the exprefiions 1 and 2 is 
(R — S) = t** fi°- z z -+- ^x 4 fin. 42 ■+■ }x 6 fin. 62 -+- &c. 
where R — S denotes the length of a circular arc, radius t 

and 
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. sir* 1 . Cml 

and tangent fTy 0r fiftc 

ajcx* ttcx* 

i-*-«ac* x(i-ae*) +* 4 £ V\ i+2-* l x(2^ , -i)+* 4 } ' 


Examples to the formula No. 3. 

Example 1 . Let i denote an arc of 45 0 : then fin. z — ; 

fin. 32 = v/5; fin. 52 = ^- v/t ; f‘ n * 7 Z — — V't &c * 
which being written in the formula No. 3, give -t(R + S) = v/t 
* (* + **•- i* s - f* 7 + **» + A* 1 *-**“- Vt*‘ * 
+ &c.)and dividing by */*, £fR + S)v' 7 *=* - l-T t * — t* 4 — t* 7 
4 " i** + tt* 1 * — 8cc. where R -4- S denotes the length of a 

circular arc, radius 1 and tangent or fine 

Now the feries x + |x J — *x s — \x 7 + &c. is manifeilly 

— f- - — 4. f- * — — ; therefore the fum of thefe two 

Ji + x* ^ J 1 +*’ 

fluents is equal to the length of a circular arc, radius 1 and 

xiA *v/ 2 

tangent — j, or line 


1 — a* /(.1 "*“ **) 

Take JC—l, and then -|(R-t-S) y'sn 1 -+- 7- *t" t + tt 


12 ^ 20 


28 


&c. 


jV — — <5 -c * 4 “ &c. 

1.3 5-7 9- 1 1 » 3-»5 

where R *+- S in the prefent cafe denotes the circular ate, radius 
1 and fine 1, or the quadrantal arc. 


Example 2. Let 2 denote an arc of 60 0 ; then 
fin. 2 =4/3; fin * 3 z =°i dn- 5 z = — t /35 fin. 72 = 4 V 3 5 
fin. 92 = o; fin. 112 = — I/3 ; fin. 132 = WS'i fin - * 5 Z 
s~ — Tt/31 &c. anc ^ thefe va ' ues being written in the formula 
No. 3, give i(R-HS)=: 4/3 X (x — {x> + f * 7 — tt * 11 

+ TT*” — it * 17 + &c.) and dividing by iv^, X 


(R + S) =*- ix» + |x'- T ‘ r *“ + -rr*’ s — t V*‘ 7 +&c. 
Now the feiies x — jx* -f" f* 7 — tt*“ + tt* ,s — tV*‘ 7 

4. & Ct — /I — : _ — . _ r ■ * ---g- ; therefore the difference of 

1/ 1 ■“ Ai «/ 1 " 1 


the 
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the fluents J ~ ' J_ * T ant jy- _ is equal to — ^ x (R + S) 
where R + S denotes the length of a circular arc, radius 1 ancf 


tangent 


•*V3 


or fine 


* V 3 . 


V/(1 +jc* + x“)' 


Take x — i ; then x (R + S) — t — t + 4 1 — n "l" tt — tt 


+ &c. = 4 


i-5 7 • ‘ 1 


+ 


*3>7 


- — 1- &c. and divi- 

19.23 


ding by 4, x (R+S) = — 1 — 

8 7 ’ W I V » -5 7- 11 *3 • l 7 *9 • a 3 

+ &c. in which circumftance R Hr S denotes the quadrantal 
arc of a circle radius 1 . 


Example 3. Let z denote an arc of 30° ; then 
fin. z=4; fin. 32 = » ; fin. 52 = 4 ; fin- 7 Z = — 4; 
fin. 92 = — 1 ; fin. 11*= — 4 &c. and thefe being written 
in the formula No. a. give 4 'R "f* S) = 4 X (•* -{- 
* x > + _ ± x i — 4*9 — j jX " &c.), or R + S 

— x -+- 4* 3 + — 4x r — 4*’ — T ’ T *' 1 + &c. where 

R -4- S denotes the length of a circular arc, radius t and tan* 
x* 


Now the feries xH- 4 ** + s x 4 — r * 1 — i * 9 — tt* 1 ‘+& c * 

is pretty evidently = + 

therefore the fum of thefe three fluents is equal to the length 

x 

of a circular arc, radius 1 and tangent 


Examples to the formula No. 4. 

Example 1. Let 2 denote an arc of 45 0 ; then fin. 22 = 1 ; 
fin. 42 — o ; fin. 6^ — — 1 ; fin. 8- — oj fin. 102 — 1 , 
fin. 122 =. o ; fin. 14: = — 1 &c. and thefe being written in 

the formula No. 4, give j(R — S) = 4 ** t* 6 + tV a ‘* 

y T x'* -4- &c. or R — S =^--jr 6 + 4 x ,D — yx'* + Sec. 

where R S denotes the length of a circular arc, radius 1 and 

tanirent x% and this is alfo known from more Ample principles. 

Example 
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Example 2. Let z denote an arc of 60*: then sin 2 z 2=: {/ 3; 
•in 4 z— — 4/3 ; sin 6z = o ; sin 82 = 4/3' s ' n *° z= — W3 l *>n 
122 = o & c. and these being written in the formula No. 4, give 

|{R- S) = 4/3 X (**»-**♦ + **•— T V° + &c.), 
and dividing by 4/* 3 g* ves x (R— S) = |x*— 4 * 4 +tJc* 

— T ' v x i0 + &c. where R — S denotes the length of a circular 

arc radiu* 1, and tangent == Now |x* — 

x* 4 + x** — T V° Sic. is pretty manifestly equal to/ - — 

f* X^X 1 • - 

— / therefore, —j- x into the dircular arc radius 1, 

— * 6 v^3 

and tangent is equal to the difference of the fluents 

y ' xx , C x'x 

? “l/r=T‘- 

Take* = 1, then -^X (R-S)=J-*+ T“r* 4 -rT-TT + &C. 

=: — — 4. — h See. and multiplying by 2, X (R-S) 

2.4^8.10 14.16 ' ' V 3 

— -L. . _ 1 - . - 1 - Sec. in which circumstance R — S denotes 
1 .2 T 4.5 T 7-8 

a circular arc radius », and tangent — ^ : or R — S in the pre- 
sent case is an arc oi 30°. 

Example 3. Let * denote an arc of 30°; then sin 22 = 4/3; 
sin 42 = i/3; sin 62 = o; sin 82 = — f/3; sin 102= — 
4/3; sin 122 = o, &c. and these being written in the formula 
No. 4, give 4(R — Sj = 4/3 x ( 4 *’ + $x* — 4** — ,'5**° 

+ &c.), and dividing by 4/3, X (R — S) = + 4*1 — 

— T V‘ 0 + &c. where R — S denotes the length of a cir- 

, i**/ 3 *’/3 

culararc, radius 1, and tangent 1 -5- =~ — -5. 

JL — *• 2* X — X 

C xx C x*£ 

Now 4 *’+i* 4 — ix »— *** 0 + &c=y_ 6 +JJ-—S 5 

/ XX f* x^x 

t " + j r + J - c , 

1 Vol. II. Part II. g is 
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is equal to — X circular arc radius i 3 and tangent 
Take x — i t then -±- x (R — 8) =: i + i i — tV + 


TT 


+ TT T7J TT + & C *=;— 


and multiplying by -^ r - 
d' d 

28 „ 1 


20. 


_ 6 

18 30 

42 

"2.4 8-to + 14.16 

-1- if. 

20.22 

* fR 

si — 4 

12 20 

a 1 rv 

a. 4 

8-io + 14.16 

_L + 

J_ 7 

O 

+ &c. where 

4 -5 

7.0 10 11 



R — S denotes a circular arc, radius 1, and tangent ^3, or 
an arc of @0". 


ARTICLE XIII. 

On the attraction of an infinite solid elliptic cylinder. By Mr. 
Thomas Knight, of Papcastle, near Qockcr mouth. 


To the Editor of the Mathematical Repository . 


Sir, 


I send the following Problem for your Repository, because jt 
contains a fluent, the finding of which is somewhat laborious, 
and as it will introduce some remarks I haye to make on a passage 
of the Mccanique Celeste of La Place. 


Lemma. Let M be the element of a solid body.yits distance 
from an attracted point, then, the force being inversely as the 
square of the distance, M -r f* is the attraction of that element 
on the point. By resolving this, we shall easily see that thc^t- 

traction of the point by M in the direction of any other line u is 


M 


J 


^ X (4) ; whence the attraction of the whole solid in the di- 


rection u is Jyr X (£■) = (if we put J~-y- — V) 




PROBLEM 
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PROBLEM. 

Let XX, (fig. 19, pi. C.) he an infinite solid elliptic cylin- 
der, p a point lying in the prolongation of the transverse diame- 
terol the generating ellipsis. It is required to find the attraction 
the solid exercises on the point ? 

Let rq be any line in the solid, parallel to its axis; r the point 
■where it meets a plane perpendicular to the axis, and passing 
through p ; rnr a line perpendicular to A p, or to the transverse 
axis ol the generating ellipsis, A being its centre. 

Put pA — u, rq — t, Am — x, mr — y, pq ■=. f ~ 

y' | (u — X; 1 +y*+/’ ^ . Suppose p to be attracted by an ele- 

/ M 

-j- — V — 

/ j / • r : whence the attraction of the 

JJJ V' j(u — *)» +/ + 

V 

solid in the direction u, on the particle — — (— ). by the lemma, 


=///- 


tyi {u — x) 


J(« - x/ + / + Pf 

Let the equation of the generating ellipsis be r* 1/ = P — x *. 
The fluent relative to t must be taken from / *= — 00 to / = 00 : 

_ y/fi 1 — X*) 

the fluent relative to y from y = ^ - to y = 

— -* ■ ) - ; and lastly that relative to x from x = — k to x 

7 

— k. We have then successively, 

The last fluent is the only one of any difficulty. Becauseyiv — 
vv — fvii, we have first /x x ang. tang. - j • — 

( Vfo- z') y 

~ X ) !~ x V T (tt x) J 


v'ffP 

XX ang. tang. x) 


T7EH lEZn 1 ’ 

V r (u — x) J 


the for- 


mer part of which vanishes when taken from x = — k to x — <. 
There remains then to find 


g * 


f* 
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/ vA — * J >\ • r j. rxi ^^' ~ x ‘l— 

r \ r(u — x) ) _r\ 

»/ I T ^ (^* — **|\* V | » (u — i) A* r 

1 \T (U - x) J L— (V (a — a ) 1 + — A*) v' (** — A')- 

In order to make this rational, put ■ J whence 

* =7 r +T- ^ )= ?T7' * = (7+IF ®r s ” b - 

stituling these values and making proper reductions, we find 

/ ✓(** - **) V 

/ \ t(k — *W r , z 4 — z* — as 1 4- a . 

>/* t ** )y ~ ^ *(*’ + i)(z l +£)(z 3 +/j 

+ Vt (v — a:)/ 

where * = - — /(— — «*). / = r + ✓(— a )• 

2 4 2 4 

u + i j , z(u+ i) 4^’ _ 

a = «rrT d =rtr=T)' b - 11 

b t 

is plain that — — a* is positive, as are also f and j. By re. 

solving the above fraction, we have 

/ V (**-;>• ) A « f (2+8o)i fc + !K*+a)i 

r \r(.u-x)J r J (7-T)(£— 1)(;*+ 1) + )(.•+*) 


whose fluent 

r t + 24 „a (* + »)C? + a) w a ,„ t ,_JL 

" + r^iTL^^ X ^ 

“ ) (/+ O C/~+ a > x Arc tan 2- 

' + (» -/) (g -j) vi x - vr 

tvhich taken from x ~ — i, to x = k, gives 

, t 2 + 2 * _ te + 0 te~+~ fl ) _i_ Uj± t ) ( /~ ha hl 

* d 5 (/-») (g— o + (*— iKf—sWs ( 1 —f)''S—f) 2 ’ 

ar being half the circumference when the radius is unity , To re- 
duce this to a simpler form, we have 

/=rn + + Ti^rp* - a 


_«±* , - _ 
— sra + »■(««-*/ 


T («—*) 


i ✓(«' 


, **(**->), 
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i _ (« 4 - £)* r _ 4 ^ ,, , (r* - 

fe - (u — k)" f 8 ~ r(u—A )* T* 

*•( 


k+ry/(u - -5 ) 


flfr* ~ 1), 
— 4 + t /(u*- 




V ^ _ T (« — i) * r 6_ ” T (U — i) 

and by substituting these values, we find at last, the attraction 
of the solid 

= - (X) =-&- ■> > 

' w r 1 — it t» V 

Scholium. In the investigation by Mr. La Place, of the 
figure of Satum’sRing, Mcc.Cel. Liv. 3, Chap. 6, it appears to 
me, that his conclusions are rendered invalid by an error which 
I shall point out. He has rightly shewn, that the partial differen- 
,ddV \ fddV \ 

tial equation ( - J + - J — o, and consequently* 

its integral V — 9 (tt + z ) •+■ 4 - (a — z y/ — i), 

which belong to an infinite cylinder, are also nearly true relative 
to the ring, if u and 2 are very small with respect to a, (see his 
work). But it by no means follows, that the form of the func- 
tion in the one case, has the least similitude, or its value any ap- 
proximation to that in the other. Yet f—r, — 

J <J\{u—xy+y'+t'\ 

belongs accurately to an infinite cylinder, notwithstanding the 
circuitous manner in which he arrives at it, and by which it 
would appear that he does not mean it to belong to such a cylin- 
der. 

Relatively to a ring, whose radius a is infinite, and whose di- 
mensions and likewise the distance u are small, with respect to 
a, he would have had the integral 

(a ■+■ x) da 


M 2d* ■+• 2dU -j- 2 d* — (2 a 1 + 2 au) cos 

from which to find the form of the function <p (a). 

Let rs, (fig. 20, pi. C,) be a circular line, the breadth 
evanescent, mn a touching line in the same plane ; surely a par- 
ticle at d, will not be equally attracted by each of these lines. 
If that be the case, remove it to e, and the circumference will 
not attract it all, which is plainly absurd, and yet the evident con- 
clusion from the author’s reasoning. 

ARTICLE 
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ARTICLE XIV. 


Two Indeterminate Problems. By Mr. Cunltjfc. 
PROBLEM I. 

To find two scalene triangles, such, that the lengths of the per- 
pendiculars from the angles upon the opposite sides, and seg- 
ments of the sides made by the said perpendiculars, may be ex- 
pressed by rational numbers ; and also, that the perimeters and 
areas of the two triangles may be equal, each to each respectively. 

Solution. 

Let ACB and A'C'B', (fig. at, 22, pi. C,) represent two tri- 
angles of the kind mentioned in the question. In Older that the 
perpendiculars and segments of the sides made by the perpendi- 
culars may be expressed bv rational numbers, put AC — reM-w*, 
BC = p 2 -+- ? \ AD = m 2 - n 2 , BD = f > 2 - q 2 ; then CD 
— 2 mn = 2 pq : also, put A C'— m ' 2 + n , B'C' z=.p ' 1 -1- <f\ 
A'D' = m* — ii 2 , BD'=/>' 2 — q' 2 , then C'D' := 2771'n — 

W- ... 

Now by the question, the perimeters and areas of the two tri- 
angles arc to be equal each to each, that is, the perimeter of the 
one triangle is to be equal to the perimeter of the other ; and the 
areas are in like manner to be equal. But the area of a triangle is 
known to be equal to the rectangle under the perimeter and half 
the radius of the inscribed circle, therefore the radii of the in- 
scribed circles of the two triangles, must be equal to each other. 
These things being noticed, we shall proceed with the notation 
of the triangle ACB, to obtain expressions for the perimeter, 
and the radius of the inscribed circle. 

The perimeter ot the triangle ACB, is a[m 2 + p 2 ), and its 
area -J-CD x AB = mn(m 2 — n l •+■ p 2 — q') = mn (m 2 — 
p 2 — m 2 n 2 -—p 2 )={mn~-p 2 )(p 2 m 2 — p 2 n m +p*-m‘n'), because^ 
= mn, or q — mn -f- p ; and dividing the area by half the perim- 
eter, gives (mn p 2 ) ( p l — n 2 ), for the radius of the inscribed 
circle. And for the same reason, 2(777' 2 -+- p 12 ), must express 
the perimeter of the triangle A C B', and (mn ~ p" 2 ) [p‘ l — *'*) 
the radius of its inscribed circle. Now the perimeters of the two 
triangles are to be equal to each other, and also the radii of their 
inscribed circles, that is, 

p 5 + m'— p M-m'Sand [mn-^-p 2 ) Ip 2 — n')—{mn'-^-p' 2 ) (p 12 — n’ s ). 

Take 
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Take m' = tn, then p z=zp, and the last of these equations, after 
being properly ordered, becomes n ( p 2 — n ') = ri (p’ 1 — ri 1 ); 
whence p 2 = (ri — ri 1 ) -4- (n — ri J = ri •+ nri ri ri 1 . Put 
p = an -f- b — 

then/; 1 = n l +nri+ri l =.(an—b — ri p~a 2 ri-ri-b 2 — 2anri-^-/>+ri c , 
which gives ri — n (a 2 — b 2 ) — (2 ab+b 2 ): take n = 2 abrib 2 . . 
then ri — a 2 — b 1 , p = p — an -f- b — ri — a 1 -ri ab + b 2 , q 
= mn —~p — m (2 ab 4- b 2 ) -4— (a 1 -+• ab -t- b 2 ), q — vi ri — 

/»' = (a 1 — b 2 ) -f- (a 1 + a^ + i 1 ) : 

and therefore AC = m 1 + n 1 ■=. m l + (2 ab ■+• b 2 ) 2 , 

BC —p 2 4- q 1 = (a* + ab+b 1 ) 2 + m l (nab + b 2 ) 2 ~ (a 2 +ab+b l ), 
AB = m 1 — ri + p 1 — q' — rri — (2 ab + b 1 ) + (a 1 + ab+b 2 ) 2 

— m x (2 ab 4- b 1 ) 1 ~ ( a 2 + ab ri b ’)', CD ~ 2 mn = 2 m (aab 
rib 1 ). 

Also in the triangle A C B", A C —m" 1 +-«' 5 = m'+(a 2 — b *)*, 

B C — p 2 + q 1 = (a 5 4. ab + b 2 ) 2 •+• m 1 (a 2 — b 1 ) 2 -4- 
(a 2 ri ah ri b 2 ) 2 , 

A'B' — tri 1 — ri 1 4. p' 2 — q' 1 — m* — (a* — b 2 ) 2 ri ( a ’ 4. 

abrib 2 ) 1 —m 2 (a 2 —b 1 ) 2 ri (a 1 -ri ab rib 2 ) 1 -, CD' = 

zm! ri — 2 m (a 1 — b 1 ), wherea, b, and m may be taken at plea- 
sure. But in order to have whole numbers for the sides of the 
triangle, it is evident that m must be some multiple of a 2 4 - ab 

ri b'. 

Example. Take a — 2, and b — 1, then n — 2 ab -ri b 2 
ri — a 2 — b 1 = 3, p = p' = ri ri- ab -ri b 1 — 7, q — mn — 
p = 5m 4- 7, and q' ■= m ri -ri p' = $m ri 7. In order to 
have whole numbers for the sides, in the present circumstance, 
it is necessary to take m some multiple of 7 ; take m — 1 4, then 
q = $mri 7 = 10, and q' =%>n ri 7 — 6; whence AC = m 2 
-ri ri= 196 ri 2,5 = 221, BC = p 2 q 1 = 49 100 — 

149, AB — m 1 — ri ri p 2 — q 1 — 120, and CD = 2 mn 

— 140. Also A C' m 2 + ri * = 196 + 9 — 205, B'C = 

p‘\ + q' 2 = 49 + 36 = 85, A'B' — rri 1 — n 2 4- p 1 — q 1 — 
q.00, and CD— 2 m n — 84. 

PROBLEM II. 

To determine a polygon of any assigned number of sides, that 
may be inscribed in a circle, and such, that the sides of all the tri- 
angles, into which the polygon can possibly be divided, may all of 
them be expressed by rational numbers; and also, that the areas 
of the said triangles may every one of them be expressed by ra- 
tional numbers. 

Solution 
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Solution. 

Let ABCDE, (fig. 23, pi. C.) be a figure of five sides 
that may be inscribed in a circle, and draw lines between every 
two angles thereof : Let BE, BD cut AC in the points M ani 

N respectively, and draw BF perpendicular to AC. 

Then by the well known property of the circle, 

ME = AM x MC -f- BM and ND = AN x NC - 4 - BN. 
The triangles MCB, MEA, are similar, as also the triangles 
NBA, NCA, 

therefore BM : AM :: BC : AE = AM x BC-4-BM 
and BN : NC : : AB : CD = NC x AB -4- BN : 

The triangles MAB, MEC; NCB, NDB are also similar, 

therefore BM : MC : : AB : CE == MC x AB -4- BM, 
and BN : AN : : BC : AD= AN x BC -4- BN. 
Again, by a known property of a trapezium inscribed in a cir- 
cle ED = (BE x AD - BD x AE) -4- AB. 

From whence it is evident enough, when duly considered, that 
if the lines BA, BM, BN, and BC, together with AF, MF, 
CF, and NF are denoted by rational numbers, then the sides of 
all the triangles into which the figure ABCDE can possibly be 
divided will be expressed by rational numbers. We shall now 
show that the areas of all the said triangles, will be expressed by 
rational numbers, when, besides the before mentioned condi- 
tions, the perpendicular BF is denoted by a rational number. 
The area of any triangle, inscribed in a circle, is equal to the 
continued product of the three sides thereof divided by twice 
the diameter of the circumscribing circle, as may be easily 
proved. 

Now BA x BC - 4 - BF = the diameter of the circle circum- 
scribing the figure ABCDE, and this expression for the diameter 
will be rational when BA, BC, and BF are so; consequently 
the area of each of the triangles, into which the figure ABCDE 
can be divided, being the continued product of three rational 
numbers divided by another rational number must be rational. 
We shall now proceed to apply what lias been deduced t a the 
obtaining of numerical values for the sides and diameter of the 
ciicutnscribing circle of a five-sided figure answering the con- 
ditions of the problem. 

- Put AB — m 2 ■+■ AF = m* — n 2 ; BM re m* + n\ 
MF re m 2 — n 2 ; BN n m " 1 -f n" 2 , NF — m* — n * ; BC = 
m * 2 ■+- «'*, and CF = m " s — then BF = vmn — 2 m'n' 
— 2 m n = 2to n , or !Br = rnn =. mn — m n — m 'n , 
which indicates that the number which denotes {BF is to be 

resolved 
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resolved into two factors four different ways. Admitting frae. 
tional factors, any number whatever may be resolved into two 
factors in an infinite variety of ways, from whence we may infer, 
that the question admits of an infinite variety of answers. Per- 
haps the following assumption will give the least whole numbers 
possible for the sides of the five sided figure, and the diameter of 
the circumscribing circle. 

Assume mn = 24 x 1 = 8 x 3=6 X 4 = 12 X 2; thenwe 
may evidently take 

m — 24, nzz 1 ; m — 8, n'=3 ; w''=6, n"r=4 ; m'"=ia,n''=* j 
whence AB = m* -+■ n* = 577, AF = m ' — n* = 575: 
BMr=m' , -f-^=73,MF=:m' 1 — BN =m"' + n"' =52, 
NFriOT^-n-^rrao, BC=rt" , 4 n'' 4 =i 48 ,CF = m'" , -n' tfI = i 40 , 

ME = — C = ^^.BE=BM + ME= , -^p. 


ND = AN b ^ t — = 595 * g ■■ 2 - ° , BD=BN+ ND=H^ 4 . 

AM x BC 76960 _ NC x AB _ 69240, 

AE - BM“ = -TT’ BN — 52 

_MC x AB 112513 Ar , . AN x BC _ 88060 

CE BM 73 ’ BN 5 2 


ED = 


BE x AD — BD x AE 
aB 


6404700 
73 * 5 2 ’ 


ameter of the circumscribing circle 


AB X BC 

BF 


and the di- 

577 * H 8 

“ 48 


3 *319. 

" 12 

Integer values of the various parts of the figure may be readily 
obtained from those already found, viz. by reducing the said 
parts to a common denominator, and rejecting it. If what has 
been done is properly understood, there can remain no other 
difficulty in extending the question to a figure of a greater number 
of sides, but the unavoidable trouble of the calculation. 
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ARTICLE XV. 


Two letters from Mr. Thomas Knight, of Papa file, on lie 

proportionality of the force to the velocity , and the composi- 
tion oj forces- 

LETTER I. 

Oh the proportionality of the force to the velocity . 

To the Editor of the Mathematical Repository. 

Sir, 

I wish you could give the following paper in your 
next number. 

PapcaHle, I am Sir, your most obedient Servant, 

fitly Hth, 1808. Thos. Knight, 

Is the proportionality of the force to the velocity, a necessary 
or contingent truth ? 

“ Si ce principe estde verite n^cessairc, nous avotierons que les 
preuves qu’on en a aporteis jusqu’ici ne nous paroissent pas bori 
d’atteinte.” D’Alembert. 

What is given for the composition of forces in most of our 
elementary books, is merely that of velocities, a matter which 
has no difficulty ; but nothing can from thence be concluded 
respecting forces, till it be shewn, either by demonstration or 
experiment, what relation the force has to the velocity. There 
appears no reason why the one should be simply as the other. 
Might not a double lorcc produce Four times or eight times the 
motion? Indeedit implies (at first view) no contradiction to 
suppose the one any function whatever of the other. This be- 
ing considered, many ingenious persons have investigated what 
shall be the force equivalent to two others, independently 
of any consideration of velocity. The two following proposi- 
tions must be regarded as perfectly distinct, and have been so 
often proved, that I shall take them for granted. 

1st. If there be impressed on a body a velocity AD (fig. Sj, 
pi. D) and another AB in a direction perpendicular to that of 
the former, the body will move in the diagonal AC, and with a 
velocity equal to that line. 

ad. The effect of two forces AD, AB whose directions form 

a right- 
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a right-angle, is equal to the effect of a force which acis in the 
direction of, and equals in quanti'y, the diagonal AC. * 

I now come to the object of this paper; M. La Place affirms 
(see Mic. cel. Totne t , page 15 to j 8: also Syst. du Monde, 
p. 139, iqo) that we cannot know the relation of the force to 
the velocity it generates, without having recourse to experience, 
and he shews by an ingenious analysis what may be the expcii- 
ments proper to determine that relation : from them it appears 
that the force is as the velocity. This according to him is one 
of those facts — ‘ That Mecanics borrows of experience',' and 
which reason alone could not have taught us;— r* considering our 
ignorance of the nature of moving force' I confess I am truly 
astonished that such should he his opinion; it seems to me on 
the contrary, that the proport onaiity of the force to the velo- 
city is easily proved, that it is a necessary truth , and discovered 
without any aid from experience, for let Ad, AS represent 
forces, whose directions form a right angle, giving separately 
the velocities AB, AD, or by the composition of velocities, 
giving the velocity AC in the direction AC. The resulting 
force (which by the composition of forces is the diagonal Ay) is 
that which shall have the same effect as the composing ones ; 
it must therefore give the velocity AC in the direction AC. 
Now if we suppose the force is not as the velocity, what is the 
consequence? That the ratio of AB to BC is different from 
that ot A 0 to / 3 y, consequently that Ay and AC differ in direc- 
tion : whence this notable conclusion, that the direction of 
the motion is different from that in which the action of the force 
is exercised; this being absurd, the proposition I proposed to de- 
monstrate is evident. 

I cannot see any error in the above proof, yet I offer it with 
diffidence for this reason, that so plain a matter, if true, could 
hardly have escaped the sagacity of such men as D’Alembert 
and La Placc.t 

LETTER II. 

On the composition of forces. 

To the Editor of the Mathematical Repository. 

Sir, 

I endeavoured, in a former letter, to shew that there was 
only one relation, mathematically possible, between force and 
velocity. The composition of forces had been investigated by 
many eminent men, and I had at that time nothing to add on the 
subject : a demonstration, however, lias since occured to me, 
which seems simpler than any hitherto given. 

• See Letter U. 

Note. I hare taken no bing tor granted t. shaper. Thar t Sac efftetef • 
force many direction will not be altered by a 10th. • a ling nt right angle* to that 
direction, I suppose no one will depute. T.hs is considered as an axiom by Tran, 
tear, whose work was eo rreetei by La Place. 

h a 
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In shewing what is the quantity of the resulting force, I follow 
M. La Place, Mec. cel., but find the direction, which is the 
more difficult matter, by a much easier way, and without the 
assistance of the Integral Calculus. 

Letxandybe two forces acting on a point, and forming a 
right-angle with each othei, z the resulting force, and 8 the an- 
gle formed by x and z. I shall suppose the first part demonstrat. 

ed as by La Place ; viz. that x = zp (8),y ;= a? — 8), ** 

•4-y* = z 1 .......... («), <p being some unknown function. 

X 

Because — is a function of 8, it follows conversely that 8 and 


• X X 

consequently cos 8 are functions of— , or cos 8 = (— );in 

Zt £ 

71 V 

like manner cos (— — ■ 8) — ^ ( -L). Let these functions be 
2 i 


supposed expanded as follows 

cos 8 = 'A— + "'A ~ b * , " 5 A ~ + &c. I » s P^ a ‘ n 
it* z J I there can be 

, it . v ... v 1 . w-* . w s . i no even 

cos(--^8)= A-4- A-, |- A b 8cc. J powers. 

By squaring each of these equations and adding them 


together, there arises cos’ 8 4- cos* ( — — 8) = 


i = 'A — ^ 4- 2’A "'A ’, - >4 4- 

t z* 


'x* -b y* 


4- a 'A 


ut .5 j 


4 a*A A , 

+ 2 A A. 


W-S.i "I 

^ UA 1 

/// 


4 a A 


• 9 A J 


X '<> 1 y>0 

— nr 1 - + &c (£). 


Now (a) gives l 


x‘ -b y ' 
z l 


, and this equation can be no other 


than (/3). For if it were possible that there could be two dif- 
ferent relations between x, y and z, we might, by elimination, 
get an equation between x and x, that is, z wquld be a function 
of x alone, which is absurd. By comparing then these two 
equations, we find 

"'...a , '"...5 7 

'A ,2 'A '"A =o,"A*4- 2 'A A=0,a"A A + a'A "A 

= o, *"-?A + a"A r ” 7 A + «A A = o, &c. 

and 
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fi'» .5 w%.,7 

and from these we get '"A = o, A = o, A=o,&c. 

therefore cos 0 = , which was the thing to be found. 

Scholium. As Mr. La Place’s works may not be in the 
hands of all your readers, I shall give his demonstration, of the 
first part of the composition of forces, alluded to in the above 
paper. 

Let us suppose at first the forces x and y infinitely small and 
equal to dx and dy ; let us suppose next, that x becoming suc- 
cessively dx, adx, 3 dx, &c. y becomes dy, idy, %dy, Sc. c. it is 
plain that the angle 6 will always be the same, and that there- 
suiting force z will become successively dz, zdz, %dz, 8 zc. thus 
in the successive increments of x, y and z, the ratio of x to z will 
be constant, and may be expressed by a function of 0, which we 
will denote by 9 ( 9 ) ; we shall have then x = z.f> (0), in which 
equation we may change x into y, provided that we also change 

9 into— — 0, v being the semi-circumference whose radius i* 

8 

unity. Now we may consider the force x as resulting from 
two forces xf and x \ the first acting in the direction of z, and the 
second perpendicular to that direction. The force x which re- 
mits from these two new forces, making the angle 0 with the 

force x' and the angle— —0 with the force x", we shall have 
/ — : xp (0) ; * ' = *P [—■ — 9 ) = ~ » wemay there. 

fore substitute these two forces in the place of x , We may in 
like manner put instead of y, two new forces/ and/, the first 

of which is equal to ^ and in the direction of z, and the 


other i s HI and perpendicular to z; we have thus in place of 
the two forces * andy, the four following 

** y* *L 

z ’ z ’ s’ z ' 

The two last acting in opposite directions destroy one another ; 
the others, acting in the same direction, added together will 
form the resulting force z; we shall have then x +y — z . 


Papcastle, 
October 23, 1808. 


I am Sir, Your Obedient Servant, 

Thos. Knight. 

ARTICLE 
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ARTICLE XVr. 

On the Composition oj rotatory Motions. By Mr. Knight. 

To the Editor of the Mathematical Repository. 

Sir, 

In this paper I have demonstra'ed in an easy manner 
the propositions that have been given by Frtu and I si Grange, 
concerning the composition of rotatory motions; to which I have 
added a still more general theorem. 

Let a body have forces impressed on it, that would separately 
give it a movement of rotation, about theaxisC v, (fig. l< 8. pi. D.) 
withtheangular velocity v; and about Cy with the angular velocity 
v't It is plain that a partipie in the line C , will not be aiTected 
in its motion about Car, by the other rotation about Cy. Tiie 
lame observation (mittatis mutandis) may be applied to a par. 
tide in the line C.v : but in any intermediate hne in the plane 
jCr, as Cw, the motion round the one axis will impede that 
round the other ; and if we cau find a line in which all the paru. 
clcs are at res', that will be the momentary axis of rotation com. 
posed of and equivalent to the two others. 

Pul C>» = r, angle *C/s = 9, angleyC* = 9\ 

A perpendicular from m on Cx will be rsin9, 

A perpendicular trom m oa Cy will be r sin 6’, and it is plain 
that m will be at rest if 

v : v z=z r sin 9 : r sin 9' ~ sin § : sin 9' (*), 

which determines the situation of the momentary axis. 

To find the velocity round this, Ictus suppose ymx to be a 
circle drawn through m, the Centre being C. Let ay be the velo- 
city of the point y; we have ay = vr sin xCy. Now the 

velocity about Cm at the distance r is plainly ay x r- — - = 

' 1 1 S f sin S 

consequently the velocity at distance unity, or the 

at/ sin xCy 

— d-~. — v X - f7 - 
r sin 9 sin 9 

The theorems in equations ( 2 ) and ( 1 ?) were first given by Prisi. 
If, besides the two rotations already mentioned, there had been 
j<ivcn, at the same time, another round a third axis C t, with an 

angular 
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angular velocity — v r ; it is plain that the axis of rotation, aris- 
ing from these three, would be in the plane zCm, as at Cm', 
suppose it to decline from Cm by the angle S', and from Cz by 
6 "; we find, as we did (a) and (£), 

„ sin aCv . , . 

sin 8 

, , , . sin jtCv sin zCm ... 

and angular velocity = v x ■ — : — — X —■ — « ). 

° ' sin 8 sin 9 ' * 

If, moreover, a rotation had been given round a fourth axis C u, 
with an angular velocity — if, we should have 

, sin *Cv . sin zCm . ,% 

sin 8 . sin 8 

8' "' and 8""' being angles that the momentary axis declines from 
Cm' and Cu ; and the angular velocity = 
sin arCy . sin zCm . sin uCm 
* sin 6' . sin 8" . sin b"" * 

and thus we may proceed to any number of axes. 

We will now consider ti:e case in which the angles xCy, zCm, 
uCm' Ike, are right, and i heir smes unity. We have sin 8 s— 
cos 6', sin b" — cos b'" &c. here (a) becomes v' : v — cos S' : 


sin b' — v/(i — sin 5 8') : sin 6'; whence sin b' — 


v'(»* + t/ 1 )* 


We get in like manner from (-A sin b'" ~ - •' — ■* — ^ , 

+ v J 

, , *. -ryfiit V'i 1 ’ 7 “I* V n h »"*> , 

and from (t) sin 6 = | 

on: and if the number of axes be n, and the velocities round 

those axes v, i>', v", v"" a , the angular velocity rounl 

the axis arising from the composition ol them all will be 

+ v '* + si" 1 + f ( v Of this very 

general theorem the case considered by La Grange of three axes 
perpendicular to each other, is a particular case ; in which ang» 

vel. = + v"*) and sin b' ~ /f x \ 7^, sin6'"— 

/(o + v ) 

l/{v* + v'') 

^ ( U -1 Y f v "iy or » the angle zmy being a right one, we 

easily find that Cm' makes angles with Cat, C y, Cz ; whose 
cosines are 

v v' v" 

y/\v l -^v h d u"'y /( i ; 1 + 7 1 77 r / v'fw* + + *"')• 

In 
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In the general case I treated of above, the angles my, um'm, 8c c. 
are any whatsoever, and if their magnitude be given, the situation 
of the composed axis is also given, by means of the values of 
sin 6', sin S'", sin 8" / ", & c. 

I am Sir, 

Papcastle, Your obedient Servant, 

Dec, 2o, 1808. Thos. Knight. 


ARTICLE XVII. 


Qn the Expansion of certain Functions . By Mr. Knight- 

To the Editor of the Mathematical Repository, 

Sir, 

It seems not a little extraordinary that the following 
demonstrations should have escaped the notice of mathematicians, 
at least as far as 1 know. 


To expand the exponential a*. 

Let a 1 = 1 + 'A* + "Ax* + * Ax * + & c. 

Its fluxion gives 

a * + ^ + , 4 w/ A*» 

L . a L , a L . a L. a +«• 

Whence 'A = L . a, "A = "'A = & c . 

1.2 1*2.3 

Let * c + ~ + e '«* = A + 'Ax + "Ax* 4- '"Ax* + &c. 
Then a c + *’*+«"** (c '+ 2C - x) = ^+ ^A x + 3 ~A x* + &£> 

Multiply the first by e f 4- 2 c"x, and there arises 

C c+e-x+c * (c'-p. 2 c x) = t'A-j-c* 'A X X -\-t? "A x **+&c- 

+ 2f''A + bc" 'A 

Whence by comparing the two last 

■ir, = «'*• et= ‘" A + a£ " A 'T3=' * A +“" 


But A = a c , consequently all the other coefficients are known. 

JL* 
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Lfet sin x == x + "Ax 5 4- Ax 5 + &c - tl>* fluxional 
coefficient of the second order gives 

sin x ~ — 2.3 "'Ax — 4.5 '""" 5 Ax' 4- &c* 

Whence "'A = — '" S A = — i— , &c. 

2.3 2. 3.4.5 

In like manner is cos x found from its second fluxion ; but 
both might have been found at once by means of their JiTSt 
jluxions only; in the manner following: 

Let sin (w -j- x) = sin w + 'Ax 4 " Ax 1 4- '"Ax' 4 - &c. 
and cos (w 4 - x) cos zo f- 'Bx 4 "Bx 1 4 - '"Bx 5 -4 &c. 
Then cos (w 4 x) = 'A 4 2 "Ax 43 "'Ax* -4 4 ""Ax 5 4 &c» 
and sin (at *4 x) = — 'B — 2 "Bx — 3 "'Bx 1 — 4""Bx 1 -48cc, 
From the two middle equations we find 
'A = cos w, 'B = a "A, "B = 3'" A, '"B = 4"" A, &c. 
from the extreme ones 

'B — — sin w, "B "'B — — — &c. 

2 3 


Whence all the coefficients are known. 

With equal ease are found the sine and cosine of a multino- 
mial; I shall here confine myself to a 4 - a'x 4 - a"x. Let then 
(*) sin (a ^-a'x-^-a"x , ) = A 4 'Ax 4- "Ax 2 + '"Ax' -4- &c. 
(£) cos (a 4 a'x 4 -a"x 1 ) = B + 'Bx + "Bx 1 -4 "'Bx* -4 &c. 
The fluxional coefficients of the first order are 
(7) cos (a- 4 u'x+a"x*)(a '4 2a"x)='A 4 2 "Ax 43 '"Ax*- 4 - See. 
(S)sin(a 4a'x4-a"x 2 )a' 4ea"x):x — 'B — 2"Bx — 3 "'Bx 2 — &c. 
(a) and (/ 3 ) multiplied by a' 4 2a"x produce 

( 1 ) sin (a + a'x + a'j :*) (a' + 2a ’x) = o' A 4" n> 'A ( * + a* ,# A 7 ** + & q . 

+ 2a’ 'A S + 2a" A $ 

(f) cos (a + a Ur -f- a 'Ur*) (a' + 2a "x) = a’ B +* a* 'B 

+ 2a’ B 


Compare ($) and (e) and there arises 


? * 4 "B ? a* 4 &e- 
J 4 2 a - B f 


a.' A— — 'B, 2l^-4a"A=— "B,- 


/ // 


3 

i'"B 


A 2a' 
4- 


3 

'"a 


— "'B&c. 


, From (y) and (f) we find 

a' B = 'A, — + a"B="A.^^ + =: "'A, &c. 

2 3 3 

But A = sin a, B = cos a, whence all the coefficients are 
known. Thus the sine and cosine of a multinomial are found 
at the same time, and by a simpler method than any I 


have seen. 

Vol. II. Part II. 


Ia 
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In a mannffnot very different, may the elliptick sine and co- 
sine be found at one operation, in terms of the elliptick arc ; 
from whence the sine and cosine of the circle are deduced as a 
particular case, which, though of no great use, I shall add here 
on account of its novelty. 

AM (fig. 29, pi. D.) is an ellipsis, AM a circle whose centre 
is that of the ellipsis, and its radius AC half the transverse dia- 
meter: let this = j, and the semi -conjugate = n, PM is 
perpendicular to AC. Put AM =jc, A'M = a': 

P'M is the elliptick sine of x' = m sine of x, by conics; 

CP is the elliptick cosine of x' z=z cos x. Let 

elliptick sin x'=ms inx = x' + 7 Ax'+&c 

elliptick cos*' = cos x — 1 + "Bx /2 + ""Bx'*+"'~ 6 Bx /> +~ 
whose fluxions are 


«cos*x = x (t-f-3 //, A.t'* + 5" ' 5 A* /4 + 7"' *' 7 A.t'* -j- &c. 

sin xi = — *'( *"Bx' + 4 //,/ Bx / * + 6" 6 B*' S -f &c. 
By the nature of the circle sin* x + cos’* — 1 ; and in all 

• i •_> _ « 1 . . . 

curves A.\I = AP - 1 - PM which is in the present case 
(x')* = sin* a*’ + m cos’x.v 1 . 

If we substitute in these two equations the above expansions, 
there arises 


1 ) 2"'A-» , 4 . "'A 

1 = 1 h-iC x +- — i x + -—r 

m >■ m 1 m 

+ 2B") + E'f fl 

+ sB" + r- 

r > m 



x 9 + &c. And 


A*+4c. 


i = 1 + *.3'"A'1*' , + 3.3 *+2.3.5 "A 5 A*j 

+ 2.2B'*/ +«-5 - S A C +2.7 7 A l 

4a.2. 4 B'B"> +4 . 4 B *| 

+ 2.2.6 B" B'- 6 J 

frbm which, by making separately equal to nothing the coeffici. 
ents of the powers of a in each, we get two sets of equations, 


whence are derived the coefficients ' A, 
and 

elliptick sin of at' = x — + 


’A, &c. B' ,B' &c. 


* 3 ' 


I27K 


\x» — &c. 
2 . 3 . 4 - 5 -w 

elliptick cos of *' = 1 “ &c ’ 

By making m = t, we get the common series for the sine and 
7 cosine 
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xosine of a circular arc : And, 1 y revering the series, the rec- 

tification of an elliptick arc is accompli: hed, which though it 
may not come out in a very useful form, is so far remarkable, 
that it has been (for the first time I believe) found without help 
from the integral calculus. 

ARTICLE XVIII. 


Two Utters from Mr. Knight, on the expansion of any Func- 
tion of a Multinomial. 

LETTER I. 

To the Editor of the Mathematical Repository. 

Sir, 

The following paper contains an investigation of the ex- 
pansion of any function of a multinomial, which has hitherto 
received no demonstration but that given by M. Arbogast , in 
his very learned work, ( Du calcul dcs derivations’. As the 
method I use is quite different from his, I think it may not be 
uninteresting to the learned part of your readers. 

Pap castle, I am Sir, your’s, &c. 

Nov. 5, 1808. Thos. Knight. 


It is well known to mathematicians that, if u be a function of 
a a", a'", &c. and expanded according to the powers and 

products of those quantities, the coefficient of a /n ‘a" m a"' m & c * 
will be 


/ m' - 4 - in" - 

V ~a ni a"‘ n " ~ 


a'"”‘ See. 


1.2.3 . . .m' X 1.2.3. ..to" X 1.2.3. . .m'" / &c. 
provided that in this expression wc make a', a", a'", &c. va. 
nish after the indicated fluxional operation. 1 shall apply this 
to the following form, f { A -f- c'a' c" a" •+- c'"a "* 4-), 
where a', a", a'", &c. represent*, x 1 , x\ &c. being more 
manageable for the present. 1 shall denote by "j, "f, &c. 
the successive fluxional coefficients of the function / 

The first thing to be observed is that the expression (a), when 
the quantities a', a", a"', &c. have been made to vanish, 
will become 


1 2 
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m" 4- m" -}- 

,ni jiii ’ ji/m ’ 


./(A) c m d" u t 


&LC. 




X 1 . 2 . 3 . ..w" x 1 . 2 . 3 . . ,m‘ 


77T 




(*3). 


Now let it be required to find the coefficient of any power («) of 
x in the expansion of the above function. 

Place in a horizontal line the successive powers of a' multi- 
plied by one of the other quantities, so that the sum of the 
strokes shall be«. In a se,cond line the powers of a' combined 
with two other quantities: and so on. Then proceed in the same 
manner with a &c. Observe to let those quantities stand in 
the same perpendicular line, the sum of whose exponents forms 
the same number. 

1 o illustrate this, let n be 6 ; by proceeding as above directed 
we form the following scheme; 


a 1 "" 1 

a a""' 

n' 1 a"" 

a' 1 a 

a* a" 

a' 6 



a' a" a'" 

a 2 a! n 




a f a'" 

a " 3 





a"' 1 





7W 

T'A) 

"/(A) 

’J(A) 

"7rd 

"'"/(A) 


It is plain that the sum of the coefficients of the quantities thus 
formed will be the coefficient of x 6 . It appears immediately 

from formula (£), that each perpendicular column has all its 
coefficients multiplied by the fluxional coefficient placed under- 
neath it ; and by the application of tlifc same formula to the above 
table, we find with the greatest facility that the coefficient of 
in the expansion oif (A 4 ex 4- c"x x 4- d"x 3 4-) is * 


'/(A)«"‘"' + "/(A) 

cV""+ '"/(A) 

clef * 1 

— +"'K A > 


4 c"c"" 

4 c'c''c'" 


c ,,,x 

+ c " 3 


+TT 

1 *-2.3 


c'3c"' 


+*tJl A) 


4- 


c c 


4 


c'V' 
1.2. 3.4 


+' 


.2 3 . 4 . 5 * 


And in the same manner may the coefficient of any other power 
of x be found without any knowledge of those that go be- 
fore it. 

LETTER II. 


To the Editor of the Mathematical Repository, 

Sir, 

I sent you lately a method of expanding any function of 
a multinomial, which however had the disadvantage of requiring 
the previous knowledge of apother expansion. In M. Arbogast't 

method 


Digitized by Google 


{ 6 9 ) 


method it was deduced from Taylor's Theorem, by a racier longj 
proce's. I have been since a good deal surprised at finding that, 
notwithstanding the discovery wasreseived for a mathematician 
of our times, it may be accomplished with as much ease as thi 
common Jluxional demonstration of the binomial theorem. 

Let J [a x) represent any function of a f- x. If the flux* 
ion be taken with respect to a and x, tire fluxional coefficient i$ 
plainly the same in both cases ; because that coefficient is inde- 
pendent of the magnitude of the fluxion of a fix, and remains 
the same whether this latter be a -f i, or a or *. This is ana- 
lytically expressed thus, 



Hence it is plain, that 

f(Ef2l) , =/(, * 

'J'his being premised, let 

J \ A bC A-+-c’ x‘+ c "x J f ) = B bI5.r-}-Bx 1 + . . . .*f-Bxn-f- . . (*)j 

t 2 » 

Tite first member may be considered as a function of a binomial, 
the first term being A, and second Fx -f- d'x* f-. Let B', B', 

l 

B', &c, represent the fluxional coefficients of B, B, B, 8c c. 


2 12 
with respect to A supposed variable, and we shall have 

+ 1 — B- + Bx + BV + B'x* + 

A 1 2 » 


which multiplied by c'x + ac'xx + qc"'X*x-\- . . . .nc ,,/ ' "x n -fr 
will, after the fluent is taken, give f (A -f c'x + c'V + ) ; ai 
appears from what was above premised. 

We shall have then, by comparison with [xj, 
fc'Wx — Bx, /( 2 c"B' + c B'J xi = Bx 1 , 

I ' 1 2 

(ac'^B* + 2 c' B' + c'B') x’x — Bx’, &c. and by actual* 
12 3 

ly taking the fluents, the coefficients are expressed by the fol- 
lowing recurring terms j 

B = cB' 

l 

2c"B' + c'B' 

B = - 

3 2 

3 c'"B' + 2C"B' + CB' 

B = 1 

9 S 
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4c " B f 3<-B' + ac'B' f c'B' 
B = I 1 2 

* 4 


nc* - n B' + (a— i] <'"■-<» -» B ' + ar'B' + rB' 

D 1 « — 2 w — I 


But B — y(A) and B' whence all the rest are 

A 

known. It is plain that the use of fluents might have been 
avoided by taking the fluxion of equation (a). 

Papcastle, lam Sir, Your Obedient Servant, 

Dectmb. 7, 1808. Thos. Knight 


ARTICLE XIX. 

Demonstration of a Theorem in. the Diophantine Analysis. By 

Mr. P. Barlow, of the Royal Military Academy , Woolwich. 

To the Editor of the Mathematical Repository. 

Sir, 

Should the enclosed paper appear to you to merit a place 
in your next number, its insertion will much oblige 

Your’s, &c. 

August i, 1808. P. Barlow, 

Theorem. 

Every integral number whatever, is either a square, or the 
sum of two, three , or four squares. 

The above curious property of numbers forms a part of the 
celebrated theorem ol Fermat, viz. “ Every number is a triangu. 
lar number, or the sum of two, or three triangular numbers; a 
square, or the sum of two, three, or four squares; a pentagonal, 
or the sum of two, three, four, or five pentagonal numbers ; 
and so on." 

This theorem was left by Fermat without a demonstration, 
nor has it ever been generally demonstrated ; although an at- 
tempt of that kind has lately been made in one of our monthly 
publications ; the following demonstration, therefore, for the 
case of squares, may not be unacceptable to some of your English 
readers. It is not given as original, the only merit that can be 
claimed is, that of having simplified and extended the demonstra- 
tion of Le Gendre, by the introduction of the two following 
propositions. 

PROP. 
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PROP. I. 


If A be any prime number, and all the consecutive squares 
i*, 2*, 3*, 4’, 8 cc , be divided by A f 

they will each leave a different positive remainder. 

For let r 1 and s* be any two of those squares, (each of which 
must necessarily be less than ^A, by the prop,) then if it be 
possible for them to leave the same remainder after being divid. 
cd by A, it is evident that A will be a divsior of the difference of 

r 1 — s 1 _ (r 4- s) ( r — t ) 
A 


those squares, and we shall have- 


an integral number; but this is impossible, for since r A, 
and s L. |A, the factors r + s, and r — s are each less than A, 
therefore as A is a prime number, and divides neither of the fac- 
tors, it cannot divide their product; and consequently, no two 
of the positive remainders can be equal to each other. 

Q. E. D. 

Cor. 1. In the same manner it is proved, that the negative 
remainders are all different from each other. 

Cor. 2. Hence also we may see in what cases the positive 
and negative remainders are equal to each other, for then, it is 
evident that A will be a divisor of the sum of those squares, and 

— — = p an integral number. Therefore 


we shall have 


when A is not a divisor of the sum of two squares, the positive 
and negative remainders are all different from each other, and in- 
clude all numbers from x to A — 1. 

Cor. 3. When A is not a divisor of the sum of two squares, 
that is when all the positive and negative remainders are different 
from each other, then some of each of those remainders, will be 
greater, and some less than \ A. For all the consecutive square* 
under A will be found amongst the positive remainders, soihe 
of which must necessarily be greater, and some less than JA, 
and since the positive and negative remainders, include all num- 
bers from t to A — 1 , the same, therefore, must evidently be 
true for the negative remainders. 


PROP. II. 


If A be any prime number, it is always possible to find four 
squares w % , x % , y*, z 1 ; such that their sum is divisible by A; 
that is the equation zo 1 + ar* +■ y 2 z 2 = 'AA is al- 
ways possible. 


When the given prime number A is a divisor of the sum of 
two squares, the proposition is evident ; it will therefore only be 

necessary 
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necessary to consider the Case in which A is not a divisor of tfitf 
gum of two squares, and* consequently, when all the remainders of 
the consecutive squares are different from each other. Cor. a. 
Prop. I. Now in this case, we shall find some of the positive 
remainders greater, and some less than 4 A : and the same of the 
negative remainders. Cor. 3. Prop. 1 . It is, therefore, always 
possible to find tWo squares, such that each being divided by A, 
the positive remainder of one, shall exceed the negative remainder 
of the other, by unity: and also two others, such that each being 
divided as before, the-negative' remainder of one, shall exceed 
the positive remainder of the other, by unity.; that is the equations 
tv 2 + x 1 i — mAi add y* + z 2 + 1 = nA are al- 
ways possible. 

If this be not ; evident at- first sight, it may be demonstrated 
thus; let p be the least negative remainder, then p 4 - 1 must 
be found eitheramongst the positive or negative remainders ; now 
if it be found amongst the positive, we have at once a positive 
remainder, which exceeds a negative one by unity ; and if it be 
not found amongst the positive, then p 1 is still a negative 
remainder, and p f 2 must be tound either amongst the positive 
or negative remainders, it it be amongst the positive, we shall 
have a positive remainder, which exceeds a negative one by uni- 
ty; but if not, then p + 2 is still negative and proceeding in 
the same manner with this last, we must necessarily, (as some 
of each of the remainders are greater, and some less than |A,) 
arrive at that negative remainder^ + q, such that p + q -f- t 
•hall be a positive remainder ; and consequently the equation 
01* + x* — 1 = m A is always possible; in the same man. 
ner we may demonstrate the possibility of the equation^* + 
** + 1 = nA. 



w* + x 2 + y 2 + z * = AA Q. £. D. 

PROP. III. 


The product of a sum of four squares, by a sum of four squares, 
is likewise the sum of four squares. 

This will be made evident by developing the following for- 
mulae, which will be found identical; viz. 

(w 2 A- x 2 + y 2 + z 2 ) X (tv ' 2 h x' % + y* + z 1 ) 

— (ww' + xx d yy + zz ') 2 d- (ax' — xa d- yz — z/)* 
+ (wy' — xz — yiv' + zX ) 2 + (uz‘ + xu' — yx — ztv )* 

0 . E. D. 
PROP. 
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PROP. IV. 

Ever)' prime number i* the sum of two, three, or jour square*. 

It has been proved in Prop. 2, that the equation zu* 4 -** 4 -y* 4 - 
2* z: A A is always possible, where it also appears, that the root* 
t)f each of those squares may be less than | A ; the same may be 
otherwise shewn thus : Since A is a divisor of the formula 

(a;* 4- x l + y % 4- 2*), it is also a divisor of the formula [to — 
«A)* 4- (x — gA )* + (V — 7A)* 4 - [t — JA)*, where the in. 
determinates a, p, y, and 5 may always be so assumed, that (w — - 
•A) 1 , (x — PA)*, &c. shall be less than ({A)*; therefore in 
the following demonstration, whenever it is proved that any 
number A is a divisor of the sum of four squares, it is taken for 
granted, that it is also a divisor of four squares, each of which 
has its root less than (4 A). This being premised, the demonstra- 
tion will be as follows : 

Since tw* + *’ + y* +2* = AA, and each of those roots 
arc less than 4 A, we have 'A A L. * A*, or A £ A. Now if 'A 
— 1, it is evident that A will be equal to the sum of the four 
squares w % +**+>* + z\ and the proposition is de- 
monstrated. 

Let then 'A > 1, and because 'A is a divisor of the formula 
(so* 4 - x* 4-y* 4- 2*), it is also a divisor of (at — « 'A)* 4 * 
(a? — /S'A)* 4 • (y — y 'A)* 4- (2 — 5 A)*, where each of 
these roots are less than 4'A. 

If now we make (a; — a 'A)* 4 - (x — /S'A)* 4 - (y — y 'A)* 
4- (2 — S 'A)* = 'A A, we shall have "A 'A L. ('A*, 
or 'A L. A. 

Now if by means of the formula at Prop. 3, we multiply the 
value of A A by that of A A, we shall find for a product a sum 
of four squares, of which each is divisible by A 1 , and having 
performed this division, we shall have "AA = (A — ato — 
(jX — yy—it)* 4 * (<*X — /Sat 4 " 7* — Sy)* 4 - (ay — 7*2 4 - S* — 
ftz)' 4- (at — lw 4- py — yx)*; or lor the sake of abridging 
this expression, 'AA = w* + x'* 4- y"* 4 - 2 *. If now 
"A = 1, A= w'* 4- x'* 4- y* 4- z"*, and the proposition is 
demonstrated: but if "A j, we must proceed in the same 
manner to obtain a new product ' A A , expressed by four squares, 
in which we shall have "A L, "A ; continuing thus the decreas- 
ing series of integral numbers A, A, "A, "A, &c we must 
necessarily arrive at a term m A, equal to unity, in which case 
the prime number A will be expressed by the sum of four 


squares Q. E. D. 

Vol. II. Pari II. k Thkokzm. 


Digitized by Google 



'•( 74 ■) 

* Theorem. 

* * . * * 

Every integral number whatever, is either a square, or the sum 
of two, three, or four squares. 

This is an immediate consequence of the last proposition 
and of the formulae at Prop. 3; for every number is either a 
prime, or produced by the multiplication ot prime lactors, and 
since every prime number is of the foim fn> z + a* i y * 4- 2’), 
and the product of two or more such formulae is still of the 
same form; it necessarily follows, that every integral number 
whatever may be represented by {w* + x‘ f y* -*• a’) ; where 
it remains to be observed, that no limitation in the, course of the 
demonstration has been made, that can prevent any one, or more 
of those squares from becoming zero; therefore every integral 
number whatever, is either a square, or the sum of two, three, 
or four squares Q. E. D. 

Cor. All that has been proved for integtal numbers, is equali 
fy true for fractional ones ; for every fraction may be reduced 
to an equivalent fraction having a square denominator; therefore 
every fraction is of the form ' 

tp* + x* + y* -4- z* w* x* y* x* 

, ... * ■ — — r + —3 ,+ — r + — r ; 

m 1 m m ' m m *1 

this curious property extends, therefore, to every rational num« 
ber whatever, 

t • • 

•*A - - ARTICLE XX, 

Two letters from Mr. Knight, containing a demonstration 

oj the Binomial Theorem. 

\ v • .. • . J 

LETTER I. 

- “ 1 ' . • . \ 

To the Editor of the Mathematical Repository. 

Sir, 

There is a very simple relation between the coefficient*, 
of two successive powers of a binomial: it furnishes the follow, 
ing demonstration of the binomial theorem in the case of whole 
positive powers; which, however, I do not pretend to be of 
much merit. 

(s + *)♦ = 1 - 4 - 4* +6x* +4*’ •+- x* .(a) 

(t + =»+ 5 X + »<>■**',+ iox* rt gx* -t- x* (. 8) , 4 

(«) multiplied by 5 gives 

5 
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&(t 4- x) 4 =,$-+- ton 4- gox* 4- sox' 4- 5* 4 .. ... (y)o 

If we put 5 = m, and represent (#) thus, 

(i4-5ri w =i + 'Ax '+'-Ax* 4- " Ax' 4- ""Ax* 4- ""'Ax' (if 
it is plain by comparing the coefficients of (£) and (y), that 
the latter will become ,p . i 

«f l 4x)”' _1 5=r*'A.-p a "Ax 4 3 "A** 4- 4 "" Ate • 4- &c. ...,(•)* 
But here let it be particularly observed, that m is not intende4 
to represent any number generally, but only the particular num- 
ber 5. Multiply (*) by 1 4- x and there arises 1 


ai(»4-*)" = 'A 4- a A>x + 3"A)x*+ 4"-'A£x* 4- m 
4- A | 4- 2 4- 3 "A 

which equation being compared with ($) gives 


r 


'A = m, ' A = 


m wi- 


ll 


■A - 


_ m [n — 1) (m — e) 


,&c. 


2 : > 2 • 3 

wherefore in the particular case in which m represents the num- 
ber 5, we have 

(l 4 *f = l 4- mx + - x* 4- &c. ..,,,,{9), 

It remains to be shewn, that if this equation be true of one value 
of m, it is so with respect to every other also. 

For this purpose multiply (9) by 1 4- x and there will arisi\ 
(1 4- x) m+ 1 = 1 4- (m + 1) x 4- 4- &c. 

’ * ' _ ' • - r 

which completes the demonstration. 


Pa pc as tie, 
Oct. 28, 1808. 


I am Sir, > 

Your obedient Servant, 
Thos. Knight. 


LETTER II. 


To the Editor of the Mathematical Repository. 

Sir, 

Having before sent you a demonstration of the binomial 
theorem, in the case of a whole positive exponent, it may not be 
amiss to shew briefly, that the form is exactly the same in that of 
a positive or negative fraction. I ought, however, to mention, 
that the following demonstration, though simpler, does not differ 
in principle from one given by Gamier, inhis edition oiClairaut't 
Algebra. 

I • Suppose 
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Suppoic that when m is a whole number 

(>+*) J*A+'Am+"Am*+ ; becauje ^ {* + *)" j* — (j +*)"" 

we shall have, if n is a whole positive number, and conse- 
quently mn, 

(A + ’Am + "A* , + )“= A + 'A mn + "Am‘»« + («\ 

Now this equation must plainly bo identical, independently of 

the values of n and n ; let then sc and it becomes 

(A + A-~ + "A-j£-+)"=A+'As + "As* + = (t+*>, 

because s is a whole positive number- 

^ £ 

We have then A 4- 'A— -+ 'A-^- + ~ (1 + x)~ ; whence 
it appears that by changing, in the expansion of (1 ■+■ *]*« 
m into we have that of (t + x)~». 

In equation («) change n into — n, and m into and it 

becomes 

(A— 'A ''A-— ■ — ) = A + ’As + "At* + = (i +x). 

Whence A — 'A — + ' A— = (1 + x) * : so that, by 

Changing m into — the same expansion is adapted to the 

Cate of a negative fraction. 

Therefore, in all cases, 

(t + x)" = x*f x* -f &c. 


Papcastle, 
t)*ceml. 7, 1808. 


Thomas Knight. 


ARTICLE 
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ARTICLE XXI. 

A Dynamical Principle. By Mr. Thomas Bazlx?. 


To the Editor of the Mathematical Repository. 

SlR. . * - 'v. • " 


The following dynamical principle suggested itself to me 
some time ago, in considering a particular problem. The prin- 
ciple itself is an immediate consequence of the third law of mo* 
tion ; and, notwithstanding its simplicity, it has remained hither* 
to unnoticed by any writer that I am acquainted with. : 1 have 
•hewn its application to a few knowr) examples, which I think 
will sufficiently evince the utility and generality of this principle. 
If it will not occupy too much room in your valuable work, I 
shall be obliged by its insertion. I am respectfully your’s, &c. 

Bolton, Oct. 24, 1808. Thomas Bazley. 


If the motion of a body P beany how opposed by the actions of 
several others connected with it, and the motive forces of these 
be reduced to the direction of P, and subtracted from its motive 
force, the remainder is the motive force with which P is urged 

in consequence of its connexion. - . / ■ _ 

... \ 

In what follows, I shall confine myself to the determination of 
the accelerative force ; because, when that is known, the circum- 
stances of motion may be determined by the resolution of known 
equations, (as fx = vv j t == x -f- v, &c.) and consequently the 
difficulties that occur are purely mathematical. 

Ex. 1. Let the bodies p and q be connected by a thread of a 
giVen length, and suppose q to be placed on a smooth horizontal 
plane ; and the thread passing perpendicularly over the edge of 
the plane, let p hang freely: query the force that accelerates/) ? 

If g — i 6 h feet, then will 2 g be the measure of the accelera- 
tive force of gravity : let** denote the space passed over by p or 
t the time of motion, and v the velocity acquired in that time. 
Then the motive force of p is 2 gp, and that of q arising from its 
inertia is ( v —■ t)q as is well known ; therefore, by the princi- 
ple above, the motive force whereby p is now urged, is 2 gp — > 
(v-~t)qz=z ( v t) p by the known principles, therefore 

-~~{p + q) — 2 gp, or — the accelerative force ; and 

/ / p + q 

therefore the circumstances of, motion are given by the laws of 

constant 
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constant forces. If instead of p we had taken some other moving 
force, destitute of inertia, which we shall denote by m ; we 

should have found m— (v ~ t) q — /) X ©, because the 

• • 

mass ofra iso, therefore *.<r=m,or~ the accelerative force- 

t t q 

Ex. 2. The other notation remaining, let q be placed on an 
inclined plane, s denoting the sine ol inclination ; then the mo- 
tive force of p being 2 gp, the motive force of q arising from in- 
ertia is (n — i) q, and that arising from its gravity is 2$ X s Xf, 
and both of these forces resist the motion of pi consequently by 
the principle _ • 

Mg (p — tq ) — *r q= Tp, and therefore ^ =.a gtf^) = 

the accelerative force. ; . 

If «=t,it becomes the case of twobodics connected byastnng 
passing over the edge of the plane when vertical, or tf you please, 

over a pully ; and then —r = p -+-q * 2 £* 

Ex. 3. Suppose p to be applied by a thread to a wheel, to 
elevate tf applied by a thread to the axle ; and let v denote the 
velocity of p, b the radius of the wheel, and a that of the axle. 
Then will 2gp be the motive force of p, and 2 gq — the motive 
force, of tf at a arising from gravity ; but b : a : : 2 gq : -7- * 

-motive force of q at b arising from gravity. Again 3 : a:: v :a v-^-b 
__ velocity of q , and consequently the motive force at a arising 

from its inertia is i>a -f- 'tb, and b : a : : ia -f- tb : va 1 - 4 - tf 
srr force of its inertia acting at b : Hence the force with which 
p descends in consequence of its connexion is 

[p— [a + b) q) — -7* b't) q = (l +-‘t) p ; therefore 

jL -*g{p — J-f ), or 4 - = a* {— — th£ 

» b * P + ^q 

accelerative force. ..... , 

If we consider p as applied at the distance b to communicate 

motion, in a horizontal plane, to q placed at the distance a from 
lbe |a me centre : then the gravity ot q would not affect the motion 

of p and we should have -y = agp -r* {p 4 - («’ --*>’) ?)i «»* 

jf we further suppose instead of p , some other power m void of 

v m mb' 

inertia, we have J ~ ^**-r f«*’ 


Hence 
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t - <+ ■ . ' m ~ *» 

, Hence appears the facility with which the properties of circu- 
lar motion are deducible from our principle. 

Ex. 4. The curious problem at page 131 of Simpson’s Mis- 
cellaneous Tracts (of which an elegant solution is given by Mr. 
Ivory, at page 22, part II. vol. I. of the Mathematical Repository, 
New Series ) is easily solved by this principle. 


PROBLEM. Fig. 26, PI. D. 

Suppose that a thread AC n C A, having two equal weights A, 
A suspended at the ends thereof, is hung over two tacks C, C, in 
the same horizontal line ; and that to the middle point of the 
thread (»), equally distant from the tacks, another given weight 
*B is fixed, which is permitted to descend by its own gravity, so 
as to cause the other two weights, at the same time, to ascend: it 
is proposed to find the law of the velocity by which the said 
weights ascend and descend ; abstracting from the resistance of 
the air, the weight of the thread, and the friction of the tacks. 

Let v denote the velocity of B (measured by the distance 
that might be uniformly gone over in one second ol time), and 
Jet b (=: 325 feet)i.— the measure of the velocity, which gravity 
tran generate in a falling body in one second; putting Ch. = a, 
JEn = x, C n z=z n : than we shall have the motive force of B r: 
pxB ~ force of B to elevate both the weights A, A. The giavity 
of A is bA, Which reduced to the direct-ton nE is bA (x-7-y '.'and 
Consequently, since both- weights act against -B, the loss of force 
from their gravity will be 2^A (x —y). Mr. S. shews that the 
^sfocity wherewith- A ascends is {v ~ y) — - fi*) whose 

fluxion is {(y * — a x ) yv +• d*vy) y x x, and' therefore the 
resistance of ■ A : in direction' ACh arising drom inertia is 
'(Xy % — a 1 ) yv -+ a*vy) X A «— y*xt; and this reduced to 

the direction nE is ( f y l — «*) yv -4- a'vy) X A i-f- y't; and 

/ 


for- both weights it is 


( y* — a x y yv h a x vy 

y'i 


2 A. 


Therefore by the principle 


b (B 


u 


or, since vt - i and v -~~t = vv -r- *. by reduction we have 

«• aAxx (v* — fl s ) yvo + a*v*y • . • . 

b*—b . ^ - »A X -■=*». whlch 

is the very equation deduced by Mr. S. from a process quite 
different. Hence substituting yy to ** &x* his conclusions 
will follow, 

Ex. 
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Ex. 5. The last application we shall make of 1 his principle 
shall be to the general problem at page 285, of Mr. Atwood's 
Treatise on Motion. 


PROBLEM. Fig. 27, PI. D. 


Let AFC, BGC, be two curves, the planes of which are ver- 
tical; and let aline, ACB, be stretched over a fixed pully, C, by 
two given weights A and B, of which B preponderates against A, 
and descends along the curve CGB ; it is required to assign the 
velocity of B, when it has descended through a given perpendi- 
cular altitude, and A has ascended through a given altitude iu 
the same ti.'.ie. 

Let BL be the perpendicular altitude through which B has 
descended, and let AH be the perpendicular altitude through 
which A has ascended in the same time, and let BL=y, AH = j. 
Suppose the weight Bto describe in its descent the evanescent arc 
£B, and during the same time let the other weight A rise through 
the arc a A. Through b and A draw bo and A / parallel to the 
horizon ; also, through b draw bn perpendicular to CB, and An 
perpendicular to Ca, and let CB— x. Bn = * = Am, Bo = y, 
B b — s, A a r, and al — We find, as Mr, Atwood has 
done, the motive force of A arising from gravity and reduced 
to the direction of B = Af-j-r; and the resistance from A’s inertia 
reduced to the same direction is vu *4- s , theref. by the principle 

U-bi -ig = 2 ?, where . = ,«l. ot A ,nd „ = «l. of B. 

3 3 3 S 


• • •• 

But s : r " v : u = [r-~ s)v, and (since vt — s and vt — s, &c. 

_•••••• •• •• a ••••••• 

therefore s : r :: v : u — (r -f- s)v j whence vu = (r r-f-s s) w, 

■ therefore By — Aq = Aita + Btm = (Ar r + Bs sjoo 4 -rs; 

• • • • 

consequently the accelerating force of B = -?= 

s Ar r -f Ba t 

which is the identical expression found by Mr. Atwood. 


. End of the Second Part of the Second Volume. 


ERRATUM. 

Part 2nd. page 53, line it from the bottom, for ''infinite** 
read “ finite".——— 


W.Gleudinning, Printer, Hatton Garden, London. 
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ARTICLE I. 


A Memoir on Elliptic Transcendentals. 

Containing eafy methods of comparing and valuing th'te T- a fern- 
dentals, which include elliptic au h i. and which fepucntly 
occur in the application of the Integra' Calculus *. 

(Read to the Ci-devant Academy of Sciences, in April, 1792.) 

By Adrien Marie i k G e n d r e , Member of the National 
Injhtute rf France , and F R. S. L. 

Many integrals may be detcrm’iied fo'ely by the aid of arches 
of a circle and logarithms, winch are the molt fimple tramcen- 
dentals; but to extend the application of the ivegial ca'culus, 
recourfe mull be bad to tunfn ndenta.s of a n» >te comp! x lorm. 
It is hyexamining with c*re 1 1 .«- :i.*:m<*and properties ofthefe, at 
lc ill fneb as are ot more fm.ucnl nfe, ihai rve can fimplify con- 
fideiably the refults ot the tneory, and render it more convenient 
in prah.ee. Next 


* Lacroix observes, in a note to his valuable Treatise on the Integral 
Calculus that this interesting VIr.nOtr, which makes no part of any acade- 
mical colli ction, was become . try rare, there having been but few copies of 
it orignallv printed. It is inserted here at the request of several eminent 
Mathematicians. 

Vol. II. Part III. « 
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Next to arches of a circle and logarithms, elliptic arches 
are one of the moft fimple tranfcendentals, and they might be 
made in fome meafure a new inftrument of calculus, ii their 
properties were once commonly known, and we poflefled eafy 
methods of eftimating them accurately. Upon this fubjeft, we 
have propofed fome new views, in the Memoirs of the Academy 
of Sciences of Paris, lor the year 1786. 

But if elliptic arches add greatly to the means of analyfis, 
more efpeciaily when it is confidered that hyperbolic arches 
maybe cafily deduced from them, they are, however, inadequate 
to fome inquiries which are in fome refpefts but little com- 
plicated, fuch as the fnrface of an oblique Cone, the motion oi 
rotation of a body which is not impelled by any accelerating 
force, &.c. Thefe and innumerable others depend upon the 



in which P is a rational funftion of x, 


and R a 


radical of the form y'fat + fix-\-yx* + Sc 3 -+- ex 4 ), a, fi, y, & c. 
being conftant. Now a careful examination of the nature ot 
this integral (hews, that it prefents three diftinfi fpecies of 
tranfcendentals. The firft and fecond may be exprefled by 
elliptic arches, the third is more complex, but it has fuch an 
analogy with the two others, that all three may be confidered as 
qonftituting but one and the fame order of tranfcendentals, 
the next to arches of a circle and logarithms. 

As the two firft fpecies are exprefliblc by arches of ellipfes, 
they might have been included in one, however we have thought 
proper to diftinguilh them, obferving that what we call the 
firft fpecies may be determined by the fecond, but not the 
fecond by the firft : hence it appears that the firft fpecies con- 
fidered analytically is more fimple in its nature than the other ; 
and therefore, that elliptic arches are not the moft fimple tranf- 
cendental that occurs after arches of a circle and logarithms. 
Upon the whole, the three fpecies of tranfcendentals, which we 
are confidering, are fo related to each other, that we have 
judged it proper to give them the common name of Elliptic 
Tranfcendentals. 

We propofe in this memoir to explain the nature and pro- 
perties of this order of tranfcendentals, fo as to render its ufe 
eafy in the application of the integral calculus. Some ot the 
methods and refults which we {hall explain are already known 
to geometers ; wc have brought into one point of view all that 
has hitherto been publilhed relating to this theory, but we have, 
at the fame time, endeavoured to give it a greater degree of 
pcric&ion. 




A general 
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A general idea of the different kinds of tranfcendentals , contained 
the integral formula 


»n 


i. We {hall put P for any rational fun&ion whatever of x; 
and R for the radical v/(a-4-/3* + %**+S* 3 -H* 4 ) ; this radical 
remaining the fame, an infinity of different values may be given 
to P, but there will not thence refult an infinity of different 


tranfcendentals ; 


for we fhall fhew that the intei 


P dx 




■ may 


always, by partial integrations, be reduced to an algebraic part* 
plus a certain number of tranfcendentals, which are all ol the 
fame form and nature. 


Firft, let us fuppofe that P is an integer funfiion of x, 
fuch, that P = A + Bjc -+• Cat 1 •+• - 4 - Kx If, in 


/» x* dx Tfl 

order to abridge, we reprefent the integral I — ^ — by n , it is 
evident that = AII 0 + Bn* + CIP + ...,KIT*j 


now, by taking the differential of the quantity x m 3 and 
then returning from the differential to the integral, we get this 
formula 


*”* ^R=(ot— 3 )a nm ^ + (m — |)|Sn m “ 3 + i m — 2)yn w ~ a 


+ («_■*) Sh " 1 " 1 + (m — ») 


hence it follows, that n ”*, n* -1 , &c r may be reduced fuc- 
ceflively to lower degrees ; and that the reduftion may be repeated 
till the quantities be all of a lower degree than n 3 , for the reduc- 
tion of n 3 isalfo poflible, becaufe, that in the cafe of m— 3 , the 


term which would feem to contain n vanifhes. Therefore, P 

being any integer funftion of x, the integral may always 

be reduced to an algebraic quantity, together with a tranfeen- 
dental, which in every cafe will be of this form 

/(A + Bx + Cx 7 ) 


2 . Let us now confider the formula in its moft general 
form, and let P be any rational function whatever of we pro- 
fit 2 ceed 
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ceed as in the integration of the rational fraftion Pdx, and in the 
firft place we feperate the integer part of it, which may be 
treated as has been already explained. We next decompofe the 
remaining part into feveral partial fraftions, according to the 
number of fa&ors in the denominator; thcfe conllitute fo many 
terms of the whole integral, and each term may be rcprcfentcd 

by the general expreflion N f — — - — . But we fhall 

J (i + nx) R 

immediately Ihew that ifc«is eafy to reduce all the terms of this 
form to fimilar terms in which k — t. And in the firfl place, 
we obferve that if the denominator, inflcad of being complex, 

were (imply x\ the integral and all fimilar to it in 

J x R 

which k >■ |, might be determined by means of the integral 

/ 4" B 4~ Cx + Dx 2 ) • for this purpofe, it would only 

be ncceffary to give negative values to m — 4 , in the formula of 
article 1 . 


: — , which 


Let us now return to the general term f 

J (i-hnx/R 

we fhall call r If we put 1 -}- nx rzu, and takethe co-efficients, 
a', (1 , &c. fo as to have the identical equation 

. +e (^) + y (^)- +! (^y + l( ^iy 

— <*' + ft & -+- 4~ S’tu 3 + (a*, 

we fhall find by the differentiation of the quantity u~^ 1 R 

this general formula 

t— = (£— iWr 4-(i — '-Hi— sVr* * 

n (1 + nxf 1 

4- (* •— a) o' r ^ ~ 3 4- (k — 3) 

Hence it follows, that the quantities r’, r J , &c. may ht 

determined by means of r\ r°, r~\ r~ 2 ; but ]'° — 


—f[ l 4- nxY j-. Therefore, 


in general the formula J 


dx 


r— 1 and all others fimilar to it, 
(1 4~ nx) R 


in 
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in which k is greate# than unity, are reducible to an algebraic 
part, together with an integral of this form 



A 

i-i-nx 


-t-B+Oc+D-t’) 


3. Hence we conclude, that P being put for any rational 
funaion whatever ofr, the integral isalways refolvable into 
three principal parts, the firft is algebraic, the fccond has this form 
Bar-+-Cx J ) -j-, and the third contains one or more 


terms of the form where the coefficient „ may 

be either real or imaginary. 

It appears by this analyfis that the number of tranfcendentals 
• Vdx 

comamed in the formula is very limited, f or there are 


only two principal fpecies, the one having the form/(A -f- fix 

+ Ca«) and the other the form f . r cvpn 

K J (1 + * v) 1< ■‘cvenob- 

ferve that as often as n is real, the fecond fpecies is contained 
in the firA, and may be immediately reduced to it by making 

X + nx =: 

z 

. Thefe general reduftions being once underllood we proceed 

ri'SZi" ^ knowledge rf 


OJ the way in which the odd powers cf the variable quantity 
under the radical may be made to dijappear. 

The radical being always + /3x + v x* + },J+ E „,v 

ct us fuppofe that the quantity under the fign is refolved into 
two real laftors ? + 2 «x -+■ Dx\ \ + z , xx + Thefe fafl 

ought to have the fame fign that the radical may be real ■ there 
tore wc may luppofe that - 1 * ulcrc * 

K + 2»;x + fix* = (X + 2/XX +>.t 

Hence we find 

X - ( t J -y'—»y + (>.y i ~Z) ( 6 — iy*)l 

' G — - •» — -* • 




and 
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aud, it in order to abridge, Y is put for tbe radical of this ex- 
prelTion, we have ^ z=z~. The value of x being fubftituted 

Vdx P dy 

in P, it appears that the differential -g- , or -^7- may be al- 

K. I 


■ways refolved into two parts, the one rational and integrable 
by the common rules, and the other affefted by the radical Y, 
but fuch, that only the even powers of y are found either under 
the radical or without it. Thus the integration of the formula 

Vdx . ... 

- ^ is always reducible to that of a formula of the fame kind, 

but in which P and R contain only the even power of x. 

5. This method is general ; however, as the value of x 
which ought to be fubftituted in P is a little complex, it may 
not be ufelefs to {hew that the fame end may be obtained by a 
much more fimple fubftitution, which confifts in putting 


x —t±M 
1 + y 


p and q being two indeterminate conftant quan- 


tities. 

Refuming now the factors ? -f- 2r,x + Gx*, X -+- spot or', 
and fubftituting in each of them the value of x, we may leave 
out of confideration the common denominator, which goes out 
of the radical, then, that the odd powers ot y may difappear in 
the numerators, it is neceffary that 

+ ’i(/ + f) + 5 l'f = °* 

x 4- ix (p 4* 1 ) -+- w = o. 

Thefe two equations give rational values of p ■+- q and pq, 
but that p and q may be real, it is neceffary that (p -+- q )* — 4 pq, 
or (p — qy be pofitive. Now we may diftinguilh two cafes. 

* tft. If the faflors of the quantity a -f- 0x + yx' -J- &c. are 
not all real, let it be fuppofed that X + aptx vx* contains two 
of them which are imaginary, and confequently, that Xv /*’. 
But the fecond equation containing p and q, gives 

If - ff = C-T 



therefore, in the firft cafe, the fecond member of the equation is 
pofitivie, and the values of p and q are real. 

2d- If all the faftors of the quantity % + px-^-yx 7 + & c. 
be real, and if that in refolving it into two faftors of the 
fecond degree, as has been done, the values of p and q are 
not real, then it is to be obferved that there are two other 

ways 


( 7 > 


ways in which a quantity of the fourth degree may be refolded 
into two faftors of the fecond, and we may be afTured that 
thefe two new combinations will give real values ot p and q. 
This we fliall now demonftrate. 

Let a , b, c, d, be the four values of x which are found by 
making R — o, the equations which determine p and q may 
be written thus, 


ab — \ (a + b) (p 4- q) + pq — o 
cd — £ (c + d) (p q~) pq — o . 


Hence we get 

p+ q- 


mb — cd 
a b — c — d ’ 


' p—q \ 1 _ (a — c) (a — d) (b — f) (b — d) 
. 2 / (a -+• b — c — d)* 


But it is always in our power to render the denominator 
of this laft quantity pofitive ; for fuppofe that a, b, c, d, are 
written in the order of their magnitudes, the negative quantities 
coming after the pofitive, then the differences a — b, a — c. 
&c. fhall all be pofitive, and p — q real. We fhall alfo have 
p — q real, if for a and b we take the greateft and leaft of the 
four roots a, b, c, d. Finally, the third combination gives p, 
— q imaginary. 


Therefore, by the fubflitution, x — it is always 

7 t + y 1 

poffible to caufe the odd powers of the variable quantity under 
the radical to difappear, and at the fame time the two faftors under 
the new radical arc real and of the form J &y** which is a 
new and important advantage, and which cannot be obtained 
by the firft fubflitution. 

Obferve that there are two panicular cafes to be examined. 

ill. When one of the roots a and b is equal to one of the 
roots c and d. 


2d. When a b ~ c d. In the firft cafe the radical R' 
becomes more (imple, and the integral depends only upon arches 
of a circle and logarithms. With refpefl to the fecond cafe, 
a fimple permutation is fufficient to prevent a-\-b from being 
equal to c + d, but this circumftance may be employed to 
facilitate the transformation. For the two faftors under the 
radical having then the form X -|- » (x* + zmx), 5 S (a 4 -+- 
a mx), it is evident that if we put x + m =_y, the uneven 
powers of the variable quantity difappear. 

Ptdufliem 
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RtJ.uB.ion of the differential g- to the form • 

6. Since by a previous preparation we can eliminate the odd 
powers of the variable quantity under the radical, welhallin Future 
put R =r -4- 4-v* 4 ), we (hall alfo fuppofe that P is an 

even fun&ion of x, for whatever be the rational funftion P, we 
can always make Pz:M+ Nx, M and N being even funElions of 

x : now by making x 1 = y , the part is reducible to the 

common rules, and thus all the difficulty is thrown upon the 

integration of the formula -g-> > n which M is an even 

funftion of x. 

This being underftood, wc proceed to prove, by enumerating 
the different cafes, that the differential g- may always be re- 
duced to the form ~1 — 7—. c being lefs than unity. 

Y [ * un. T / 

First Case. Suppofe that the faflors of a -f-0x* -+-vx< 
are imaginary ; let this quantity be exprefled by X* -1- 2 >jrx l 
co f. 9 jti’x 4 , X and /x being pofuive, and cof. 9 either poiitive 

or negative. We make x = Vfjff lan - if*. thcn > takin S c 

=2 Giu §9, we have the transformed equation - 

Jx » Jy 

R e/v ’ /f 1 — c* fin.*?)' 

Second Case. Let a + + yx A — m- (1 + p 1 * 1 ) 

_ ? V), the limit of x being -* ; bv putting x = ~ cof. ? 


and 


JL 


+ f 

dx 

R 


c * we get 


dv 


mp ' ^(l—c'hnSq,)’ 

If we wi(h the transformed equation to be pofitive, we muff 
make cot. ? = f(i — c 1 ) tan. and hence we have. inline. 

r ] 1 

j- .„i„ v* — “ n ‘ ^ — , and the transformed equation 

diatei/ x — q'+p* cof.’v 

dx c Q 

K. mp * /( 1 — c* fm. 1 4-)' 

Third 
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Third Case. Let % +£** + yx % — w*(i + p'x*) (x*-~q 2 ) ; 

q « 


we put .v — 


Col. y 1 -+~ p 2 (j 
dx C 

R z 


p- i = c 1 , and hence we get 
</5 


« ” y'V — c ’ fin. 1 9)’ 

Fourth Case. Let % -+- gx 2 + yx* =m’(t + p , x 2 ) x 

(j+^ , jt , ;,andlet^> q t by putting 1^1-2., and ~yS~~ =f, » 
we have 


dx 

R 


dp 


m P /l» — c* tjn. a <p)* 

Fifth Case. Let j +^‘ + y* ( =w(i -^Jf 5 ) X 
(t —q 2 x 2 '., and let pp> q, then, putting px — fin. <p, and ? = c, 
the transformed equation becomes 

</x l tfp 

K mp " y/i,t — c*iin. 

This formula is applicable from x — o to x zz ; the radi- 
cal R is imaginary from x — y- to x — but it becomes 
again real from x = -- to x =z: X- 1° the lad cafe it is 
necefTary to write R* = m 2 [p 2 x 2 — i) (q 2 x 2 — i); then, 
making qx — *nd -y = c, the transformed equation 

^ J 

becomes — - — — — = — — r. If we wifh to have it pofitive, 

mp \/{i — c 1 fin."f>) r * 

we muft make, as before, cot. <p — \/(i — c*) tan. d^ which 

immediately gives x‘ = 1 ^ ^ , \ and the transformed 

equation is 

dx i 

R 


q 2 col. 2 d' 


mp ' y/(i — c’fin.d')’ 
a forrhula perfeftly fimilar to the firft, from which it follows that 
the integral of -jp, in the cafe oi x > may always be found 

from the fame integral taken upon the fuppofition of x < — - . 
Vo l. II. Part III. 8 Sixth 
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Sixth Case. JLaftly. Let *+^’+vj: 4 =w, (**— ?')x 
( p * x*)\ then * mu(l be contained between p and q. Let 

p j> q t and afTume x — ^ ; then we have immediately 

dx rfvh 

TT" »v/ p'"~- q" - p‘ tin. ' 4.)* 


In this formula the angle 4 - has a limit; but that we may in. 
troduce into it one which is indefinite, let fin. = c fin. p, 

and r ' — . thus the formula is transformed to 

dx t d p 

"R ” ~mp' t/(i — c 2 fin.- p)’ 
to which we might have come direfcjly by making ,*• = 

t c* fin.* p 


7. It may now be remarked that, fetting afide the firll cafe, 
the values which muft be given toa‘, fo as to produce the re. 

. , , A -+- B fin.* p 

(juired reduflion, have always the form ' y whcre 

the coefficients are conftant. Therefore, it is only neceflary 


/ P^/r 


(hall 


r Q dp 

be transformed into another J y x c * fi ~ Y 


pr 


in which c is 


lefs than uniiy, and Q is a rational and even fun&ionof fin. p, 
which contains fin.p to the fame degree that P contains x. 

We fer afide the firll cafe, becaufe of the form of the value 
of x being a 'ittle different, and alfo, becaufe that by following 
the method of article 5, this cafe is avoided, feeing that we 
always ge: real fafclors. But in another article we (hall return 
to tire cate of imaginary fafclors. 

Development oj the formula 


8. We (hall henceforth denote the radical \/(i — c* fin.'p) 
by A, and alfo by A (p) and by A : (c, ip), according as it 
is confidqied as a fun&ion of p only, or as a funttion of c 
and p. 

Let us in the firft place confider the cafe in which Q is an 
integer tun&ion, and let ^ = A+ B fin. 2 p ■+■ C fin. 1 * p + &c. 
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If, for the fake of abridging, we represent the integral 

by z? * we have p&_ _ AZ° + BZ» + CZ* 

4 - &c. 

But, by taking the differential of the quantity Acof. p fin. 2 * -3 ?, 
we readily obtain the formula A cof. p fin. 2 * -3 p=.(2i — 3) x 

Z 2 *-* — (1 + c') {zk — 2) Z 2 * - -’ 4 - c* (a/t — 1) Z 2 *; 

Hence it follows that Z 4 , Z 5 , &c. may be exprefTed by means 
of Z° and Z 1 , and therefore, that in the cafe when Q is an 

integer function, the integral * s equal to an algebraic 

quantity , plus an integral of the form y"(A 4- B fin.* p) 

A 

9. &ow let Q be any rational funCtion of fin.* p. After 
having feparated the integer part, and reduced it, in the manner 
which has been explained, the developement of the fractional 
part may always be fo ordered, that every partial fraCiion {hall 

N 

be of the form -, n and N being conftant coeffi- 

(14-71 fin.’?) 

cients, real or imaginary. We mull now endeavour to reduce 

the formula f — 7 — , and fuch like, to the moll 

J (1 ■+■ n fin.* ?)*A 

fimple formulas of the fame kind. But if we make for a little, 
fine p = x, the formula becomes 

r dx 

./ (1 4 - nx') k |/(i — (t ■+* c*) x* 4* c’x 4 )’ 

Let us confider, for the fake of greater generality, the formula 

n* = f — — — — , 

J (1 4- nt ’) R 

/ 

in which R reprefents the radical \Z(a-\-l2x' 4- yx*). By 
differentiation, we find 

r^7 = c^<~S + n ^ a ^3)(- ? + %) x 

n k ~ l + (z/f-4) (-~+ f . ) n ^“ - 3 • 


( 


/3 B 


Hence 
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Hence it follows tbit the term n^, and all fuch, in which 
k is greater than unity, may be expreffed in pan algebraically, 
and in part by the quantities IT, 11°, II -1 , which are the moft 
fimpleof their kind. It may even be obferved that if 1 -f nx' 
beadivifor of the quantity under the radical, in which cafe we 

have a — — *+■ “T = then the preceding formula has a 

n n 

term lefs, and thus the quantity 11* depends only on thefe two 
n° and n -1 ' 

Therefore the determination of II* depends in general on the 
formula 

A j+ d + C,*)£. 


A 


‘i -4- nx 

and in particular, when t -+- nx 1 is a divifor of R*, the denomi- 
nator may be made to difappear, and the determination of n* wilL 

then depend only on the formula/(B -J- Car 1 ) -g. 

io. The application of this refult to the integral 

f r? fhews, that in general this integral depends 

J J _L „ r, r. » /n\* A ° 


' (i + n fin. 1 ?)' A 
upon the following 


/(: 


■B + Cfin.« ?)-§. 


i + » fin. 1 ip 

And in the particular case, in which i + n fin.* <p is a faff or 
of cof. 1 ip A*, the integral may be freed from the denominator, 
and will then depend entirely on the integer formula 

, dp 

(B + C fin. 1 () 


J 


This particular cafe occurs when n— — t , alfo when « — c * ; 
then the formulas are f d ^~ ; and f- and indeed it 

J cof.'* p A J A ^ 

is eafy to reduce both to an algebraic part together with an in- 
tegral of the form /(A + B fin. 1 <p) We may add to 

thefe two cafes that of f which is fufceptible of 

fin. ip A 

a fimilar reduaion, and which may be effefted by the formula 
of article 8. 

It 
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It follows from this analyfis that the genera! formula ' 

when reduced to a convenient form contains ; i°, an algebraic 

dv 

part; a 0 , an integral of the form_/ r ( A -f B fin. 9 ; 3", one 


or more paris of the form 


f—* - 

y 1 + « un. 1 


dp 


, in each of 


<P A 

which the coefficients N and n have any values whatever, real 
or imaginary. 


Definition of Elliptic Tranfcendentals and their dieijion into 
three Species. 


it. Since the tranfcendentals we have confidered are always 

dp 


reducible to thefe two forms / 7 A 4- B fin. 9 p: — , f- 

A J (i+rtfin.’pj^’ 

that they arc comprehended i 
j. _ /'A - 4 - B fin. 9 9 c 
~ J t -f- n fin.* 9 ’ i 


it is evident that they arc comprehended in the genera! formula 
~A - 4 - B fin. 9 9 dp 
A’ 


We fh all in future call the integrals contained in this formula 
elliptic funfliont or elliptic tranfcendentals. Wc fhall fuppofe 
the tranfcendental H to vanifh, or to begin, when <p — o; and 
its extent to be determined by the variab'e arc 9, which we (hall 
call its amplitude; theconfiant quantity c, which is always lefs 
than unity, (hall be called the modulus; and, laflly, y/(i — c 9 ) 
which we (hall always denote by b, ffiall be called the complement 
of the modulus. 

The quantity H, when 9 is confidered as the only variable 
quantity in it, may be denoted by H 19); if however the modulus 
and amplitude be both confidered as variable, it may be denoted 
by H . c, ft) ; and fo on, if us coefficients be fuppofed to change 
their values. 


12. I f, every value of H, from 9 zz o to 9 = 90'’ = — , were 

known, we could cafily determine the value of the tranfeenden- 
tal for any other amplitude: for let 9= is- + a, i being a 

9T 

whole number, and a an arch lefs than — — , then. 


H (9) = a I H ([j ± H (*)- 


In 
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In this refpeft the funftion H, agrees with elliptic arcs, afnd 
in general with the arcs of all oval curves compofcd ol four equal 
and fimilar parts, for any arc of thefe, however great, and con-* 
raining even feverai circumferences, may always be exprefTed 
without difficulty, by the fourth of the curve and a eertatn por* 

tionof that fourth. The determinate funflion H may there- 
fore be confidered as the unit of the funftions H, and we ffiall 
denote it by Hi. 

It does not appear that the funftion H, taken in all its genera- 
lity, can be reduced to elliptic arcs ; this can only happen when 
n — o, or when by forne fubftitution the denominator j -4- 
n fin. 1 <p is made to difappear, a reduflion which we do not fup. 
pofe to be always puffible. 

Thus the term elliptic fundion is in fome refpefls improper; 
we retain it however bccaufe of the great analogy which is found 
to fubftft between the properties of this funftion, and thofe of 
elliptic arcs. 


13. When n = o, or when by a fuitable fubflitution the 
denominator 1 -f- n fin* <p vaniffies, then the funftion H is 
rendered conftderably more ftmple. In this cafe it will be pro- 
per to denote it by another character G, thus we ffiall hence- 
forth make 


G 



(A -+- B fin. 1 $>) dp 
y/(l — c 1 fin. 1 9)' 


The funflion G, as we ffiall hereafter demonflrate, may always 
be readily exprefTed by two elliptic arcs, and with refpefl to 
elliptic arcs themfelves, they are reprefented by the formula 
E = f dp y/{ 1 — c 1 fin. 1 p), 
concerning which, fee Memoir s of the Academy for 1786. 


In ffiort, if regard be had to analytical fimplicity, the fun&ioft 
f*r- fin *p ) * S Ver y tetnofhable, and it is proper to 
defign it by a particular fymbol, we ffiall therefore make 

p — f. - 

—J /(I — c* fin. 1 ?)’ 


this funftion F may much rather be exprefTed by two elliptic 
arcs, but it may alto be exprefTed by the arc E, and its partial 
difference relative to the modulus c ; for it is evident that 



We 
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We even believe that this expreflion would be the moll con- 
venient for the numerical calculation of integrals, if there were 
tables of elliptic arcs, which fhould alfo exhibit the values of the 

</E 

coefficient — — at the fide of each arc. 
dc 


However this may be, the quantity F may certainly be ex- 
preffed by E, but not E by F, and much lefs G by F, and this 
appears to me to be a fure proof that the function F, confidered 
analytically, is more Ample than elliptic arcs. If we judge of 
hyperbolic arcs in the fame way it will appear that they are 
absolutely of the fame nature as elliptic arcs, for like as an 
fiypeibolic arc can be expreffed by two elliptic arcs, fo, on the 
contrary, an elliptic arc can be expreffed by two hyperbolic 
arcs, this will be evident from the values we (hall afterwards give 
for theft- arcs, a-id which ma) alfo be found ih the Memoirs tor 
1786 already quoted. 

14. There are therefore three diftinft fpecies of elliptic 
funttions or tranfcendemals. The firll, and moft Ample, is 
jreprefented by the formula 

F =/f- 

The fecond is reprefented by the formula 

G = /(A + B An.* pA 
A 

This contains, as a particular cafe, the elliptic arc E — A< 


and the hyperbolic arc T = tan. p — f (1 — An.* ip) 

A 

Laftly.the third, and moft complex, is expreffed by the formula 



A + B An.* p 
1 -4- n An.* p 


dp_ 
A ’ 


In this laft the coefficients A, B, n may be imaginary, but 
then the formula H will be accompanied by a Amilar formula, 
which will differ from it only by the Agn of y/~, and the fum 
of the two will always give a real refult. 


We might alfo, for the fake of avoiding imaginary quantities* 
conAder the formula 


K =/r 


A + B An.* p -f- C An. 4 p 


J? 

A 


-|- 2 n cof. a An.* p ■+■ »* An. 4 p 

as a diftinft fpecies of elliptic funflions, but we do not think it 
neceffary to admit this fourth fpecies of tranfcendentals ; and we 
fliall conHne our attention to the three others, becaufe the cal- 
culations by which the value of H is determined are the fame 

whether 
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whether it be reai, or imaginary. It is however indifpenfably 
necefTarv that the modulus c, and the amplitude p be both real, 
and that at the fame time c be lefs than unity. 


Comparifon of elliptic fundions of the firjl kind. 


15. Every geometer knows the complete algebraic integral 
which Euler has given of thee qua. ion 

dx , _ dy _ 

+ + 0 jy 1 + =>* ) 

This integral will be of great ufe in our invefligations. And 
in the firft place, in confequence of the foregoing transforma- 
tions, this equation may, without lofing its generality, be put 
under the form 


dp 


d 4 


o ; 


y/(i — cMin.’ip) y/ — c* fin.*4) 

its integral then is F (?!-+-F(4) = conjl. But the fame integral 
found by Euler’s method, and reduced to the inofl fimpie form, is 

cof. ip cof. 4- — fin. (p fin. 4 y/(t — c 1 fin. 1 ix) — cof. 

Here ix is the arbitrary conllant quantity, and as it appears that 
putting p — o, then 4 =/x, hcrefore the firft in egral becomes 

F (?) + F (4-) = F (#*). 

Therefore, as often as the angles p, 4, ix have among them- 
felves the relation exprefTed by the equation fa'), the funfiion 
F («•) (hall be equal to the fum of the two F (p), F (4). We 
fhall here leave the conlideration of the differential equation, 
that we may examine the confequenccs which follow from this 
refult, with refpefclto elliptic fun&ions of the firft fpecies. 

16 Having given any two elliptic funftions F (p), F (4), 
a third funftion F (pt) may be found equal to their fum ; for this 
purpofe it will be nccefTary to deduce the value of fx from the 
equation (a'). But, by denoting always y/n — c 1 fin. 1 p) by 
A or A (?)» and the like radical of 4 by £ (4), we find 

r cof. sp cof. 4 — AO?) A (44 fin. 1 ip fin. 4 

' ** ~ 1 — e 1 fin.* * fin.** • 

P A r 4') fin.p cof. 4 + A (p) fin. 4 cof. p 
1 — f 1 fin. 1 p fin.* 4 ~ * 

A ( ?) A (4) — f 1 fin, p fin. 4 cof. p cof. 4 
1 — c 1 fin." p fin. 1 4 * 


fin. ix, 


A (**) — 


A ( 41 tan. ® + A (p) tan. 4 

tan. fjL — — — . 

1 — A(?) A(4) tan. ip tan. 4 


It 
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It mav be remarked with regard to this last formula, that if two 
angles <?' and -4-' be taken, such, that 

tan. = A (4-) tan. 9 , tan. 4'* = o (<>)tan. 4s 
then it follows, that 

K =: p ' -4- 4'', 

and thus we have an easy method of calculating the angle /*, by 
the tables of sines, when p and 4> are known. It is necessary 
however, in the first place, to calculate a (e) and a (40 » for this 
purpose, take the angles a and 0, such that sin. a = c sin. P, and 
sin. /3 — csin. 4'» then will a (*) = cos. x, and a (4-) = cos. 0. 
By these formulas, we can find the amplitude pi of the elliptic 
function, which is the sum of two functions whose amplitudes 
are P and 4 o We may thence also find the amplitude of a func- 
tion which is the difference of two other functions ; let 

F [P) — F ( 4 >) = F (pi); 

and the amplitude pi of the function, which is the difference, is 
determined by any one of the following equations : 

cos. 9 cos. 4' + A ( 9 ) A (4-) sin. 9 sin. 4> 

COS* . 1 1 . 11 1 » • « 1 

1 — c * sin. 2 <p sin.* >J/ 


A ( 4 -) sin. 9 cos. — A (9) sin. 4 * cos. 9 

S 1 tl, I/* A t a • a m 

1 — c* sin. 2 9 sin.* 4* 


A (9) a (40 - 1 - r 1 sin. 9 tin. 4 * cos. 9 cos. 4 > 
1 — c* sin. 1 9 sin* 4* ' * 


A (4) tan- 9 — A ( 9 ) tan. 4> 

Ian u — : r • 

1 + A (9) a (4') tan. 9 tan. 4* 

in this last, if we make tan. p z=z A (4/) tan. 9 . and tan. 4 /< = A 
(9) tan. 4 '* we shall have pi = 9' — 4 '’. 

These formulas for the difference follow from those for the 
sum, by simply changing the sign of 4 ' in the latter, and keeping 
A(44 positive. It is besides needless to point out the analogy 
which subsists between the values of cos. pi, sin. pi, and those of 
cos. (9 + 40i s*n. (9 + 4 -) ; they coincide entirely if c is sup- 
posed ~ o. 

17 . Since we know algebraically, the amplitude of the func- 
tion equal to the sum, or to the difference of two given functions, 
it is evident that we can find, algebraically, a multiple elliptic 
function of a given function, and that in general we can resolve 
the same problems relating to the multiplication and division of 
elliptic functions of the first kind, as can be resolved relating to 
the multiplication and division of arcs of a circle. Let 971 denote 
the amplitude of the function which contains n times the func- 
tion of which the amplitude is 9, so that we have F (fti) = n 
F(9) ; it may be required to determine the general expression of 
Vol. II. Part III. y sin 
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sin. or cos. ?n, by means of sin. and cos. ?. The following 
are some researches relative to this subject. 

The extreme cases present no difficulty. If c — o, then 
f n — np, and we have the known relation, cos- ?t» ** n - ?“ 

X y/ T=(cos. ? +sin.pv/ — 1) • If c = »» 

rds l + sin.p . 

function F (?) becomes y— , or flog. ^T^,. *° that » 

for the multiplication of functions, we have this very simple re- 

lation i -+-sin.,<pn ,L±™LJ } \ The difficulty is to 

lation, t _ sin . q. n V, _ sin. p' 

find the general expression of sin. ?n when c has any value be- 
tween o and i. 

Let us in the first place consider the most simple case, which 
is that of duplication, then we have 

l — 2 si n * ^ + c* sin. 4 ? 
cos- ?2 — j — c 1 sin. 4 <p * 

2 a (?) sin. ? cos. ? 
sin. ?2 _ t sin. 4 ? 


tan.|?2 = a (?) tan. ?. 

The last of these formulas appears convenient for trigonome- 
trical calculation; for if we take the angles <*, at, a^, such that 
•in. a — c sin. ?, sin. at = c sin. ?a, sin. 04 = c sm. P4, &c. 
it follows that 


tan. I? 2 = cos. * tan. ?, tan. 4?$ = cos. <*a tan. ?2, 8cc. 
so that the function F shall be multiplied by 2, 4, 8, 16, &c. 

If it be required to divide by the same numbers ; let be 
put, by analogy, to denote the amplitude of the function which 
is the half of F, and the inverse of the preceding formulas give 


sin. ? £ = 


sin. I? 




+ A, 


Now let sin. a = c sin. ?, then A = cos< «* and we have 
this very simple expression, r 

sin- 4? 

sin. ? 4 = T f 

T * cos- \a 

If in like manner, we make sin. a\ :r c sin. <pl» we shall have 

• . . sin- 4?4 

sm - ? 


and so on. 

* ,8. Let us now proceed to the multiplication and division by 

any number. For this purpose, let us consider the three conse- 
7 cutive 
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cuti've amplitudes i pn — i, <fn + i, which agreeably to the 
preceding notation, answer to the functions (n — 1) F, nF, 
(n •+■ » ) F. The formulas for the sum and the difference of two 
functions apply to the equations F ($n -+- i) = F(pn) + F (9), 
F (<p« — 1) = F(9») — F (<p), and hence it follows, that 


sin-p n + 1 + sin. p n — 1 


2 a cos. p sin. pn 
1 — c ’sin.*9sin.’p» ’ 


cos.p n 


2cos- p cos- Qn 

-+- cos. 9 n — 1 = -J— ■ 

1 — c* sin. 9 sin.pn 


These formulas in which A and 9 remain always the same, 
while ft varies, appear to be the best possible for giving the suc- 
cessive values of sin. 92, sin. 93, cos. 92 , cos. 93, &c. Thus, 
putting (with a view toabridge), 2 A cos. 9 = p, 1 — c’sin. 4 p 


s= q, c a sm. 4 9 ; 


1 — q = r, we have 
sin. 9, 


sin. 92 = 

<1 


sin- 


p' — q' . 

* 3 = - C 

(1 +r) p' — zg* 


sin- 94 = 


q* — rp* 


pq sin. 9, 


sin- 

&c. 


,? 6 -3 p'q* +f 

v * q —ypq' + r (r 4- 2)/> 4 ^* — r /> 4 


sm.9. 


But these expressions, when completely developed, become 
extremely complicated, and their law is very difficult to discover. 

When it is proposed to calculate trigonometrically 9a by 
means of 9, it may be easily done as follows. The two foregoing 
formulas give by division 


sin. 9# + 1 ■+• sin. 9 a — 1 


cos. 9 a + 1 + cos. 9 a — 1 


=2: a tan. 9a, 


which is reducible to this very simple formula, 

tan. (£pn-t-i-4-fpw — 1) = a tan. 9 a ; 
and hence may be deduced successively 
tan. 1 9 2 = A tan. 9, 
tan. (i 9 3 -+- i 9 ) = A tan. 92, 
tan. (1 9 4 ■+• 1 92) = A tan. 93, 

&c. 


Now a being always the same in these formulas, no simpler 
method of calculating the successive values of 92, 93, & c. by 
means of 9 need be wished for. We may also proceed by greater 
intervals in the calculation of 9 m, m being as great as we please : 
for we have in like manner ' , „ 

v- - ■ • r - • ' tan. 


v 2 
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tan. (| ? n + i + \ <P «—*)== A * t^n. f«, 

Ai being the a which corresponds to the amplitude pi. 

The division of a given elliptic function into a certain number 
of equal parts is an algebraic problem which may be resolved by 
the pevelopement of the formulas which serve for its multiplica- 
tion. We have found already the formulas for its division by a 
or any power of a ; let it now be required to divide the function 
F into three equal parts; let ? 3 be the given amplitude of the 
function F, and ? that of the Function which is one-third of it. 
We make sin. ? 3 == a, sin.? = *, and the equation to be re- 
solved for its trisection will be 

3— 4( t-f -c*) -h 6 c' x* — c 4 x 

a — \ — 6 c 1 - 4 - 4 c* U -f- c 1 ) x* — 3 c 4 ** • 

This equation is of the ninth degree ; it would be of the 
25th degree for the quinquisection, and so on. 

The equations are less complex by the half when it is propos- 
ed to divide the whole function Fs, the amplitude of which ii 
qo°. Suppose in general pn = 9 0 * lbe f° rrn ula ( fl ) ® 
article 15, where we may make p. = 90", gives immedi- 
ately this relation, 

tan. ? n — 1 = F cot. ft • 

hence we have successively tan. ? n — 1 = f cot. ?• 
tan. ? =■ -r cot. ? 2, un. ? n — 3 = t cot. ? 3, See. 

Again .because ?n = 90°, we have also 

tan. (4 5 0 ?n- 2 ) = A tan. ? n - 1 = y cot. ? 

tan. (| P * ? " — = A tan. p n — 2 

Sc c 

from which ?7=T, ? &c- bc determined by for- 

mu las sufficiently simple. Developing in like manner the for- 
mulas which g.ve ?a. ? 3 , &c .until the two senes meet J 
have by their union the means of obtaining an equation which vu. 
determine ? ; thus when n = 3, that equation is directly 

tan. (45° + $?)== y cot - 

or b sin. ? = A (x — sin - *)• from which * makin S iin> 9 
= x, we find , , . . 

O — ■ 1 — 2 X 4" 2 C* X — C X t , 

an equation for the trisection of the function Ft, and of which 
the degree is only 4 or 


— x 


When n = 5 it is necessary to eliminate ? 3 from these 
two equations. 


tan. (45* + iW)- ? cot * 


Jan/ 
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tan. ({ <P 3 is t <P) = A tan. $>2, 
and then to substitute for tan. 92 its value 

2 a sin. 9 cos. 9 ... , , . . . 

: — ; — . We thus obtain, making sin. »=rx. 

1 — 2 sin.’ 9 + c 7 sin." 9 ° 

(» •+• *) A 1 -f- a* — ac* x* — c 7 x 4 

Jx 1 — 2x 4 - 2c 1 x* — c 7 x*’ 

an equation for the quinquisection of the function Fi, and 
which when completely developed rises to the i2th or 

^ -th degree. 

2 0 

Such are the formulas by which we may find the relation be- 
tween fn and f in order that F (fn) — nF (f), n being a whole 
number. If it were required to find the relation between f and 

ft J 

4 ', so that F ( 4 ) = — F (<p), m and o being integers, an auxiliary 

angle 01 might be taken, such, that nF ( 4 ) = F (a»), and m F (*) 
= F(iu). The first condition would give an algebraical equa- 
tion between the sines and cosines of the angles 4<*ndoi; and the 
second an equation between the angles «f and u, whence, elimini- 
ating the required relation between <f and 4 would be found. 

19. Hence it follows that we may always find the complete 
algebraic integral of the equation 

mdf n</4 

t/(s — t 7 sin.*p) + y^Ci — c*sin.* 4 ) 
m and n being whole numbers. For the integral is in the first 
place mF (if) •+■ nF ( 4 ) = const, and if we suppose that 
when <f = o, 4 = #*, the constant quantity will be nF (/u.), 
and thus we have 

m¥ (f) ~h nF ( 4 ) = nF (/a). 

But an algebraic equation can be found which shall represent 
this transcendental equation, for if we make F (u) = F (aO- 
F( 4 ), which gives mF (^) = nl(a/), each of these equations may 
be expressed in algebraic terms, and thus, by eliminating a, 
we shall have the complete algebraic integral of the proposed 
equation. 

In general, in the following equation 

mdp ' nd4* pd * , c ^ 

°~ ti-r-ch\n. 7 f) -*■ y^(i — c’sin.Sj/) ' l ' y^l 1 — c’sin. 1 **) 
consisting of any finite number of terms, and in which m, n, p, 
& c. are whole numbers positive or negative, the complete inte- 
gral will he F (id) — mF (f) + nF ( 4 ) ■+• p F (») -f- &c.|u. being 
the arbitrary constant quantity : but this transcendental equation 
may always be changed into an algebraic equation ; for making 

F 
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^ {'P ) == m F (?)• F = »F (4'}, F (»*) — #F (w), &c. so 
that F (/i) zzz F (<p ) 4 - F (\J/) -f- F {*/) -f- Sec. each of these 
equations may be changed into an algebraic equation, and if we 
eliminate f, vj-', & , &c. the resulting equation will contain the 
arbitrary quantity (j., and will be the complete algebraic integral 
of the proposed equation. 

If we denote the radical </(* -f. £* -f. yx 

R (x), and a like radical of y by R (y), ^ 

m, n, p, & c. as before whole numbers, positive or negative, 
it is evident that the equation 

mdx ndy pdi 

° — K(*j + R7>T + RTT) 


1 -+- Sat 1 -{- by 
&c. and suppose 


+ &c. 


may always be reduced to the preceding form, and consequently 
will always have a complete algebraic integral. 

We may suppose that z and the following variable quantities 
are given algel raic functions of xandy; then the preceding 
equation will contain only two variable quantities, and notwith- 
standing the infinity of lorms of which it is susceptible, it will 
always admit of a complete algebraic integral. It appears to me 
that this manner of generalizing the result of Euler relating to 
dx . dy , 

R(x} • R[y) = °* ' las not y ct been attended 


the equation 


to. A celebrated geometer has proposed (Mem. de Turin, Tome 

dx 


IV.) to find cases in which the equation — ^ 

V A 


dy 

7Y = °, 15 

integrable, X being supposed any polynomial formed from *,and 
Y a like polynomial fromy ; but it does not appear, that his re- 
searches have gone beyond the equation of Euler; for the equa- 
tion whicli he gives, (page 119,) as more general, is imme- 
diately reduced to it by making v — ky, and giving a suitable va- 
lue to k. Thus it is very doubtful, whether the equation of Eu- 
ler can be made more general with two terms only, but with more 
than two it appears that the equation may be greatly extended. 

20. Since the functions F admit of being multiplied or divided 
by any number, we may, by means of this property, find their 
values by approximation. In the first place, we may suppose 
that <p does not exceed 90°, for we have shewn, (art. 12,) that 
every other case is reducible to this one. This being assumed, 
we may, art. 17, determine 9^, so that F (ff) = ^Ep, and the 

extent of the integral . will be nearly half that of 

J A (Pi) 

if c sin. p is not very near to unity. By a second biscc. 

tion. 
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tion, we may uke F (91) = JF (if ), and the integral 


J T t 

a r+ 

AC<Pi) 


■will have only one fourth, nearly, of that extent, and so on. 
But when the amplitude 9 is greatly diminished, F (fj is reduced 
nearly to the arc 9. Therefore, whatever be the first value of 9, 
the corresponding function F (9) is equal to the last term of the 
series 29*, 49*, 89!, &c. and in most cases we may find this 
limit by a very short calculation. 


Example. 


Let it be proposed jo find the value of F when c — \^[ 


2JV3. 

4 } 


— sin. 75®, and tan. 9 = s/(~~r~)' By employing the forma. 

V tjh 

las of art 17, and working by Gardiner’s Tables, we shall find 


<p = 47 0 

3 ' 

30". 9 1 


« = 45 ° 

0' 

o’. 00 

= a 5 

3 6 

5 -^4 

. 

= 24 

40 

10.94 

<?T = *3 

6 

30 .985 

. n 

a 4 =: 12 

39 

» 5 -S* 

?r = 6 

35 

40 .741 


“ 5=6 

*2 

8.4 

= 3 

&C. 

18 

8 .748 


&c. 



The two last 

values 

give 
8 H = 

52 9 45 

2 5-93 




i 

6 ?t't = 

52 5 ° 

19 - 97 . 




Their difference is 4' 54^.04 ; and, as by the nature of these 
approximations, a result ought to fall short of the limit by about 
one-fourth of the distance of the preceding one from it, we add 
to the last result the third of the difference 4’ ,5 4''- 04, which is 
i'38' oi, and thus get F very nearly equal to the arc ,52° ^1' 


\ 


which, in parts of the radius is 


•k 

2 


X 0-^874012 cs 


09226877. 

This method may in some cases, be very tedious: we shall in 
the sequel give another much more expeditious. 


A remark upon the motion of a simple pendulum. 

2i. We have shewn in the Memoirs of the Academy for 1786, 
page 637, that the motion of a simple pendulum admits of two 
cases: in the one it oscillates in the vertical plane, and in the 

other 


Digitized by Google 



( *4 ) 


other, it turns always in the same direction. But as the two 
cases lead to the same formula, we shall only consider the case 
of oscillations. Therefore, the force of gravity being unity, let 
/ be the length of the pendulum, h the height due to the velocity 
at the lowest point, p the angle which the pendulum makes with 

the vertical at the end of the time t. Also, let — , = c*, and 

9 ft / r 


sin. | p — c sin. sf'i then dt — VI . 


d \ |/ 

y^(i — c* sin.* 4-) 


, and 


consequently t = */l . F (4<). 

Thus the time taken to describe any arc is an elliptic function 
of the first kind, and it has all the properties of these functions. 
Hence it follows, that the arc described in any time t being given, 
we can find algebraically another arc described in a time which 
is a multiple of t, or in general, which is commensurable with 
t. We can also find an arc, such, that the time of describing it 
shall be equal to the sum or to the difference of the times of de- 
scribing several other given arcs, and this whether the arcs be ad- 
joining to the vertical or not. These properties are new and re- 
markable, and it does not appear, that any one has observed that 
we can compare algebraically the times of portions of oscillation 
like as we compare circular arcs. Thus to give a very simple 
example, let it be proposed to divide into two equal parts the 
time of a semi-oscillation. Let p be the arc reckoned from 
the vertical to the point which answers to the middle of the 
semi-oscillation; then I say that the chord of p shall be to the 
chord of $a as y^2 is to i. For since F ( 4 >) = jF (90°), the 


formula of art. 17 gives sin.* 


_ t 

~ 1 -f- \/(i — c*y 


and there- 


fore sin.’ = — - r-; but it is evident that c = sin. 

1 4- — O 

$a; therefore sin. 1 1 — cos. {a = a sin. 1 ^a, and hence 

2 sin. ip : 2 sin. \a : : y/2 : t. 


Comparison of Elliptic Functions of the second hind. 


12. Let us consider two elliptic functions of the second 
species, which only differ in respect of their amplitudes ?andy, 
so that we have 


r, /'(A-+-Bsin. 1 ?y? _ f(A 4- B sin.* 4 >) dt 

G w =Jvii-^w' * 




Let us suppose that the angles p and 4 < have to each other the 
rdation expressed by the equation F (?) *+■ F (40 = F (**), y. 

being 


\ 
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being a constant quantity, which gives 

do d4 ■ 

\/(l — t*sin.’ # ) i/{i — c 1 sin. *4-) " °* 

hence there result, G (,) + G ( 4 ) = 

4 - const. But whets 9 = 0, then 4 = m; thus, supposing 
the integral taken from 9 = o, we have 

G (?) + G ( 4 ) = G ( M ) +/B (sin.* 9 — sin.* 4 ) 

But the equation F (f) -}- F( 4 ,l =r F (ix), is in effect, the same 
as equation (a) of article 15, and from which we find, after 
some reductions, ' 


JfA (t) + d 4 - A ( 4 ) = c* sin. txd (sin. 9 sin. 4 ). 

Besides, we have 4- -~T7\ — o\ therefore 

A (fj A (4) 

(sin.* 9 — sin,* 4) — — sin. *d (sin. 9 sin. 4}- Hence, upon 


the whole, 

G (f) + G ( 4 ) — G (**) = — B sin. sin. « ,in. 4 . 

Thus it appears, that the same relation between the angles f , 
4, ix, which gives F (f ) -+- F ( 4 ) — F (») — s o, gives G (#) -t- 
G ( 4 ) — G (a*), if not equal to o, at least equal to a very simple 
algebraic quantity. This equation is the source of many conse- 
quences analogous to those which have been deduced from the 
function F. If we denoteas before, by <>2, *3. *4, &c. ampli- 
tudes such, that F (92) = 2F(p), F (93) es 3F (9), &c. we 
have, in consequence of this equation, 

G (ea) — aG (f) = B sin. 9 sin. 9 sin. fa, 

G (f3> — 3G (f) = B sin. f(siq. 9 sin. fa 4- sin- f2 sin. f3) 

G (,4) - 4G (f) = B sin. J sin - ? sin - ” + gin - * 2 ,in * f 3 ? 

^ 4 - stn. f3 sm. f4 k* 

&c. 

Therefore the same relation between 9 n and f, which give, 
F (fa) = nF (f), gives G (on) — nG (9) equal to an algebraic 
quantity. 

»3- It appears, without entering more into dpt*il, that if 
a, p, are wliole numbers, positive or negative, wp qiay have 
ffiG ($) -J- nG ( 4 ) 4 pG (u) 4 &c. 
equal to an algebraic quantity. That this may be the caie, it is 
necessary to determine the relation between the angles 9, 4, », 
&c. which gives 

o = wF (f) »F ( 4 ) 4 ^F (&») 4- &c. 

We observe t|jat the functions F (f), G (»), have in general 
Vol. II. Part III. i * the 
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the same sign as o ; when p changes its sign, they also change 
their signs, retaining the same values. This being premised, we 
may satisfy the equation 

o =: jwF (#) -J- «F (40 -4- pY (ai) ■+■ &c. 

in many different ways, for we have it in our power to change the 
sign of each coefficient, provided that tire sign of the corres- 
ponding amplitude be changed at the same time. But we may 
limit the functions F (?), F (40. G (*), &c. to positive values, 
and in this case there is only one telation between the angles a, 
4/, 01 , &.c. which gives o cr m F (t) «F (40 0- pY {a) + &cc. 
then it appears that the coefficients m, n, p, ike. cannot be ail 
positive. 

Whatever has been demonstrated of the function G in gene- 
ral, applies to elliptic arcs in particular, and is easily extended 
to hyperbolic arcs. The results agree with those we have found 
in the volume aheady quoted, but the connection that subsists 
between these properties, is here better perceived by the relations 
between elliptic functions of the second species, and those of 
the first. * We shall see immediately, that elliptic functions of 
the third kind, have similar properties, with this gradation, that 
the difference which is = o in the first kind of functions, and 
which is an algebraic quantity in the second kind, is a transcen- 
dental quantity in the third, but may always be determined by 
arcs of a circle and logarithms. 


Comparison of Elliptic Functions of the third hind. 
24. The general formula of these functions, is 
H — /~ A + B sin - a<> 

h (?) __y i + n sin , p 


do 

A(f) ; 


If we consider a like function of 4', and suppose that between 
p, 4,, and the constant arc the equation F (a) -f- F (4) - 


do 


AW = °* 


F (/*) = o, takes place, then because 

1 r A (*) 

tt,.i u, , _A A +Bsin.* f d 9 . A+Bsin.’4- dt ) 

H(»)+H(4)-HW=y 1 ■■ +n < 

dip 


=/ 


-»sin. f A (?) 
(B — An) (sin. 1 p — sin.* 40 


1 -4- n (sin.* <p-b- sin.* 40 -+-»*sin.* p sin-* 4» " A (?)* 
Let sin.* p -j- sin.* 4 ' — p> sin. Q sin. 4- = q\ we have al- 
ready found, (art. 22.), (sin.* p — sin.*40 ~ = — sin- ixd (sin. 
p sin. 4), thus we have 

« »> + « W - H (-) = /&"-* f y = 

* -But 
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But the algebraic equation between <p, 4 -, n is cos. p cos. 4, =r s 
A sin. p$in. P + cos. ; , by squaring this equation, and 
making the necessary substitutions, we thence deduce j&=sin. a * 

— iq A (/*■) cos. + y’c* sin.* >*, which value being put in 

the preceding formula, gives . 

(?)+ . ) '^"z/i+nsin.V-2»yA(>*Jct)s.i»+^*\«?+ncsin*.^) 

the integral in this expression ought to be taken from ^=0. 

From this equation, and all those that can be formed in the 
same manner between three functions, we conclude that if m', n>, 
f>‘, & c. are whole numbers, positive or negative, we can always 
express 

m H (p) + ri H (p) -f-p'H («) 4- &c.' ■' 
by arcs of a circle or logarithms. To effect this, we must estab- 
lish such a relation among the amplitudes p, P, u, 8cc. that 
m F (p) - 1 - a'F (P)"-f- fi'F (<v) -+- &c. 7= o. 

This result is subject to no exception ; it even takes place 
when the coefficients A, B, m, are imaginary. But these pro- 
perties may be considered under a more general point of view. 

2 5. Let P, or P (p), be a rational even function of sin. p, and 
let •' 

7 _ r p f?) d P 

Z( ^ c*sin.*p)’ ' •. 

let Z ( %L) be a function similar to Z (p), and let us suppose that 
we have always the equation cos. p cos. 4. = A (y») sin p sin. ip 

-J- cos- /u.i which, considering /* as constant, gives ■+* 

- ~ = o, we have, therefore 
A(P) 

z (?) + Z[f)-Z(,)= ^P(p)_P(4)|__. 

Make as before, sin.*p -f sin.*P = p, sin. p sin. 4. r= q , 
we get 

? = \P ■+■ W\p x — 4 ? 1 ) 


dp 


and 


sin. 

sin. : 


■P z= \p — jt/(/> 4 — 4 ?*)- 


Let us now substitute the value of sin* p in P, the result will be 
of the form 

P (p) = M - 4 - N (/»* — 4?*), 

M and N being rational functions of p and q. It is evident, that 
we have, in like manner, 

P {*) = M — N */(/’ — W) '• 

3 s therefore 
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therefore P (p) — P (4) = »N v/{p* — 4?*) = aN (sin-* ^ — * 
tin. 1 'H, and thus the integral P (f ) — P (4-) | ~ 

N (sin.* <f — sin.* 4) =? — asin. nfUdq, and finally 

~2 (?) + Z(>n-Z(») =: — asin- rfXdp. 


In this formula, N is a rational function of p and q ; if we 
‘substitute in it the valve of />, found in art. eq, N wll be a ra- 
tional function of y only, and thus the value of Z (p) 4- Z (+)— 
Z (*0 may always be determined by arcs of a circle and loga- 
rithms. 

In general, if td, p\ See. denote whole immbers, positive 
or negative, and we establish among the angles p, 4,*, the rela- 
tion o 35 m F (<f) 4- n'F (4) + 'f’t (»), the same relation will 
give 

m'Z (f) -f n’Z (4) -f p'Z (») 4- &c. 
equal to a quantity determinable by arcs ol a circle and loga- 
rithms. The same property also holds true even when P con- 
tains odd powers of sin- <p, for the part of Z affected by the 
uneven powers, is integrable by the common rules. 

The very same is true of the function 


z M =fv 


P dx 


’ y/(a f fix -f- yx * 4- il 1 + cx * )’ 

P ‘being a rational function of *, and we can always find an al- 
gebraic equation between *, y, 2, &c. by means of which 
m'Z ( x ) + « Z [y) 4- p'Z. {2) 4- &c. 
is determinable by arcs of a circle, and logarithms. 


Method of Approximation applied to Elliptic Functions of the 
‘first ftnd. 

i, 26- The method we are to cipploy is the same as that we have 
used in the volume of 1786, already quoted, in order to-reduce 
the rectification of a given ellipse to that of two other ellipses as 
little different from a circle as we please. The spirit of this me- 
thod consists in reducing the integral of a differential Effected with 
'tberadicaly^i — c* sin.* 4) to that of a like differential in whiih 
the modulus c is less than any given quantity. 

In the case of the rectification of the ellipse the modulus c, re, 
presents the cxeeptricity, and its complement \/{ 1 c*), or £ 
is the lesser axis. We have shewn that, supposing always the 
semi-transverse axis = 1, all the ellipses which can be thusrec- 
tified by means of two of them, and which compose the same 

series 
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series or family, have their excentricities c, c, c", &c. deterrain* 
ed by the following law. 


C 


&y/c 


s/c' 


iy/c” 


\+-c' 


— i+c' ,c — 7 + 7 '' 


See. 


In this direction, the excentricities increase continually, and 
approach rapidly to unity; they decrease with the same rapidity in 
the contrary direction. We shall denote the same series con- 
tinued backwards by c, c°, c 00 , &c. so that the complete series 
of excentricities, which has on the one hand, o for a limit, and 
on the other unity, is 

ooo GO O < '• 

o c , c , c , c, c , c , c , i, 

we have, therefore similarly, 

V.y/? o 2 y/c” _ 

C =c , o* c f , oot 

But to determine c° from c, we employ the formula c* ~ 

- 1 — 7— C J, or r° = * - 7, and thus we have 

j + /(t — c*) t 0 

i — b 


c° = 


1 t J 


I — b°. 

*3. « 


. • + 


. ICO 

000 — 1 _TT* gre 
— I ioo» OcC* 


It is by this law, we determine the decreasing moduli c°, c°°, 
c°°°, &c. of which we shall make frequent use in the following 
investigations. We may also employ the formulas 

b —7Tb‘ h ~ V-y-T’ & 

Lastly, we shall afterwards shew how they may be found by the 
tables of sines. 

27. This being premised, let us consider the integral formula, 

F = f~r, r, and let there be taken a new variable 

J y/{\ —c 1 s»n.* <p) F 

arc <f>°, such that 

asin. =s 1 + c* sin.* — A° cos. <f>° ; 
we have shewn how c° is to be iound from c; as- to A* t it is put 
by analogy for — f°* sin. 1 f°). From this Supposition, 
we get 

acos.* $ = 1 — c° sin.* -4- cos, p°, 

— c ° cos. ?** ~f~ A ° 

^ , -t- c° 

2 sin. <p cos. if) = sin. (c° cos. f -J- A*) ; 

A#»in, the differential of 2sin.* 9 being taken, gives 

4sin. f cos. <pdp — (c° cos. + A 0 )* • 

)nd dividing this equation by the last, we have 
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Therefore, at last we find 

dP > c° dp* 

A 2 A“’ 

» • r d P i ■+• c° r dp' , _ 

and integrating,^ — = — J or simply F = 

— - F°, where F° denotes the new elliptic function 

rdf 

J A 15 * 

It is evident, that by this substitution, which gives a vers 
simple result, the determination of the function F, is reduced to 
that of F’; which is more easily valued, because c° is less than 
c ; and it is worthy of remark, that we have only had recourse to 
a single new function, and not to two, as in the case of elliptic 
arcs, so that the result in the present case is much more simple. 
It remains to determine p° by means of p , but the assumed reJa. 
lion between these two angles, gives 

a (» + b) sin. <p cos.(p 
sm. p° = ^ — , 


- 1 — (l -t- l>) sin. 1 ?) 

cos. p° zzz , 

A 


tan. p° 


( i + £)tan. p 
l — b tan*. ?>" 


This last result may be put under the very simple form, 
tan. Cp ° — <p) = b tan. p . 

Let us therefore suppose, that after having determined lhe de- 
creasing moduh c°, c°°, & c. as also iheir complements b°, b°°, 
&c. as has been explained in the preceding aiticle, we calculate 
successively the amplitudes <p°, p ao , f° 00 , &c. by the for- 
mulas 


tan. (p° — <p) — b tan. p, 

tan. (p co — p°) = b° tan. p°, 

tan. ( p 000 — p°°) = b°° tan. p°°, 

&c. 


which may also be done by the series 

<p° = 2 p — c° sill. 2 p -f- |c°* sin. <fp — \c° } sin. 6p + &c. 

c°- 2 P" — C°° sin. 2p° sin. \p — V* 53 sin. 6p° •+- &c- 

Then 
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Then the integral or the function F will be express 

thus. 


XT * -W° r-0 

F = — — . F , 


F _ *_±_£ 

1 - 4 - f°° 

1 ^ C PC3 

2 

2 ‘ r » 

1 0 

F — * + c 

t + c” 1 -+- c°°° 

2 

2 ' a 

&C. 

• 


But when c is become very small, we have a = 1, and^-p 

z=z Therefore, let 4 > be the limit of the angles , — # 

4 

-■ -, &c. to which limit they approach extremely near after a few 

O 


terms, and we have 

F = t> (i -f c’) (i -+- c ° a ) (t + c 909 ), &c. 

When :r 90° = {v, the limit <h is also Jzr, so that the value 
of F, which is then Ft, becomes 


Ft = ? (x + c°) (t + e") (1 ■+■ e°"), &c. 

The constant product ( 1 + c*) ( 1 -+• c°°) &c- which wc shall 
call a, may be also represented by the expression 

2 \/c° 2 \Zc°° av/c 100 „ 

a - — • -7— • -ps-. Sec. 

and under this form, it may easily be calculated by logarithms. 
The value of* being known, we have, in general F = *4> and 
Ft —a. |tr. 

28. The quickness of these approximations is best perceived 
in their applications- Tq render them as easy as possible, let it be 
observed, that if we make c — sin.#*, we have 5 — cos. ft, and C~ 
tan. 9 !>*, from which it appears that c' is easily deduced from c 
by the table of sines. Making in like manner c° — tan.’ m 
sin. ftT, which gives a new angle #*°, we have c D0 — tan.* i#* > and 
so on. When we at last come to a very small c, in order to find 
the next one, which I denote by c°, we may, to avoid small 
angles, employ the formula 

= ic ’ + T? C ’ * 4^8 + c ‘ &C ' 

of which the first term, or at most the first two, will be suffi- 
cient. 

As 
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As to the calculation of the angles &c. we have no- 

thing to add to the simplicity of the formula tan. (9'-o) — l tan. p, 
which is well adapted to trigonometrical calculation; we shall 
only observe, that the angle <p° — p, thus determined by its 
tangent, is almost equal to the angle p, when c becomes very 
small, for we have, without any ambiguity, 

# ° — 2p — e® sin. 2 p + 4 c c * sin. 4P — }c° 3 sin. 6p -f- &c. 

It is therefore necessary to take for the value of p° — p, not al- 
ways the smallest angle which is found from the table of sines, 
but that which approaches most to p, and which may be several 
circumferences. An example will shew, that uu this point 
there it neither difficulty nor ambiguity. 


Example. 

Required the value of the function F, when c — 4 y^i 2 + ^3) 

and tan. p — s/~/ • We purposely choose a case unfavourable 
V «j 

to calculation, because the value of c difl'ets but little from 
unity. 

The following table shews how the values of c®, c°°, b°, b°°. 
See, are calculated, according to what has been explained. 

Values of c and b. Their logarithms. 

; 9*9849438- 

9*4129962. 

7-47! 9*7699610. 

9 ' 9 ° 75 6 4 8 * 

9*0250880. 

_ 936 99975454 - 

9 42*90! - 7*45ii6 7 *. 

9 4 2 ‘ 9 ° 9 * 99999 8 3 * 

}* 4*3002761. 

4° 900 . O'OOOOOOO. 

These logarithms give readily the product a — • . 2 ^> — , 

&c. for which four factors are sufficient, and we have log. a 3= 
0*2460561, or * = 1*7622037. * Hence we find directly Fi = 

2f , #5387680632. We next find . 

s 


c a 

b° 

c a 



sin. 75° 

0' 

• r 

O 

— 

cos. 75 

0 

0 . 


< tan.* 37 

3° 

°? 

— 

2 sin. 36 

4 

7*47 * 

zz 

cos. 36 

4 

7*47 . 


ttan. 1 18 

2 

3*735 , 


t sin. 6 

5 

9*36 ! 

zzz 

cos. 6 

5 

936., 


5 tan.* 3 

8 

34*68 > 


t sin. 0 

9 42*90 > 

= 

cos. 0 
Xt/- oov \* . 

9 42*90 . 
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f . = 47 0 3' so 1 ^. 

f>° .= 6g 36 3*i2. 

<t>°° =119 55 47-69. 

Q 000 = 240 o o-i8. 

<p 0t " 9 = 48Q O 0-00* 

&c. 

The other values of <p increase in a double ratio, from which 

•O ^OO 

it follows that the limit of the angles <p, — , Sec. is — 

2 4 

30° or — , and thus we have F cr-~-sc = 0-9226877,05 it art. 20. 

Let us remark, that since the limit <p — 30°=: '90°, we have 
r ^ iFt ; this equality is at Jeast approximate, since such is the 
value found by the calculation ; but it is easy to be assured that it 
is accurately so; for it has appeared (art. 18*), that the equation 
to be resolved to matte F(^>) — |Fi is 

o = 1 — 2 sin. <p ■+• 2c* sin. J p> — c 1 sin. 4 <p ; 

but in the present case where c* rr — - ^ 3 . we shall find sin. p 

4 

— Vz — 1, or tan. <p — therefore the function F is 

v 3 

accurately one-third of F(9o°) or Ft. 


29. The value of <f> being givet},, it appears that theAihction F 
may be easily found to - the necessary degree of accuracy. On 
the other hand it may be useful to determine the amplitude <p, 
when ihe value of the function F is supposed known. Let a al- 
ways denote the product (t + c°) (1 -f c°°) & c. and <J> the 


limit of the angles <p, , & c . Seeing we have F = <*4,, 

p 

it follows that $ = — ; thus the limit <fc is known. Let us 


suppose that the values of c°, r°°, See. have been calculated to a 
term so small as to admit of being neglected, and for .example, 
let this term be c 0<X, * J , or, for the sake of brevity, c° s . Since* 
therefore, <f c> = 2 tp°* — c 05 sin. 2?° 4 + &c. we have <p°» — 
very near, and much morep 06 — a<p 05 &c. Theiefore-thelrmit 
Ok equal to M**, thatis wqhayft^s sg tjg!^ • This last <p 
being known, we return to those whiefi precede it by the suc- 
cessive equations 

Vol. II. Part III- s 
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sin. (2 *>' ,M — - <p° o°«) — c ^ 9 sin. fi» 8 o. 

•in. (sp°° — <p°~° ) — c™ sin. (p 503 . 

sin. (2(p° — 9 °° ) = r°° sin. <p°°. 

sin. (2<p — tp° ) = c° sin. <p°. 

These have all the same form, and the last of them is deducibk 
from the equation tan. (q>° — <p) = b tan. i p. 

This is particlarly applicable to the resolution of the equation 
F($n) = nF(p) whatever be the value of n. The angle ; being 

f iven we can find F(p) and nF(p); therefore F(pn) will be 
nown, and thence (pn may be lound as has been explained. 
This method in no case requires many operations, whereat if $ 
were somewhat great, or only fractional, the methods we hare 
formerly given to determine <f>n may become very tedious, ot 
even impracticable. ThuB the present method is almost si. 
ways preferable. 

(To be continued in the next Volume.) 


£aid of the Third Part of the Second Volume. 



W. GLENDINJONG, ft inter, Hatton Garden, London. 


v 



' 






























Digitized by Google 


